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The increase in price froma : a temporary special d 
future dats reduction of price d per unit. 
The current level of inventory., A Amount of demand or D 
the level of inventory before requirement 
ordering at_the period The average of deviation D 
Accumulated Part-Period APP between observed and predicted 
Artificial Neural Networks ANN values 
B 
Maximum back-ordered demand | B Demand for period t_(t=1,2,...T) Dy 
Average shortage per unit time b Estimated amount of demand D' 
Optimal value of b b* Annual demand for i" product Di 
Amount of the shortage during neo) Daily rate of consumption for d= 2 
the period product i_ w 
Average of shortage in each Bir) consumption during lead time ( D, 
cycle in (r , Q) model ri TL) 
Annual Average of shortage in B(r) consumption during (T+L) Drs. 
(r , Q) model E 
Average of shortage in each b( R) 
cycle in (R , T) model Economic Order Quannty EOQ 
Annual Average of shortage in B ( R) 
(R , T) model 
C Economic Order Interval EOI 
Cost of holding per unit product | Ch econo me peaeeeen Quantity me 
Pee Desired maximum of inventory E 
Cost of Each Order or setup Co Hormssreqorurmmal z 
Estimated cost of order U5 F 
Fixed order size FOS 
Estimated Ch C, A fraction of time(year ) no f, 
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Cost of holding per unit product (Cy); Fixed order Interval FOI 
per unit time for ith product Fixed Order Period FOP 
Setup Cost for i product (Co). Fixed order quantity FOQ 
iti Fixed Period Requirement FPR 
Setup/order cost for period t (Co)t 
Per unit cost of holding for (Cy)t f(x) b 


period t(at the end of period). 
(Cj); for each t might be 
different 





Demand probability 
density function 











Probability density of Dy, 
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Cum. dist func. E@) M ) N 
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. ycles per unit time(usually one 
point x year 
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Saving in Sale Model G Optimal value of m m* 
Safety stock M 
Optimal value of G G* 1)Number working days in a year 
Normal Loss integral Gy(k) 2) Total number of periods in 
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I Annual average number of Ny 
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Algorithm 
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placed. Optimal amount of order Q* 
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sale price Model RMSE 
Optimum Q’ Q” 
Qa 

The economic order quantity 

with unit price P+a in known S 

increase in price Model Standard deviation of a sample S 

The amount ordered at the Qt Safety Stock SS 

beginning of period t Machine setup time required for 

Desired maximum of inventory Qin producing ith product in Si 

The sum of demands for Period t Qte multiple-item EPQ model 

through e in Wagner_wittin standard error of estimate SEE 

Algorithm Sum of Squared Errors SSE 

R T 

1)the inventory at reorder point r Time interval between 2 T 

in terms of on-hand and on-order successive orders, the time 

quantities 2)reorder point in FOS interval between 2 order arrivals 

model ,The time for consumption in 

1)production rate in EPQ model R classic EOQ model, number of 

2)Maximum of inventory in periods ( month, day, week,,,)in 

periodic review model the time horizon considered for 

Annual production rate for i” Ri dynamic lot sizing 

product Optimal value of T T* 

Reorder Level RL The time required to consume T’ 

The ratio between estimated and To o=2 

actual Co D__ : 

1)The ratio between estimated Th The op timal value of the time : : 

and actual Cp, required to produce ith product in tp; 

2)on-hand inventory at the time eaey _ - - 

ordering The time required to produce ith (tp)i 

product in each cycle 

The ratio between estimated and Ip Lead Time TL 

actual demand Total Cost of inventory system TC 

Reorder point ROP Total Variable Cost TVC 

Optimal value of the maximum Optimal value of TVC TVC* 

of inventory in periodic review R* Optimal value of TVC in TCw 

model Classic EOQ Model 

The ratio of the observed Rt the cycle time when the setup ; 

value(;)to the predicted ee. 

value (y,) Period t in Rato- The total cost for ith product in TC 
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to-trend Forecasting method 





inventory system 
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Diet 9 The parameter in Poisson and A 
, OD; = Tia exponential distributions 
Lim j=1 R The fixed cost of shortage per 8 
The time interval between 2 Halt 
successive cycles in which Th Mean of demand by 
shortage happen M fleaia 
ean of lead time 
U,V i 
Income during the period (in U Mean of T+L Hoar 
Single period model) 
Income during the period (in VNS The cost of one unit shortage in . 
Single period model) 1 unit of time say | year 1 
Variable Neighborhood Search Var(D) 
Thee variance of demand Vv The cost of one unit shortage Tl 
aS Gnas = 
demand X Total cost of one unit shortage 
observed value for the i“” element y, The cost of one unit shortage 1 
of the data ' (except the lost profit) 4 
Predicted value for the ‘i y 
element of the data : Variance of demand! 0%, 
Cost(of production /purchase , 
holding , shortage)during the Y Variance of the lead time of 
period (in Single period model) 
profit during the period (in Mean of the demand u 
3 : Z D 
Single period model) 
Coefficient of confidence Z1-p=k | Variance of the lead time plus Of aT 
he cycle time 
a, B, ..... ie ey: 
Wr : B, : Standard deviation of 
Ir = a, 2)The idle time of the a consumption during lead time + Post 
station in multiple EPQ Standard deviation of om 
modela = 1— Yi". al 3) a consumption during lead time 3 
Rj End of example A 
coefficient in exponential 
smoothing End of example or proof a 
The ratio of the amount ordered B 
= & 
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Chapter 1 





Introduction and Basic Concepts 





Aims of the chapter 


This chapter deals with definitions and basic concepts needed in 
inventory control. The chapter also describes ABC analysis. 





1.1 Definition of inventory control systems 


A system of inventory control is compromised of people, devices, 
softwares and procedures for controlling inventories and orders in an 
institution. There are several items in an institution and each item has 
several units. The system is designed to decide which items (i), how 
much (Qi) and when to place the orders. 


1.2 The purpose of holding inventory 


The purpose of holding inventory in an organization could be the 
followings: 
a)For finished products: 

To cope with demand fluctuations, 

To satisfy customers demand immediately, 

To cope with production variations and halt 
b)For In-Process Goods 

To cope with production halt, 
c)For raw materials 

To cope with production halt, 

Using the vendor's discount. 
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1.3 Inventory costs 


Inventory costs are associated with the operation of an inventory 
system and result from action or lack of action on the part of manag- 
ement in establishing the system (Tersine,1994 p13). The costs are 
classified as fixed and variable. The former class is independent of 
the level of output and the latter changes in proportion to production 
output. The costs could be itemized as follows (Tersine, 1994 p13): 


1.Cost of ordering goods from outside or cost of machine setup for 
internal production. 


2.The holding(carrying)cost which subsumes the costs associated 
with investing the inventory and maintaining the physical invest- 
ment in storage. This costs includes such ones as insurance, tax, 
theft, fire, rent, heating, cooling and lighting. Carrying(holding ) 
costs are expressed as a proportion (I) of the total value of inventory. 
The cost of holding one unit per unit time (usually 1 year), denoted by 
Ch, is obtained by multiplying I times the unit price (P). Sometimes a 
fixed cost (C) is added to I x P, therefore: 


Cy = IP+C, 0< Ix 1 (1-1) 
where 
Cn Cost of holding one unit per unit time (usually 1 year) 
P unit price 
C Fixed cost of holding for one unit per unit time 
I Holding cost rate, cost of carrying $1 of inventory for one unit of 
time.(e.g. 1 year) 


For example, if the annual fixed cost for unit product is $30 is 
incurred as well as the holding cost rate of 2% and the price is $400 
per ton then Cy = 30+ 0.02 x 400 = 38. 


It is worth knowing that: Depreciation and salvage values are 
frequently incorporated in the insurance cost. However, if important 
they may be modeled mathematically . Moreover holding cost 
sometime is incorporated in Cyas a function of the stored inventory 
and not as | x P. 





19 Classical Topics in inventory Control 





3.The purchase cost(P) is either the cost of purchase from external 


sources or the cost of production internally plus any freight cost 
(Terine, 1994, page 13). 


4.The stockout or depletion cost occurs when a customer's order is 
not filled. In some models presented for inventory systems the 
stockout is not allowed and in some it is allowed as backorder or lost 
sale. 


5. The cost of data processing and updating the information 

It should be added that some textbooks itemize the cost as follows 
(Hajji, 2012): 

a. costs related to the warehouse(Electricity, heating, cooling, rent, 
depreciation), 

b. handling and transportation cost, 

c. deterioration cost in inventory 

d. cost of the obsolete inventory 

e. The cost of money or capital held by the inventory 

f. cost of insurance and tax 

g. shortage cost 

h. cost of purchase of materials 

i. order/setup cost 


1.4 Calculation of inventory average 


Average inventory level in a warehouse and the average amount of 
shortages play important roles in mathematical models developed for 
inventory systems. Here a way to calculate the average amount of 
inventory is described. Suppose the function /(t) describe the 
inventory of an item in a warehouse in terms of time (Fig 1.1). The 
inventory average during time interval (0,T) , Lis given by: 


: ee 
I or Inv=_ J, (Hat (1-2) 
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inventory 





T 


Fig. 1.1 A time-related function of Fig.1.2 The average of inventory 
inventory 


Figure 1.2 shows the average as the width of a rectangle having the 
same area as the function inv(t) has from 0 to T. 


The calculation of the average amount of shortages during a period 
is calculated in a similar way. 


Example 1.1 
If the amount of the inventory of an item in a store in terms of time 


(in month)is described by the function e*, calculate the average 
inventory for the interval (0-4) months 


Solution 7 =~ {'et dt = 13.4. Endof example dd 
4 °0 
Example 1.2 
The inventory of an item changes as shown in the following figure. 


Calculate the average of inventory during of the cycles i.e from 0 to T. 
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inventory 





x=T t~x 


Solution 


Let variable y denote the inventory and x denote the time, then the 
equation of line AB could be written as: 


See fe dae y= C= 
X—-Xp Xy—Xp x-T O-T 








—1 
=> VaG UeeHD 


Therefore the equation of line ABisy =Q— ox , and the 
inventory average is calculated as follows: 


A simple way to calculate the average in this example is to note 


that the average is to divide the surface of the triangle by 7 Le. 
Ti : . : 
Q oe = 2 The answer is equivalent to the calculation of the 
: aa . 0 
average of the maximum and minimum of inventory Le. ae = 2 


Example 1.3 
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If the holding cost of one dollar of an item as inventory is I dollars 
per year, the unit price of the item is P and G(t) in the following 
figure is a function that gives the inventory stock level awaiting for 
use or marketing, 





Git) 


Find the average inventory in one year , annual holding cost and 
the holding cost for some finite time period like T (in year). 


iyear 


Solution 


: 1 
annual average inventory = if, G(t)dt, 


annual holding cost= IP iB G(t)dt, 
The average holding cost for a time T is: T x (IP f{ G(t)dt) A 


Example 1.4 


The following figure shows the inventory and shortage of an item 
(in tons). Find the annual average inventory and the related cost if 
the holding cost of one tone is $100. 
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Inventory 


Time 
(month) 





Solution 








3 (7) +95 (79) +2 (G9) +3 (Ga) 7 a _15 
1 i i 





annual average inventory = 


Holding cost == — x 100 x 12 = 1500 A 


1. 5 Calculation of shortage average 


Shortage average is needed to calculate shortage cost. Suppose b(t) 
is a function of time denoting the shortage of an item at time f. The 
average amount of shortage during the time interval (0 T) is given by 


7? 
b=7[ peat Cc=3) 


In Fig. 1-3 the negative inventory is indicative of shortage. 





shortace 
time 





inventory 


Fig.1.3 shortage during a time period T 
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Note that /(t) — b(t) is sometimes called the net inventory, where 
I(t) is the level of inventory at time tf. 


Example 1.5 
In Example 1.4 find the average shortage per year 
Solution 
2 4 10 
Slag}? Llae 75~CO«U2LN 
annual average inventory = 3 (iz) + 1(7) ee 
End of apie 
1.5.1 Unit normal loss integral 
Since the calculation of the average shortages in some stochastic 


inventory models discussed in chapter 5 uses the so-called unit normal 
loss integral; this integral is introduced below 


Let ‘S-= (ene: — a) f(x)dx where a is a constant and f is the 


probability density function of a normal distribution with mean p and 
standard deviation o, then: 








s=| x-a e 2 dx; 
be Gr 


S is easily computed by the loss integral developed by Robert 
Schlaifer, described below. 


Let u = —= x=pu+uo » dx =odu. For x=a, the value of u 


would be 1 which is denoted here it by k then: 


— =k =>a="utko => x-a=(u-ky)o. 


Since u = k is equivalent to x = a then 
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u2 
~—e 2(odu) = 





S= fi. ©) 





ov2T 
ui2 
co e 2 
S=af _,u—k) aq du 


Gu(k) 


2 


Let Gy(k) = f°(u— k) ee” Fdu then 
S = aGy(k) k= — (1-4) 


Gy(k) as given above is called the unit normal loss integral and its 
values are given in Table A at the end of the book. It is worth 
knowing that it can also be calculated using the MATLAB command: 


exp(-k42/2)/sqrt(2* pi)-k*(1-normcdf(k)) 


1.6 Some points on statistical distributions used in 
inventory control 


Normal or Gaussian distribution is frequently used in inventory 
control for demand, lead time,...; however some other such as Poisson, 
uniform, lognormal and empirical distributions are also used. 

It is worth mentioning that 

The distribution of the sum of several independent Poisson 
distributions is Poisson, however the product of a constant and a 
Poisson random variable does not have a Poisson distribution 

The product of a constant and an exponential random variable 
has an exponential distribution, however the distribution of the sum of 
several exponential distribution is not exponential 


1.6.1 The distribution of the sum and the product of two 
independent normal distribution 


In probability theory, it is proved that the sum of two normally 
distributed independent random variables is normally distributed. 
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Distribution of the product 

The product of two normally distributed independent random 
variables X &Y is not normally distributed, however, using Taylor 
series of f(x,y) = xy expanded about the mean of the variables 
Le. [ys fy we have: 
W = fy) = fC be Hy) FG bx Hy +t (Y~ Bx) bx] 
f( Hy Hy)= Px X Hy = W = (Hy)X+ Cux)Y — px X Hy 

Now W has been approximated by a linear combination of X andY 
.When X and Y are independent normal variables, this combination 
follows a normal distribution; that is why in some inventory books the 
product of 2 independent normal variables is assumed normal. 

Seijas-Mac’1as &Oliveira(2012) showed that for two uncorrelated 
normally distributed X&Y, the more = and 7 the better fits the 
normal approximation to the distribution of X x Y. 

As an illustration, if annual demand( D ) for a product is normally 
distributed variable with mean 1000 and standard deviation 40, and 
variable the time needed for an order of the product to receive ( L) is 
a variable which has normal distribution with mean 1 week and 


standard deviation = week , the product D XL is the demand during 
time L. 
The following figure shows the histogram of the product of 100 
random number from N(1000,40) and 100 random number from 
1 0.25 : : 
N (S yr, cel, prepared using the following MATLAB commands: 
D=normrnd(1000,40,100,1);L=normrnd(1/52,.25/52,100,1);W=D.*L;hist(W) 


20 


—s 
nm 


= 
oO 


Frquency 


nm 


QO DL 
0 10 20 30 40 


Fig. 1.4 The histogram of the product of 2 normal distributions 
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The histogram indicates that the consumption during time L is 
well approximated by a normal distribution. 


1.7 Pareto Principle and ABC Analysis 


Since the so-called ABC analysis is ABC is useful for analyzing the 
inventories in an institution, it is deal with below. 


ABC analysis is a categorization method in which inventory is 
classified into A, B and C category with A being the lowest quantity, 
highest value. C being the highest quantity and lowest value. The 
purpose of this analysis is to help the managers identify those items 
that represent the large segment of the inventory costs in order to 
better manage these resources. It allows different inventory manage- 
ment techniques to be applied to different segments of the inventory in 
order to increase revenue and decrease costs. 


Although the ABC analysis has had some modifications from the 
date it was developed, but the steps of the conventional method is 
described here after stating a related principle i.e. the Pareto principle. 


Pareto Principle 


The Pareto principle, named after esteemed scientist Vilfredo Pareto 
(1848-1923) specifies that within any system or organization a small 
portion of input has the highest value and output. Actually ABC 
analysis could be considered an application of this principle. The 
criterion for categorization might be such things as delivery time as 
well as dollar value. The following is a sample categorization in a 
company: 


'A' items include the materials or components are necessary for 
production and have a long delivery time or a high value. The lot 
containing these items is delivered to the warehouse from which they 
are delivered to the production and repair departments with sealed or 
signed official sheets. 
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'B' items include the production materials or components which 
have a medium delivery time or value. The control of these items is 
done by the direct supervisor of the department. 

'C' items include regular standard components or materials whose 
delivery time is short or their value is low. When the order is receiv- 
ed, they are submitted to the warehouse or the department depending 
on the type. When the inventory of the item reaches a small amount, 
an order is placed. A very low control is applied in these items 

In the ABC analysis described below, the inventory items are listed 
and the annual consumption value of each item (Annual unit usage Xx 
unit cost/price). Very important items(A) items, medium important 
items and relatively unimportant items(C) could be identified after 
prepar ing the table and the graph for the ABC analysis. 

The proportion of A, B and C items can be identified from a graph 
similar to Fig 1-4 and more control and energy applied on important 
items. 


1.7.1 Steps in conduction ABC Analysis 


1.Enlist items. 

2. Estimate annual consumption — Unit wise. 

3.Determine unit price of each item — . 

4. Multiply the results of steps( 2) &( 3) to obtain annual usage 
value 

5. Arrange in descending order. 

6. Calculate cumulative usage value percentages. 

7. Graph cumulative usage value percentage against cumulative 
item percentage. 


Note that A,B and C categories are identified according the higher- 
level management viewpoints. For example one manager may place 
the items with 80% of value in category A, the items with 15% of 
value in category B, the items with 5% of value in category C; the 
other one might choose the percents 70, 20 and 10 for this purpose. 
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Percentage 
oftotal annual value 





Pecentage of total items 
Fig 1-4 item classification in ABS analysis 


Example 1.6 


Perform an ABC analysis on the products given following table 









































ea 4837 | 9261 | 4395 | 3521 | 5223 | 5294 | 6081 | 4321 | 8046 
Annual | ¢g5 | 371 | 129.2 | 62 1266.7 | 962.5 | 1822.6 | 5100 | 25.8 
usage 

Unit 

12> lees. [FAS4Ss) 918 32 101.8 | 4.8846 | 0.88 | 622.5 
price 

Product no. [9555 | 2926 =| 1293 | 

Annual usage _| 862 [1940 | 967 | 

Unit price [181 |038 [22 | 
Solution 


The result of performing Step 4 of ABC analysis is seen in Row 4 of 
Table 1.1. 





Table 1.1 The inventory items of a company 















































1 2 3 4 5 6 7 8 9 
ah 4837 | 9261 4395 3521 5223 5294 6081 4321 | 8046 
Annual | 65 371 129.2 62 1266.7 | 962.5 1822.6 | 5100 | 25.8 
usage 
Unit 

12 8.6 131.8 91.8 32 101.8 4.8846 | 0.88 | 622.5 
price 
Annual 
ce 8220 | 31906 | 1702856 | 5691.6 | 40534.4 | 97982.5 | 8902.7 | 4488 | 16060.5 




























































































Chapter 1 Introduction and Basic Concepts 30 
Table 1.1 continued 
10 11 7 12 
Product no. 9555 2926 1293 
Annual usage 862 1940 7 967 
Unit price 18.1 0.38 2.2 
| Annual value 15602.2 737.2 | 2127.4 
Table 1-2 shows the result of performing Steps 5&6: 
Table 1-2 
Cum Item 
Rank NO. in Product Annual Value Cum. Annual Cum. Annual NO.(%) 
¢) Table 1-1 NO. ($) Value($) Value(%) aX 100 
6 97982.5 
1 5294 97982.5 97982.5 z2050566 * 199 | 4+ 93 
= 44.423 12 
5 1385169 
= x 100 2 
2 5223 40534.4 138516.9 220565.66 = = 16.6 
= 62.801 12 
3 : 4395 17028.56 155545.46 70.521 = = 25 
4 9 8046 16060.5 171605.96 77.803 33.3 
5 10 9555 15602.2 187208.16 84.876 417 
6 7 6081 8902.7 196110.86 88.913 50 
7 1 4837 8220 204330.86 92.639 58.3 
8 4 3521 5691.6 210022.46 95.22 66.7 
9 8 4321 4488 214510.46 97.255 75 
10 2 9261 3190.6 217701.06 98.701 83.3 
11 12 1293 2127.4 219828.46 99.666 91.7 
12 11 2926 737.2 220565.66 100 100 
Sum 220565.66 























The management of the company decides to place the first 2 items 
of Table 1-2 with cumulative annual value 63% in Category A, the ne 
xt 3 others with cumulative annual value 22% in Category B and the 


rest in Category C with cumulative annual value 15%. 


Fig. 1-6 shows the categories A , B, andC. 


Table 1-3 and 





Table 1-3 the categories A , B, and C for Example 1-6. 

















X-axis 
Cxteser Product No from number of products in the Y-axis 
Bory Table1- 1 category /12(%) Annual value(%) 
2 

A 5223 5294 aS 100 = 16.6 62.801 

4395 , 8046 3 84.876- 62.801= 
B 9555 J 100 = 25 22.07 

4321 ,3521 

, , 7 a = 

C 4837, 6081,9261, == xX 100 = 58.3 sas 

1293,2926 a 
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Pecentage of total items 


Fig.1-5 Cumulative percentage of inventory products for 
Example 1-6 


Therefore 


16.66% of the 12 items (Products No. 5223 and 5294) having 
62.8% of the annual value constitutes category A. 


25% of the 12 items (3 products i.e. 4395, 8046 and 9555)having 
22.07% of the annual value constitutes category B 


58.3% of the 12 items (seven products i.e. 4321 ,3521 , 4837, 
6081,9261, 1293.2926) having 15.12% of the annual value 


constitutes category C. End of exampledd 
1.7.1 Control activities on different categories 


Some of the control activities on the 3 categories are listed below: 
Control on Category A 

Evaluation of forecasting methods and improving forecasts 
accuracy, 

Updating the inventories of the items, 

Frequent reviewing of demand, order quantity, safety stock to 
reduce the order quantity, 

.attempt to reduce lead times. 
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Control on Category B 

The activities needed to perform on the items of Category B are 
similar to those applied on the previous group, but with with less 
frequent review and less accuracy. 


Control on Category C 
Keeping a relatively large number of units on hand, 
Simple inventory recordof the items or periodic review of the items 
Making the inventory of the items easily accessible to the operators. 


At the end of this section, it is worth knowing that recent 
researchers on inventory control analysis, do not necessary categorize 
the inventory of a firm into 3 categories. For example Ameri (2016) 
performed the analysis in a copper steel mill and suggested a four- 
category inventory control. 


1-8 Inventory models classification 


Many models have been developed for controlling the inventories 
in firms and organizations. These models are classified based on the 
decision conditions governing the inventory systems i.e. a) complete 
certainty b) uncertainty including complete uncertainty and risk. 


In certainty conditions, parameters such as the amount of product 
demand, the waiting time to receive the ordered goods(lead time) are 
approximately constant; in other words regardless of small 
fluctuations, the parameters are almost constant and independent of 
time. 


In day-today conversation, usually the two terms ‘risk’ and ‘uncer- 
tainty’ are used synonymously meaning ‘a lack of certainty’. Let us 
divide the uncertainty conditions into complete uncertainty conditions 
and risk condition: 


In complete uncertainty conditions there in no record of past data; 
therefore calculation of the occurrence probabilities for model 
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parameters is not possible. The decision under this condition is done 
using criteria such as Minmin and Mini-max. 


In risk conditions, we have a record of past data which make it 
possible to calculate the probability of occurrence of alternative values 
of parameters such as demand and lead time. 


Models such as Wilson-Harris model, safety stock, total discount 
model are used for certainty conditions. 


Models such as single period model, periodic review model are 
used for uncertainty conditions. 


It is worth mentioning that sometimes the inventory models are 
classified in two categories: deterministic and probabilistic inventory 
models. 

It is advised, now at the end of this chapter, to make the data of a 
problem, when using a formula, have the same dimension; e.g. if the 
amount of daily demand and the annual holding cost are given, make 
both of them have the same time interval, say calculate annual demand 
to the same dimension as the holding cost has. 


Exercises 


1-1 The following figure shows the amount of the inventory of a 
product in a warehouse. The per unit monthly shortage cost is $ 10. 
Find the average shortage during the past 6 months, and the shortage 
cost during this period. 
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time(month) 





inventory 


1-2. If the functions I(t) and D(t) denote the inventory and the 
demand for a product at time t. (answer choice a.) 


a) I(t)=0 5D(t)>0  »b) I(t)>0 5 D(t)>0 
c) I(t)<0 5 D(t)<0 d) I(t)>0>5 D(t)<0 


1-3 If the inventory of an item follows the following function, 
I(t) = [0.2 x In(0.1t) + 0.2]Je2-10!n (0.10) 
Find the average inventory from t=3 through t=6. 


1-4 Regarding the ABC analysis which of the following 4 choices is 
correct? 


a) The items in Category A has the largest percent of items. 
b) The items in Category C has the lowest percent of items.c) The 
items in Category C has the largest percent of total annual 


consumption (in dollar). 


d) The items in Category A has the largest percent of the total 
annual consumption (in dollar). 


1-5 For which of the following cases, inventory control and planning 
is performed? 
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a)production equipment and tooling, raw materials, final products, 
in-process products 


b)production equipment and tooling, raw materials, final products, 
tooling for services 


c)tooling for services, raw materials, final products 


If the doors of heavens and earth 
are closed to someone, then he 
chooses piety, God shall relieve him 








Chapter 2 Deterministic Models 36 


Deterministic 


Inventory 
Models 
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Chapter 2 





Deterministic Inventory Models 





Aims of the chapter 


This chapter introduces several models for inventory 
management under conditions of certainty: Economic order 
quantity model, Safety stock model Back -order model, lost 
sale model.,... 


2-1Economic Order Quantity(EOQ) model 


Here the classic Economic Order Quantity (EOQ) model, which 
is the best known and_ the most ideal and fundamental inventory 
decision model, is described. 


2-1-1Assumptions of Classic EOQ model 


The following assumptions are present in the formulation of the 
classic EOQ model, in other words without these assumptions, 
the EOQ model cannot work to its optimal potential. 


Assumptions 

-The conditions of certainty governs our inventory system. This 
mean that parameters such as demand rate (D), the lead time(T{), 
price(P) are constants and not random variables. 

-Orders placed arrive all at once. 

-Price(P) is fixed and does not change with the order quantity(Q), 
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-No shortage occurs(replenishments arrive when the inventory 
level reaches zero. 

-There is no constraint and restriction on capital, order quantity, 
warehouse space,... 

-The goods have a largish lifetime and could be stored for a long 
time without deterioration, or the rate of deterioration is ignorable. 


It is worth knowing that the purpose of inventory model is to plan 
the orders in such a way that the total cost of the inventory system is 
minimized. The output of the planning is to answer the following 
questions: 

What is the quantity of each order ? 

When to place an order? Every T-time period ?or when the 
inventory reaches a specified amount? 


List of Symbols 

Ch Carrying (holding) costs, the cost of holding one unit per unit 
time (usually 1 year) 

Co Cost of placing an order 

D Demand rate, demand per unit time 

EOQ Economic Order Quantity, amount of economic order 

] a proportion of the total value of inventory, the cost of holding 


one dollar per unit time (usually 1 year) 


T Average inventory 

m Number or orders placed per unit time 
P Price 

Q Order quantity 


Q* Optimal quantity for orders 

Qw Optimal quantity for orders derived from Wilson formula 
ROP Re-order Point 
T Order interval, time between placing 2 successive orders or 

between arrival of 2 successive orders, the time required for 

L=T, Lead time 
TC Total cost of inventory system per unit of time 
TVC Total variable cost of inventory system per unit of time 


The total cost of inventory systems is the sum of the ordering, 
holding, and purchase costs. By multiplying the average annual 
inventory and the annual holding cost per unit product (Cy) , the 
annual holding cost is calculated on the average. Figure 1-2 shows the 
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level of inventory based on the above assumptions for the EOQ 
model. 


Quantity in 
Warehouse 


ROP 








time 


It could easily be shown (see Example 1-2) that the average 
inventory per cycle is the quotient of the area of the triangle and its 
base leg ;here it will be equal to: 


Q Q+0_ Maxinventory + Min inventory 
BS 


Given the annual demand ( D)for a product with unit price P, order 
quantity(Q) and cost of placing each order( Cg), the annual order cost 


D ‘ ‘ 
would be o Co and the annual total cost of the inventory system is: 





TC =Co a+ c, SF + pp (2-1) 


Note that stockout cost is not included here, because it was 
assumed that stockouts are not permitted in this model. If the order 


: : F : ; dTC CoD ‘ 
quantity (Q) is a continuous variable, since io? =—3 >, the function 
Q 


TC has a minimum. The optimal Q, is derived from ~ =0. 


D _@Q aTC ,.. |2De5 
TC = UO a Cro tPD, Wo G 
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40 
Then in the classic Inventory model, the optimal order quantity 


(Q*) which is also called economic order quantity and denoted by 
Qw or EOQ is equal to: 


Qw = £0Q= | (2-2) 





Thi is also called Wilson inventory formula or Wilson-Harris formula. 


Total Cost 


Cost 





Quantity ordered (Q) 


Fig.2-2 The components of annual total cost of an inventory system 


The total inventory cost per year (TC) and its 3 components are 
depicted by Fig. 2-2. As the figure shows the minimum of TC occurs 


at the intersection of the holding cost and the order cost i.e. at the 
. : D Q 
intersection of Cg — and C;, 


D 2DC 
Cot = ChS == 0= a 





Note that, 


1)As it is evident from Fig. 2-2, 
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when Q < Qy, the annual order cost(i.e. Co 3) will exceed the 


annual holding cost (i. e. Cy >) 


when Q =Qy,the order cost will be equal to the annual holding cost. 


when Q > Qy,the order cost will be greater than the annual carrying 
cost (i.e. Cy >), 


2)The optimal order quantity in this model i.e. Qy is the point 
where the annual holding cost and the annual order cost are equal. 


Now substituting Q=Qy in relationship 2-2 results in: 


TC* = {2DCoCy + PD = CyxQw + PD. 


Denoting the first part of this relationship by TC, we would have 


TO =5/2DO5 Cn = Ce X Oy. (2-3) 


Optimal number of orders placed each year (m) would be: 


a2 (2-4) 
n= —_— 
Q* 
and the interval time between successive orders (T) in its optimum 
stateis T*=—=2> 
m* D 


T= 2Co Pa 
= |G, ( ) 


In this model T* is also one cycle time in the optimum state and 
also the time required for consumption of Q*. 
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2-1-2 The maximum and the average of Inventory in EOQ 
model 

In the EOQ model when the quantity of each order is Qy, the 
maximum inventory in the warehouse (Imax) would be Qy and the 


average inventory( J )would be ow 


optimal J =J° eg ae (2-6) 
2° 3c, 


2-1-3 The reorder point(ROP) in EOQ model 
If the time interval between placing an order until receipt of the 
products by the customer , known as the lead time and denoted here 


by TL, is less than cycle time T(see Fig 2-3), the reorder point (ROP) 


inventory 


ROP 





T time 





1 
Fig. 2-3 Reorder point in the classic EOQ model (T, < T) 


is calculated as follows: 


tana=D=~ => p= "= ROP=)DT, . 
BC TL 


When T;,, = T,as shown in Fig. 2-4, the orders arrive at points A, B, 
ener 
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Fig. 2-4 Reorder point in the classic EOQ model (T; = T) 


When the order arrives at B, then ROP equals demand times the 
time interval PA which is equal to T;, — T; therefore 


ROP = D(T, —T )=DT,, — DT = DT, —Q 
and in the optimal case DT* =Q” and ROP = DT, -O°. 


Generally ROP = DT, -KQ’ 


where K is K= [4] i.e. the biggest integer number equal to 


or less than “= (Patel, 1986). 


Then in the classic EQQ model: 


DT; yet a 


ROP = ‘in — KQy (k = | Ss T,) Feed 


(2-7) 


where 


K is the integer part of the ratio of lead time and cycle time. 
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Note that: 


-When replacing the parameters in formulas, their dimensions 
must agree; e.g. if D is given per month and C, is given in year, 
both must have the same time interval. 


-If the amount of D in is dollars, the amount of Q will be in 
dollars. 


-In this model the cycle time T, which is equal to the time 
interval between placing two successive orders, is equal to the 
time required to consume the amount ordered Q. 

Example 2-1 

An item may be purchased for $20 per unit. The order cost is 
$100. The annual holding cost fraction is 10% and the monthly 
demand for the item is 500. There is 265 working days and 12 
month ina year. 

a)Calculate the economic order quantity , total annual cost, 
the time interval between 2 successive orders, the annual number 
of orders and also the reorder point if the lead time is 25 days. 

b) Calculate the reorder point if the lead time is 40 days. 


Solution 


a) 


oe 2 «500 * 12 * 100 
EOQ or Qy = —aqesgpe 


TC* =PD+./2DC5C, =PD+C, X Qw = 20 x 6000 + 
2x 775 = 121550 








45 Classical Topics in inventory Control 








. 715 
x00 =0/13yr=0/13 x 265days=35days 
»_ 112x500 _ 
ey pees ge 
T">T, => ROP = DT, = ~~ +25 = 566; 


That is when the inventory reaches 566 units, an order off 775 
has to be placed. 


6000 
265 





b) T° <T, = ROP = DT, — KQy = «40 — || Qy = 


ROP = 906 — |=] «775 =130.End of exampledd 


2-1-4 Sensitivity Analysis for EOQ Model 


Sensitivity analysis in a model determines how target variables are 
affected by changes or errors in input variables. It is a way to predict 
the outcome of a decision given a certain range of input variables. If 
while keeping the rest of inputs constant, a vast range of an input 
variable does not change the amount of output variable significantly, it 
is said the model is not insensitive to the input variable. If any change 
in the input variable changes the amount of output variable 
significantly, it is said the model not sensitive to the variable. 


The EOQ model assumes that annual demand D, holding cost Ch 
and order cost C, are deterministic and without variation; however this 
section will analyze the impact of errors in determining the parameters 
D, C;, and C, in EOQ model. 
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2-1-4-1 Impact of Errors in Co « Ch and D on Q and total cost 
Definition 


The quotient of estimated Co (Cg) to actual Co is denoted by rg 
and called the error factor of order cost: 


estimatedCg Co 
Yo = === 


actual Co Co 
Similarly 
estimated Cy, c. estimated D D! 
th = FE Tt = — ==. 
actual Cy Ch actual D D 


If error occurs in estimating or determining D , Co and C;,, then to 
determine the order quantity D’, Co‘ and c, replace D, Co and Cy: 


_ |[2D'Co _ [2@rp)(Coro) _ rpro : 
Q = pase = eee Core) — Qy [2% (2-8) 


If no error occurs in estimating, then ro =f = frp=1. 


The error fraction in order quantity is as follows 


Error fraction in Q,, = aml ae om —1 (2-9) 
Qw Th 
When the order quantity in this model is as much as Qwy, the 
variable cost totally is denoted here by TCy, . When the order 
quantity is less or more than the economic order quantity (Q # Qy) , 
the total variable cost denoted by TVC(Q) could be calculated from 


TVC(Q) = TCyal/TproTn (2-10) 
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The error in the total variable cost is equal to TVC(g) — TCyw and 
the error fraction in then the optimal cost is as follows: 


Error fraction in TCy = —@—“" = ./tpror, - 1 (2-11) 


TCy 
Note that: 


The error in only one parameter results in the same error fraction in 
TCy. 


Example 2-2 If 90% of the actual holding cost is inserted in the 
Wilson formula for order quantity, calculate the fraction of error 
in Qw and TCy. 


Solution 
eid TpTo 
Error fraction in Qw = ae 1=/(1*1)/0.9 —1 = —0.0541 
h 


That is inserting 90% of the holding cost in the Wilson formula 
will cause 5.41% reduction in optimal order quantity. This will cause 
the error fraction in TCw to be: 


Error fraction in TCyw =./Tpfom —1=vV1*1+*0.9—1=0.949 —1 = —0.051 


End of vanpicd 


The following table, shows the error fractions calculated for several 
error factors . (Error has occurred in only one and only one 
parameter: in D or Cy or Co). According to this table, if for example 
ry =9.9, 1 =47,=1, the error fraction in TC, would be -5.1% 


which coincides with Eq.2-11: 


Error fraction in TCw =./Tprom — 1 = V0.9 -—1= —0.051 =-5.1% 
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According to the table if the error fraction in only one of the 
parameters D or Cy or Co occurs between 0.9-1.1% and the 2 others 
are free of error, the error fraction in TVC* would be as small as -5.1 
% to+4.9 %. 






























































Error factor (related | Error fraction 
to D or CnorCo) (%)in TCw 
0.1 -68.4 
0.2 -55.3 
0.3 -45.2 100 
= 
S 
—50 
. 
0.9 -5.1 = 
1 0 & q 
Ww 
ae ee so Error factor 
14 183 to in D or Ch or Co 
: -100 
1.6 26.5 
2 41.4 
3 73.2 
4 100 








2-1-4-2 Impact of Errors in Qw on total variable cost 


To deal with the impact of error in Qw on total variable cost notice 
that 


TC = Co 2+ ome and =Q°=Qy = 


TVC* =1C,,= 200, C, 


Now let B = ~ then it could be shown that 
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Ae TVC(Q)-TC TVC 
relative increase in TVC = OE 1=> 
aon TC, 


relative increase in TVC = 3(5 + p) —1>0 (2-12) 


C2 
ey ee 
2 12DCoCr 


Proof: 









TC, 2D Cac 2DCoCh 
2DCo 
Ch Q Qw, 2 _1/Qn , Q 
2Q > [2DCo 2Q 2Qyw 2\Q) Qw 
Ch 
_ Tvc(@) _1/1 TVC(Q)-TCw 1/1 = 
== eS =3(5+8) net eo = (+8) 1. 
Since TC, is the minimum of TVC then TVC(Q)-TC, >0 and 
hence the relative increase in TVC ice. AONE, > 0 for Q # Qy. 


Ww 


End of proof. @ 

The following table shows some Qy error factors and _ their 
corresponding relative increase in TVC. According to this table the 
error factors in the range 0.5 Qw to 2 times Qw ,cause at most 25% 
increase in TVC. 





Ww 
Error factor 











Relative increase 


in TVC(%) ae 




















As asample computation, suppose 6 = “4 = 2, then relative increase 


Ww 
in the total variable cost is equal to 3G + p) == ; = %25. 


Example 2-3 


Using the data of the following table, find 
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a)Simultaneous effects of error in D and Co on Q, and 
simultaneous effects of error in the 3 parameters on it, 


b)The effect of error in holding cost Cy, on Qy and TCy,. 


parameter Actual value Estimated value 

D 2000 1000 

Ch 20 10 

Cy 25 50 
Solution 
a) 

56h. JO, A _f _50_, Cp 1000 1 

Te 9G “OTe OE ce RE ONO. 2 


Simultaneous effect of the errors in D& Co on Qy 


= romp _4 = 03 25 =H 
a Th 1 


Simultaneous effect of the errors in all 3 parameters on Q,,= 


_ |Tolp — [2*0.5 = 
= |/——-1= —1=0.414 or 41.4%. 
Th 0.5 
b) 


The effect of error in all parameters on TVC=./7rpror — ' 
The effect of error in Ch on TVC = 
Jilx1xXry,—- 1=Vv1*1+*05—-—1= —0.293 


or 29.3% reduction on TVC. End of example A 








Example 2-4 


If an order quantity equal to one half or 2 times the optimal value 
Qw is placed, what will be the effect on the total variable cost? 
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51 
TVC(Q) __ 1/1 
oe sp TP) 
Q 5 
Qw B 4 
Cop 8 2 pes 
Qw 2 ~ 4 


TVC 
= VO) and B= = 
TCy Qw 


Figure 2-5 shows the relation between a 
ve is slightly sensitive to ~ when 








According to the figure, —— 
TCw Ww 
05<2<2. 
Qw 
TVE(Q) 
+= FC. 
1.25 
Fig. 2-5 The relationship between a and f. 
Example 2-5 


An item is purchased for $2000 per unit. The order cost is 
$4000. The annual holding cost fraction is 20% and the annual 
demand for the item is 20000. What order cost incur+5% in total 


variable cost compared to the optimum TVC? 
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Solution 





i) el, 
TC, 2\Q, Q TC, Qw 
;( +3) + Jfa2-1 
— —_— = = — 
a 5\8 2 Bp=atva 
TVC = TC, +0.05TC, a = —~=1+40.05 = 1.05 


B =1.0514V1.052—1 = B =1.37 or 0.73 


— (2D69 _ C *20000 + 4000) _ 
Qw = JG = $4°t\ “753000 )= 


Q=Pf Q, = 462 or 867. 





Therefore placing an order of Q = 462 or 867 units will have a 
total variable inventory cost equal to 1.05TC,,. This fact is shown in 


the figure below where the minimum occurs at Qy = 632. A 


TvC(0) 





eee 





462 0. 867 
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Note that TVC=(1-0.05) TCy, cannot be considered in this problem. 
(Why?) 


EOQ model for items with discrete order quantity(Q) 


When the order quantity is discrete rather than continuous and 
hence Q is a discrete variable, you cannot use differentiation approach 
to determine Q. Instead, the following approach could be used : 


We know that TC(Q) = ot Cre + PD. Suppose the vendor supply 


an item in lots of size n sy helo the order quantity Q has to be 
an integer multiple of n i.e. Q=KxXn where K=1,2,3,.. Let the 
optimum order quantity is Q* and the minimum cost is TC(Q"); if one 
nis added to or deducted from Q*, the corresponding total cost would 
be greater or equal to TC(Q*) 


TC(Q*) < TC(Q* + 1n) 
TC(Q*) < TC(Q* — 1n) 


CoD G2 CoD cn te) 








J) Oa son oz () 
CoD Q* CoD C,(Q* — n) 
o tay s Gog t a (11) 


The following inequalities are derived from EQ. I &II: 








ce 

Ov = < Q°(Q* +n) 
2p 

Oy, = = Q"(Q* —n) 

Proof for ae < Q*(Q* +n): 





By multiplying 2Q*(Q* + n) to both sides of inequality I: 
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2CoD(Q* +n) + C,Q*7(Q* +n) < 2Q*CoD + C,2*(Q* +n)? => 


2CoDQ* + 2CoDn + C,Q** + C,Q**n 
< 20*CoD + C, 07? + C,Q*n? + 26,0°*n = 


; : DORD ono 
2CoDn — CrQ'n? — C,Q**n <0 =— < Q*(Q* +n) 
h 








In a similar manner= <n > Q*(Q* — n) is derived. Therefore: 
h 
Q*(Q*-n) SO, = ee < Q*(Q* +n) (2-13) 
Notice that when n approaches zero, Q* = ae = Qy. 
h 


2-2-1Calculation of order quantity 
Solution No.1 


Q* is obtained by solving the inequality 2-13 and noting that it is 
amultiple ofn i.e. Q* =Kn. K = 1,2,3,... 


Solution No.2 


It can be shown mathematically that the best integer value is one of 
the two integers surrounding Q,(Peterson & Silver , 1991, P187). 


In other words from the two integer multiples of n surrounding Q,, 
(immediate value less than Q,, or greater than Qy), the one with less 
TVC is the solution to 2-13 (adopted from page 123,Smith ,1989 as 
referenced by Ericson,1996 page 31) 


Example 2-6 


An item is purchased for $100 per unit. The order cost is $11. The 
annual holding cost fraction is 10% and the annual demand for the 
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item is 1200 units. If the vendor provides lots of 50 units only, How 
many lots do we buy in each order to minimize te inventory total cost? 


Solution no.1: 


The optimal order quantity Q” satisfies 


2x1200x11 


Q(Y =n) VP < QQ tm) and VQ -50) << + 50) 
The following 2 inequalities have to be solved 
Q** — 50Q* — 2640 < 0 Q** + 50Q* — 2640 > 0 


Solving Inequality Q** — 50Q* — 2640 < 0 
Q** — 50Q* — 2640 = 0 has two answers -32.14 and 82.4 


The sign of the inequality in different sub-interval is as follows 











Subinterval on Q —0o -32.14 82.14 oe) 
sign + | iS | 4 








Q cannot be negative therefore 0 < Q* < 82.14.satisfies the 
inequality 


Solving inequalit Q** + 50Q* — 2640 > 0 
Q** + 50Q* — 2640 = 0 has two answers 32.14 and -82.4 


The sign of the inequality in different sub-intervals is as follows 





| SubintervalonQ | —oo -82.14 32.14. © 
sign | t - | t | 











Q cannot be negative; therefore Q* > 32.1. satisfies the inequality. 


The answer liesin 0 <Q* < 82.14 & Q* = 32.14 that is 





Chapter 2 Deterministic Models 56 
Q* lies In the interval 32.14 < Q* < 82.14 and is also a multiple on 
50, therefore Q* = 50. 





If the inequality were such that either 50 or 100 could have been 
the answer, we had to choose the one with less TVC. 


Solution no.2: 


_ [2DCo_ f2x1200x11_ 
SG. 10 oe 


Q* 
The immediate value less than Qy is 50 and the immediate value 
greater than Qy is 100, 





1200 50 
TVC 100 11 nae + 10 a 632 
= a ‘—— * (—) = 
(Q = 100) ——+ 10+ (>) 


The one with less TVC is the answer i.e. Q* = 50. A 


2-3 Safety stock model 


The difference between the classic EOQ model and the safety stock 
model is keeping an extra inventory known as safety stock(SS=M)in 
the warehouse of this system to cope with variations of D and T. (Fig. 
6.2) 


M=safety stack 


Quantity in 
warehouse 
=r 





Fig. 2-6 Safety Stock Model 
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If the order quantity is Q, the total inventory cost would be: 


cap M+M+Q 








TC = —— + C, ————— + PD +PM > 

q toi +PD+ 

CoD C,Q 

Sgt ore (2 — 15) 
The second derivative of TC with respect to variable Q ( = < is 
positive then TC has a minimum which satisfies = = 0. 
dTC _ —_ _ [2DCo 
wo Q* = Qw = G 
TVC(Q*) = J 2DCoCy + MCy = C,(Q* + M). 
The reorder point in safety stock model is 

SS + DT, T, < T* 

ROP = iE 2— 16 

oe eee ToT $ ) 


si ah 
Where [=| denotes the integer part of fx 


Note that when replacing the parameters in formulas, their 
dimensions must agree; e.g. if D is given per day and Ty is given in 
year, both must have the same time unit; e.g. multiply D by N (the 
number working days in a year). 

In this model the following formulae might be useful: 


Max inventory = Qw+ SS (2-17-1) 


Min inventory = SS (2-17-2) 
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Inventory Average = SS + oe (2-17-3) 


2-4 Economic Order Interval(EOI) Model-Single 
item! 


In this model the time interval between successive orders are the 
same and the main problem is determining the optimal interval(T) and 
the desired maximum inventory(Imax). Economic order interval is 
calculated by maximizing the total cost function. Under no stockout 
assumption, the annual total cost TC is: 


Annual holding cost = 


Q DT 
C), X average annual inventoty = Ons = Ch a 


er ; i 
If T is given in year, the annual number of orders is m = = and 
therefore; 


TC = Co=+Cy>-+PD (2-18) 


: a dTC 
taking the derivative of the function with respect to T: ae 0=> 


= ano 2-19 
= DG, ( ) 


Replacing T with T* in Eq. 2-18 gives optimal annual cost: 
TC* = DC,T* + PD =C,Q*+PD = (2-20) 
where (Tersine, 1994 page136) 


Q* = DT” S71) 





'Tersine(1985)page 596 





59 Classical Topics in inventory Control 





Noting that the optimum occurs where the annual order cost equals 
annual holding cost, TC* could also be calculated as follows: 


_ DCTS, DO,T" 


TC* 
2 








+PD =DC,T* + PD. 


The maximum inventory in this model must be large enough to satisfy 
demand during subsequent interval T and also during the lead time 
(Tersine,1994,page 136, Tersine, 1985,596) 


E = Imax = DT* + DT, = DC(T* + T,) (2 — 22) 
or 
Imax =Q°+DT, = (2 — 23) 
Note that 
-When replacing the parameters in formulas, their dimensions must 
agree; e.g. if D is given per month and TL is given in year, both must 


have the same time unit. 


- In this model, there is no need to give a separate formula for reorder 
points(why?) 


-If certainty conditions hold, there is no difference between the 
optimal T&Q of classic EOQ model and those of EOI model. 


- In probabilistic models there are models titled fixed order size and 
fixed order interval in which D and TL might be random variables. 
As will be dealt in the related chapter, in this case to determine T and 
Imax, the mean of D could be inserted in the above formulae. Further 
more, when placing an order, if the available inventory is A, then 


Q = Imax — A (2-24) 
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Example 2-6 


An item is purchased for $10 per unit. The order cost is $30. The 
annual holding cost per unit is $3 and the annual demand for the item 
is 8000 units. If the lead time is 10 working days and there is 260 
working days in a year, Find the time interval between 2 successive 
orders, the maximum inventory level and the annual total cost in the 
optimal state. 


Solution 


—— [2¢0 = | 2*30 _ _ 
T= pe es 0.05 yr = 0.05 * 260 = 13 days 


13+ 10 
260 








Max = D(T* + T,) = 8000( ) = 708 


Q* = DT* = 8000 « 0.05 = 400 or 
. 10 


In this inventory system, every 13 working days an order of 400 
units is placed. TC* = C,Q* + PD = 400 x 3+ 10 x 8000 = 


81200$ per yr. A 


2-5 OQ Model -Back Order 


In this model, any demand, when out of stock, is backordered and 
filled as soon as an adequate sized replenishment arrives 
(Peterson&Silver, 1991 p 209). It is assumed that when we are out of 
stock the demand arrives with the same rate(see Fig. 2-7) 
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Symbols 
Tl fixed stockout cost per unit 
‘t stockout cost per unit per year (7 # 0) 
b maximum backordering (stockout) quantity 
b average backordering (stockout) quantity 
S maximum inventory in units 
Q Order quantity 
inventory 


ROP. banscnncnsathgesascecees= 





Fig. 2-7 EOQ Model with Back Order 


2-5-1 Average inventory and stockout level 


Below it is shown that : 


Average inventory level per year a ) is given by: 


= QD) 
= 56 





(Q25 =) 


Average stockout per year (b) is given by: 


-~ _ b? 
b=5 (2=25=2) 


S: Maximum of Stock 


t 
{ b: Maximum of Stock oul 
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Proof 


Assuming the rate of demand and the rate of stockout are the same, in 
Fig. 2-7 we have: 


AO Q-b 
Oc — tana=D, Q=b+s>s=Q-b=A0> er 


i- Area of Triangle OAC _ 5 (A0)(0C) 7 5(Q —b) Q-)) <Q = 5) 


time T OC+ CE T 2TD 





= _h)2 
Q=DT then [= 
2Q 


Average stockout per year (b): 











CE xb 
is Area of Triangle CEP 73 
= time T oT 
= = 2 
CE =—- =? then b= -@ Sb =" Endo proof. 
tana D 2TD 2Q 
Costs: 


Total cost includes total variable cost +PD 


Total variable cost(TVC) is comprised of order cost, carrying cost 
and stockout cost. 


Variable cost for one period =Co + C,IT + #bT + 1b 


Total annual cost =Co 7 + c,IT? + a RBT + mtb o+PD 





fo. DIL: be qT 2eb)- 
Since = 1, b= 56 and |= 56 then 
_ CoD (Q-b)* | ~b? | mbD 
TC(Q,b) = oO + Cy 56 + wer + acs +PD = (2-26) 
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2-5-2 Optimal order quantity(Q) and 
maximum stockout (b) in EOQ model with backorder 


Differentiating from Eq. 2-26 with respect to Q and b and solving 
the following simultaneous equations, yields the optimal answers: 

















aTC _ 

aQ 

aTC _ 

db 

__ ft+Cy [2DCo = (mD)?_— sD Das ony 

Q | a & > Gata Cy zt(tte)e te. eaey 

bos 1 Cy Cy (nD) 

b «ste -10+ fnes(1+9)- = (2 — 28) 
or b* =——(C,Q*-1nD) (2-29) 


T+Cp 


If Eq. 2-29 gives a negative or complex value then b=0. However, 
this does not mean that an optimal value for b* is zero in this case, 
and therefore we cannot use b* = 0 in the formulas that contain b’*. 


2-5-3 Reorder level in EOQ with backorder model 
The reorder point in this model is calculated from: 


DT, — b* Teo 


ROP = T P2236 
DT, — b* — KQ* (k=|4] <1) 1,27 S ) 


Note that in this model Imax ,I and TC are less than the 
corresponding quantities in classic EOQ model, and Q* > Qw. The 
following theorem is useful regarding determining the optimal value 
of the two-parameter function used in this model. 
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Theorem 2-1! 


Second Derivative maximum-minimum test for functions of two 
variables. Let f(x,y) be of class C* on an open set U in R2. A point 
(Xo0.Yo) is a (strict) local minimum of f(x,y) provided the following 
three conditions hold: 

(i) (0,90) = (xo, yo) = 0 


c 


cn Of 
(11) Dx? 0» Yo) > 0 


: af (8 a2r \2 
(iii) p=(; )(; ,) -(; / ) > 0 at (Xo, vo) 
Ox- oy’ Ox oy 


D is called the discriminant of the Hessian. If in (ji) we have <0 
instead of > O and condition (iii) is unchanged, then we have a (strict) 
local maximum. 





Question : what is the criterion for a point to be a global optimum of 
function f- 


Answer : There is no simple answer; however if fis continuous and 


Vf sy) =O has only one answer, it is the global. 
2-5-4 Optimal (Q) and (b) when 7 # 0&n=0 : 


If the stockout cost per unit time for each unit is not zero (tt # 0) 
and fixed stockout cost per unit is zero(mt = 0); substituting m = 0 in 
Eq. 2-26 to2-29 yields the following results: 


' Marsden,J.&. Trombaa (2003)page 216 
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a f+Cy, |/2DCo 7 : 
C= we oe b* >0 (2-31) 
2DCoCy ~~ Tt + oe 
Tt(T + Ga. T+ aa 


= Q’ 232 
(=) ( ) 


TC* = ,/2DCoCy Fe +PD=Cys*+PD=7tb*+PD (2-33) 


Q=b+s >s=Q-b> 


























s* = Q* —b’ (2 — 33) 
 __ 7s = [2DCo Tt _n* Tt 
sS = Ve — Gi aca #4+C, (2-34) 
pret! x 2 2-35 
2Q* 2 x GE) (2-35) 


Also note that in this model if 7 # 0 and tt = 0; we have: 


* T+C 
OL ackorder = Qw. = a (2-36) 
TVC*= Te = (2-3) 
+Ch 


* _ TCw a cs 


and if the cost of holding one unit per unit time( Ch )is largish then : 


g' = | tc* = (DCF, b* = Q". 
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Example 2-8 

An item is purchased for $10 per unit. The order cost is $117.5. 
The daily holding cost per unit is 1% of the price and the monthly 
demand for the item is 125 units. The lead time is 10 working days 


and there is 200working days in a year. If back ordering is possible 
and the stockout cost per unit per day is $0.2. 


Find the optimal order quantity, maximum of inventory, maximum of 
stockout, reorder point, the cycle time and the annual total cost in the 
optimal state. Also calculate the carrying cost and the stockout cost 
during a cycle time. 

Solution 


laaily = 0.01 ,P = $10 ,D = 125per month,Cy = $117.5 ,T, = 10 days 


mt = $0.2 per day t= 0 


_ fi+Ch [2DCo 
we tt Gh 


Cy = IP = 0.01 * 10per day = .01 « 10 * 365 = 36.5 $ per year 





Tt = 0.2 * 200 = 40$ per year 
Using MATLAB: 
= 


sqrt((.2 * 200 + 36.5)/(.2 * 200)) * sqrt((2 * 125 * 12 
* 117.5)/(36.5)) = 136 


, «Sn 
bin=0) = Q AAG 65 


The maximum inventory is: 
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* * * Tt 
s* = Ihax= =70 
max Q F+Cy 





ROP = DT, —b* = ~~~" — 65 = 10, 
200 


TC* = Ttb* + PD=0.2*200*65410*125*200= 252600$ 


pat __ 6 _ oy 99 T* = 0.09 «200 = 18d 
=—= = 0. -> =): * = 
D 125x112 yr a 


The carrying cost for a cycle time (T) is equal to 7 x T = $3.6, 
the stockout cost during T equals ChT=0.01 * 10 * 18= $1.8. 


The reader should verify that b* = 65 and Q* = 136 satisfy 


theorem 2-1 
2-2-5 Some comments on backordering 


In this section some comments are provided on the backordered 
EOQ model. Most of these comment could be verified using the 
following relationships especially Eq. (I). 


+ PD 


_ 2 2 
recat) = 224. oy OF 5 gM, BHP 


2Q 2Q 


Differentiating with respect to b&Q : 


OTC = 

3p 79 2 ~Ch(Q—b) + tb + nD =0 
aTC Lae, + Db pon si: 
—=0> Q 2 2 as 
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b 
52° == (BC, «Db 4 =) = 


h 








OTC 
QO = (@? + Cy)? + 2nMDb + (MD)? — 2DCoC, = 0 (I) 
tb 
(I) > 
~aD + faa 2 +7 ope .C,-#D’) 
— = t #0 





‘a OF 
or Eq. 2-28 Le. 


1 Ch Cy (nD) 
= —mD 2DCoCy | 1 
ral oe | 2 a + ae it 


Comments on the model when 7 = 0: 














a)If b*=0 
As mentioned above 
OTC * 
—=05 Lc, +aDp +2 t&45%) = 
dQ Q 2 p) 
1 C . [2DC, 
= 92 Po ss ra = C, =Q, 


ui 


i.e. the model would be the classic EOQ model in which stockout is 
not permitted. 


b) If b*=00 
When_ b* is largish it is preferred to place no order. In fact there 


would be no inventory system and an optimal back ordered cost of 7D 
is incurred. 


V 2CoC 
o) If mD = Tly = f2DCoC, or nD = C,Qw orm = 2 





In this case from Eq. (I) it would concluded optimal b 
could be any value = 0. Q* is dependent on the selected b*. 
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d) If mD # TCy and # = 0 


In this case From Eq. (I) it is concluded that there is no positive 
solution for b. An also 


if t~D # TCy according to case f and e of this section, optimizing 
TC would result in either b=0 or b=0o 


‘ 4/2CQC 
eifmD >TCy =./2DCoC, ormD >C,Qw orn > er 


when 7 is very small, Eq.2-28 yields a complex number, and we 


have to use b=0 and according to the following equation derived 
above : 


chp egppa “Sap Ge 
Q 2 2 


b=0 = | we, +0+09 = => Q= Qy. 
Q 2 
f) ifmD < TCyw & 7=0 


if 7#=0 then b* = 0, Because according to Eq.2-28 or its 
equivalent i.e. 





7D + oy +(1++\(2D€.€, -7°D’) 
a * 


b* = 7=-0> 


Nn 


H+C, 





—xD + ftxDy d+ yC, ~7’D’) 
b° SS eee 


0+C, 


This means we do not have an inventory systems. 
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Some other comments 


g) ifn =0& n+ Oand finite 

If the fixed cost of stockout is negligible and (0 < 7 < ©, then in 
this model b’ is always positive and it will be never zero or negative 
(b*>0). 

h) if + 0&7 +0 and finite 

In this case if Eq.2-28 return a negative b* (b*< 0), let b=O0 and 
order as much as Q=Qw. note that this does not mean that the 
optimal values for b and Q are respectively zero and Qw(b* # 
0 and Q* # Qy). 

iift +0 

if ft #0,b would be finite 


jifts0 








Aza 2 * 
if # O,use Eq.2-27 ie. Qt = |" are — OT When b'>0, 
h h h 


other wise when b <0 choose the Q,, as the order quantity; however it 
is not meant the optimal value is Q,. 


k)when b =0 


If Eq. 2-28 returns b =0,let Q* = Q, ie the backordered model 
converts to classic EOQ model. However, when b=0 , and we let 
Q=Q, if mD+#TCy then ae #0 and therefore b=0 in this case 
could not be optimal: 

(Q—b)? _ b* abd 


TC(Q,b) = ee +c, +f—+—+PD 
Q 2Q 2Q = Q 
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aTC _  —Ch(Q—b)+nD+ftb [ : 
eo QCOtCt*« Dy «b= 

ATC _ -Ch(Qw-0)+mD+0 _ -ChQytnD _ -TCy+nD £5 
ab Qw Qw Qw 


Therefore in this case when 1D # TCw, b=0 cannot be the optimal 
value for b. 


2-6 On-hand inventory and on-order inventory 
Since in inventory books you may encounter the terms " on-hand 


inventory " and " on-order inventory " and also symbols r &rp , a 
short description of them is followed. 


' 


A firm's inventory position consists of the on-hand inventory 
plus on-order inventory. On-hand inventory is the amount of stock 
items available to be sold. Quantity on order is the amount ordered 
from a supplier/vendor but not yet received. This also includes 
quantities of items being made in a work order. r is the inventory on 
hand + the inventory on order and Ty is the available inventory. 


For example for both classic EOQ (Wilson) model and back-order 
model if T, < T then 7, = 7 is: 


DT, Wilson EOQ Model 


r=Th = ee —b* Back — ordered EQO ee Meee) 


If TL=T 


r =on-order inventory is : 


P ={ DT, =K0* EOQ Model 
7 


TL 
= |— > = 
DT,, — b* — KQ* Back — ordered . [F] 1,27 (2-41) 
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inventory inventory 








Fig 2-8 EOQ model: On-hand 
+on-order inventory (r) when 
TL<T 


Fig 2-9 EOQ model : On-hand +on- 
order inventory (r) when T, > T 














At the time point just before the arrival an order, the sum of on- 
hand inventory and on-order inventory is equal to the consumption 


during lead time i.e. DXT';because 1, =ROP-DT, -KQ K= =] is 


the on hand inventory (r,) at this point and the on-order inventory is 
KQ, where K is the integral part of +. At point in time just after the 


arrival of an order quantity, DT, is increased by Q, then 


DT, < On-hand+on- <DT,+Q (2-43) 
order inventory 


2-7 EOQ Model -lost sale case 


In the previous models, there was either no stockout in the system, 
or the stockout was backordered and later compensated. Now we 
would like to analyze a case in which for a time say T» (see Fig 2-10 
)the demand is not satisfied and is lost (or is backordered without 
compensation). In this case the aim is to find the optimal value of Tz 
andQ. 


* Hajji,1391,p37 
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Og 
4 9-F t=Q-DE 


inventory 


time 





Fig. 2-10 Lost —sale Model 


Now considering an inventory system in which there is stockout, 
but is not compensated and is lost, let us calculate its total cost(TC), 
which is actually an average annual cost. 


inventory 


time 





Fig. 2-11 Maximum stockout and inventory in lost —sale model 


Q Q + DT> 
vt 2 D’? D 


Number of annual cycles (m) and the average annual inventory(/) 
are: 





Chapter 2 Deterministic Models 74 
D 


1 
T  Q+DT’ 





m= 


— mXareaofonetriangleinFig2—11 11 Q 
[= 0 
year T 2°D 





2 D (3 a) at G? 


[= = 
Q + DT; 2° Dp) =2 CEs 


If the annual carrying cost of unit product is Cy, and the cycle time in year 
is T . then 


annual average carrying cost in the system=Cy I, 

F : x 1 Q? 
average carrying cost per cycle time= C,IT = ar Ch: 
Stockout cost per cycle = DT, 

Number of cycles per year= 


D 
Q+DT,’ 


Annual stockout cost = tDT2(——— a ). 


1 i 1 





TC = Cg (x) zs S (Se) pal: (san): 


TC is a bivariate function, to find its optimum, its partial derivatives are 
set equal to zero: 





aTC Cn Q? : 
is 0 => -CoD + ~ nD?T> + C,QDT> = 0 ‘0 
one 0 D GOP Q 02R< 0<Q< II 
= —_ = —_— co co 
aT> 1 Q h 2 2 , Q ( ) 
2CoD + CrQ? F 
(I) => nD => C,Q? —2nDQ + 2CoD =0=> 
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_ mD +./(nD)?2 — 2CoDC, bsp apc mD+./(nD)? —TC2 as 


¢ Ch C, 





i mD a ea _ 2CoD ai) 


Ch 
Now let us talk about the optimal value of Q and T, when the result of the 
radical in Eq.(III) is a complex number, zero, a real number or equivalently 
mD is less than, equal or greater than TCy = ./2CgDC),, in this model. 
The value of Q° 


1) nD <TCy 


In Eq. CIID, if mD < TCy, then there would be no real answer for Q there 
is no inventory system i.e. Q=0. Later it will be shown that TZ = 00 . 
Substituting Tz = +oo & Q = 0 in annual average cost i.e. 


TC = Co (are) a = (oe) nee (z) 


results TC = 2D. Note there in no income in this case. 





2) mD = TCy 


Eq. (ID, If mD = TCw, Eq. (IID has double root of Q* = _ . It will be 
h 


shown that T, could be any positive number. 
3)mD > TCy 


Although Eq. III gives 2 answers for Q; but It will be shown that T; = 0 
and the order quantity is necessarily equal to Qw 


The value of T’ 


There is a discussion about the optimum value of the cycle time(T) in 
some books including Bazargan (2021). The summary of the discussion is: 
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1)mD<TCy 

It is proved that T, = 00 

2)mD = TCy 

It is proved T, could be any positive number. 
3)mD > TCy 

In thiscase Tz =0 

We summary the above discussion is as follows: 
Case 1) 7D < TCy 


In this case it is proved that T; = oo & Q* =0 i.e. there is no inventory 
system. 


Case 2) 1D = TCw 
In this case it is proved Q* = ~ and Tz could be any positive number. 
h 


Case 3) 7D > TCy 


In this case Tz =0 & Q* = Qwiie. the model converts to the classic 
model . 


Note that: 

-the product 7 Xx D is the cost of lost sale for the whole demand. 

-the case in which mD<TCy is similar to one of the cases in 
backordered classic EOQ model where mD<TCy &f =Oand 


consequently we did not an inventory system. 


-Some researches has been done to combine backordering with lost sales 
in EOQ model. 
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Example 2-9 
Consider an EOQ model where lost sale is possible and 
C, = 0.8per unit per year, Co = 0.2,T; = 0.1 year ,m = 0.2 


Deter mine which the above cases is applicable here? And what should be 
done? 


Solution 
nD = 0.2 x 104000 = 20800, TCy = V2 x 104000 x 0.2 x 0.8 = 182.4 
m™D = 20800 > TCy = 182.4 
Then Case 3 is applicable here : T; = 0 and Q* = Qw = 228. 
Quantity Discount Models 


The preceding models have assumed that the unit price of an item is the 
same regardless of the quantity in the batch; however, It is common for 
suppliers to give price discounts when order quantities are high. 
When discounts are factored into the calculation, the economic order 
quantity may change. In this section we deal with two types of discount 
models in inventory systems: 

Total Discount Model Ch Chan eiie WANDERS 
Fixed Cy 
Incremental Discount Model 


Discount Model 


2-8 Total Discount Model 


In this type of discount model, the unit price changes with order quantity 
in a manner similar to what the following table shows: 

















| Price | Order quantity(Q) | 
| P1=max(Pi) | Q<Ql | 
| P2 | Qi<a<@ | 
| P3 | a2<sQa<g | 
|___ P4=min(Pi) | Q=Q3 | 
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Let R(Q) denote the purchase cost. In this type R(Q)= PQ. Figure 2-13 
shows the function R(Q) in terms of Q. Qj), Q>..are called price break 
points. 





Ri Qj=P2 


Py Ps 


Qi Q2 e 


Fig. 2-12 Purchase cost of an order in a 


Total discount model with 2 break points 


Remember that TC = Cg - + < Q+ PD gives, total cost for each 


price. The graphical description of the components of the total cost is 
shown in figure 2-13 





Fig. 2-13 The components of the total cost for one price 


This model has two types i.e. either Ch changes with unit price or 
does not change with price. 
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2-8-1 Quantity Discount Model —Ch variable 


If Ch changes with unit price and the price is similar to those given 
in the table above, the carrying cost reduces as the order quantity 
increases. The optimal order quantity in this type of the model could 
be determined using an algorithm described below. 


2-8-1-1 The algorithm for finding optimal Q - 
Case 1: Ch variable 


Figure 2-14 shows the curves of total cost for an all-unit- 
discount model where there are 3 price break points. 





Fig.2-14 Total cost curves for a total- discount model 


The steps of the algorithm of finding optimal order quantity Q* is 
(Dilworth,1989, page 263): 


Step 1: 


2DCo 

IP 
satisfies the corresponding interval of this price, it is the answer to 
our problem, otherwise go to step2. 





Calculate Qy = for P=min(P;). If Qy is feasible i.e. 
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Step 2: 


Calculate Qy for the immediate higher price, if it is feasible 
calculate annual total cost TC = “o° ap cue + PD for this price and the 


break points which are greater than it; the value with least TC is the 
optimal Q. Other- wise if the Qy is not feasible go to step 3. 


Step 3 
Repeat Step 2 until a feasible Qy is obtained. 
The reorder point is ROP = DT, forT, <T. 
Example 2-10 
The annual demand for a product is 2500, the yearly carrying cost 


of unit product is $ 0.10 and the order cost is $100. The supplier 
offers discount according the following Table: 





























Ro |Q Pi 

1 0<Q<500 5 

2 500 <Q < 2500 4.75 
3 2500 < Q < 5000 4.6 
4 Q = 5000 4.5 





Find the optimal order quantity, the cycle time T°. There are 300 
working days in a year and the lead time in 10 working days. 


Solution 


The minimum price is 4.5; Qy = jae = 1054. 


The amount does not satisfy the corresponding interval i.e. Q => 5000. 
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For the price P=4.6 Qwp=4.6 = 1043 is not feasible; 
For P=4.75 Qwp=4.6 = 1026 is feasible. 


We calculate TC for this value and the break points which are greater: 


GD. CO 
TC(Q = 1026, P = 4.75) = Gqrigptte= 12362 


TC(Q = 2500, P = 4.6) = 12175 


TC(Q = 5000, P = 4.5) = 12425 


There foreQ* = 2500. T* = Q* _ 2500 _ 
D ~~ 2500 


There is no reorder point in 1 year 


2-8-2 Quantity Discount Model —Case II:C,, Fixed 


This type of discount model is similar to the previous one described 
in Sec 2-8-1 except that the carrying cost per unit product (Cy) does 
not depend on the price and is a fixed value. In this type Qy is the 
same for all intervals. If Qy satisfies the interval related to the 
minimum price, it is the optimal order quantity; otherwise calculate 
the total cost for Qy and the price break points greater than it; the 
value with less TC is the answer. 


Example 2-11 

A supplier offers all- unit discount according to the following table 
for a product whose annual Cy, is $100, C, = $100 and annual 
D=1000. Find the 


optimal order quantity. 


Q 0-99 100-199 200 and more 
price 500 400 300 
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Solution 
The curves of total cost for the 3 prices are shown below. 


Te TC(500) 


——s TC(400) 


TC(300) 






7 
' 
' 
' 
' 
‘ 
' 
' 
' 
‘ 
‘ 
' 
' 
' 
' 
' 


100 Q 200 


2DC, [2 x 1000 x 100 x 12 
Qw = = _ |——_____ = 11549 = 155 
G 100 


TC(Qw = 155,P = 400) = V2 x 12000 x 100 x 100+400x 12000= 
4815492. 











Q,, does not satisfy the interval related to the minimum price ice. 
(200 and more). Therefore the total cost for the price break points more than Qy, 
has to be calculated. 


D Q 
TC(Q,P) = Cog Pena TEP: 


TC(Q = 200, P = 300) = 3616000, therefore Q* = 200. 
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2-9 Converse of Discount Model (rate increase with 
quantity increase) 


Here the purpose is to deal with the cases where a rate and the holding cost 
increases as the quantity increases. An example follows: 


Suppose in a deterministic inventory system, stockout is not 
permitted and the rent of a warehouse is to paid as well as C,=IP for 
each unit hold in warehouse. The rent is not included in the holding 
cost C, and changes with the increase of order quantity. The total 
cost(TC) component of annual rent cost is determined based on the 
maximum inventory. Now we would like to calculate the economic 
order quantity. If 


the annual rent per unit product is h,, then: 


TC( y= pp eg pr asn er 
_ | 2DCo a 
o= 2h, +P ( ) 


The algorithm for determining the economic order quantity is 
similar to the previous algorithm described in Sec 2-8-1-1 and is 
illustrated below. In this model the break point located at left side of 
Q* could also be the answer. 


Example 2-12 


The annual demand for a product is 10000, the order cost is $64, 
the unit price is $4 the annual cost of holding 1 unit product in 
warehouse is $ 0.25. 


Find the economic order quantity. No stockout is permitted and as 
well as this cost, for each unit product a separate annual cost(h;) has 
to be paid for holding the products in warehouse. The annual rent cost 
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per unit product depends on the quantity ordered(Q) as given in the 
following table: 


Q 0<Q< 500 500 < Q < 750 750& more 
hy i 1.5 2 


Solution 


Starting with the least rate h;=1 


oat 2DCo 2x 10000x64 ng oy 
= —_ = = = 
: Q& = [oh +IP |2x14+025%4 pets 








Q, is not reasible because it does not satisfy 0< Q <500. 


h,=1.5 >Q,= | 2xcoxa0000 = 566 feasible 
_— 2x 64x 10000 em 
=> —_ => = 
1 Qs= lox240.25x4 near 


Now we compare the total cost feasible Q = 566 and the break 
points 500 &750. 


CoD Q 


10000 
TC(Q = 566) = 4 x 10000 + 64 x a 


+ 1.5 x (566) = 42263, 





566 
+0.25 x 4x (>) 





TC(Q = 500) = 4x 10000 + 64x oe Oo yg >) Peis 
= — x x — xX x |— 7 
Q 500 25 2 
x (500) = 42280, 
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10000 
750 





TC(Q = 750) = 4 x 10000 + 64 x 
2 X (750) = 42728. 


+0.25x4x (=) + 


2 


The minimum TC belongs to Q = 566; then it is the optimum. 


Before dealing with another type of discount model , note that 


PD = = (PQ) =m x R(Q) (2 — 48) 


Where 


1 Ds, dows 
m= as Q : is the number of orders per unit time (year,...), 


R(Q) = PQ is the purchase cost per order. MM 
2-10 Incremental discount model 


In all-unit discount model, the reduced price is valid for each unit 
in the order quantity, whereas in this variation of discount models that 
is called incremental discount, only the quantity exceeding the price 
break quantity is available at lower price. The goal is to determine the 
economic order quantity and the optimal order point with minimizing 
costs. 


Purchase cost of order quantity Q 


In this model the following recursive relationship is used to 
calculate the amount of money for buying the order quantity Q., R(Q) 
is given by the following relationship and show in Fig 2-15. 


purchase cost per order = 


R(Q) 
S aces ie OS SUL Qean 
(Po) (Q) do << Q5q 
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R(Qo) =9 .40=9 1Qn41 = © 


R(q;) is the purchase cost of quantity qj. 


R(Q) P, 





a 92 


Fig. 2-15 Purchase cost of order quantity Q 
2-10 Incremental Discount Model 


Let TCj(Q) denote the total cost of order quantity Q when qj < Q< 
qj+1- Using the relationship TC = Co 7 + —Q + PD we could write: 


D tI D 
TCE(Q) =Cop+zR@+GR@ = 


D I 
TGQ) = CoG +5 [R(aj) +0 - Fa] 


+2 [RG +8Q-Pa] = 


Olds 


TGQ) = G[Co + R(ay) + PO — Frajl+s [R(@,) + P)2 — Fay] 
=> 


7C(Q) = 5 [Co + Ray) ~ Pras] +5 [2 + (qi) — Fray] + BD 
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qj< Q <qjt+1 j =0,1,2,..,n 
And therefore: 
aTCj(Q) _ 9 0% = 2D[Co+R(qj)-P 54) --012..7 
dQ = > peor IP; = bed Samal See? | 7 


Plotting the TC;(Q) for j = 0,1,2, ... results in a figure such as Fig. 
2-16 











Fig. 2-16 Total Cost in incremental discount model 


2-10-1 The algorithm for finding optimal Q - incremental 
model 


The following steps determine the order quantity. 
Step1: Calculate R(Q) for all break points: 
qo = 9, R(qo) = 0 R(q1) = Pod 


R(Gj+1) = Ri) + P(Qjrr- 9), f= 012,..n (2-49) 
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2p[co+R(4j)-P 54] (2 — 50) 


Step2: Calculate Qj = =a 
J 


for j = 0,1,2,...,2, and determine which of them are feasible. 
Step3: 


Calculate the total cost for the feasible Q; ‘s using the following 
relationship: 


TC(Q;) = 9g [Co + R(q;) — Pai] +51); + R(aj) — Pai] + BD, 


Gy < QS Ayr (2-51) 
The feasible Q; with least total cost is the optimum. 
Note: 


It could be proved that a break point q; could not be the local or 
global optimum of the total cost curves shown in Fig 2-16. 


Example 2-13 


The annual demand for a product is D=2500, annual I=0.1 and the 
order cost is $100. Find the optimal order quantity if the price per unit is as 
follows: 





P; Q comments 

5 qo=0 ,qi=500 for the 1st 500 units 
4.75 | qi=500 ,q2=2500 | for 501,502, ... 2500 
4.6 | q2=2500 ,q3=5000 | for2501,2502, ... 5000 


45 Quantities exceeding | for 5001 «5002 «... 
. q3=5000 





























Solution 


Step 1: Calculation of R(Q) for break points q;: 
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R(qj+1) = R(ai) + Pi(Qja1 — 95) 
R(qo) = 0 


= 12000 


= 23500 


Step 2: 


2D[Co+R(do)—P, 2*2500[100+0—5x0 
Qs = 2Dleg Rida) = Fogel. | [2xeeOl OOF Ore x0 —_ a Qaoninteasible 
IP; 0.1x5 
: 2D[Co+R(41)—Pi dil 2*2500[100+2500—4.75x500] 
gitar (PU eoe Goria < : |PecsOUL LODE RMT S00N 2 E39 
IP; 0.1x4.75 


feasible 
Q% = 2D[Co+R(q2)—P2d2] __ [2*2500[100+12000—-4.6x2500] _ 
a" IP; = (0.1)(4.6) -_ 


2554 feasible 


in [2*2500(100+23500-4.5x5000) _ : : 
Q3= --—= anges =3496 infeasible 


Step 3: 
Calculation the total cost of feasible values Q{&Q> obtained in step 2 


D I 
TC(Qz) = Q; (0 + R(q1) — Piqi] + 5 li Qi + R(q,) — Piqi] + P,D 
1 
2500 


TC(Qj = 1539) = ——[100 + 2500 — 4.75 * 500] + *2{4.75*1539+2500- 


1539 


4.75*500]+4.75 * 2500 
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TC(Q; = 1539) = 12612 


D I 
TC(Q3) = Q; | + R(q2) — P2q2] + 3 lP2Q2 + R(q2) — P2q2] + P2D 


* 
2 


2500 
TC(Q3 = 2554) = 3554 1100 + 12000 — 4.6 * 2500] 


0.1 
+ oo [4.6 * 2554 + 12000 — 4.6 * 2500] + 4.6 * 2500 


TC(Qs = 2554) = 12700 


TC(Qj = 1539) < TC(Q; = 2554) => = Q" =Qj =1539. A 
Example 2-14 

Calculate the purchase cost per unit product for qj < Q S qj41- 
Solution 


The purchase cost of Q units in qj < Q S qj41 is: 


R(Q) = R(q;) + (B)(@ - 4;) = 


j 
P(Q—a;) + > P-1(qj — qj-1) = 
i=1 
P,,The cost per unit is: 


= 7-82 = (9) ey) n. (2) 


The inventory models for price change 


A number of inventory models have been proposed to gain insight 
into the relationship between price changes including temporary 
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discounts, increase of price and order policy. Two models of these 
kinds are described below. 


2-11 EOQ Model with sale price(temporary discount) 1 


Suppose a supplier discounts the unit price of one of his goods 
during a limited time in a regular replenishment period. The customer 
can buy once, as much as he wants with a temporary special reduction 
of price d per unit. 


The aim is to take the advantage of the short-lived discount and 
determine the optimum size of a special order. Consider Fig. 2-17. 
At point there is 2 options : 1) To continue ordering the regular 
quantity Q; the first lot arrives with unit price p-d. 


Q 





. 
x. : . x x. 
‘~ £ > 1 
Ayrton o-fyr-a--3 
et i 
a st 
* 

















T 
Fig. 2-17 Special sale price model A’'A=T, (q=0) 


2) To place a special order of size Q' with unit price p-d; when this 
amount is consumed, lots of regular size Q and unit price p arrive 
Q" 
D 
Saving in this model is equal to the difference between the cost during 
the time period T’ with and without the special order Q'. Now we 
would like to find that value of Q' which maximize the saving. 


from point C. T’ = = is the time needed to consume the special order. 


* Tersine(1994) page 113-116 
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Let K' denote the average cost during period T' if a special order of 
size Q' is placed. K' has three components i.e. order cost (Co) , 
purchase cost : (P — d)Q’ and average carrying cost during the time 
period which is derived as following using Fig. 2-17: 





aa 
; ; ; 3@T 1 
Average inventory during time Lear es GO: 


C;, is the holding cost of one unit product in | year 


C;, T’ is the holding cost of one unit product during time period T'= 


I(P —d) x 





(Q') 
D 
average carrying cost during the time period 


T'=I(P — d) x @) x19) = 1(P qe then : 


(Q')? 
2D 





K'=Co+I(P—d) +(P—d)Q' (2 — 52) 


Let K denote the average cost during period T' if a special order of 
size Q' is not placed. Noting that only the unit price of the first order 
is P-d and that of the other orders is p, we could write: 


time AB 


@ 72) 
i, PO=Oa Ge) 
K=Co=—+ ‘ +(P —d)Q+(Q'-—Q)P. 
Q Q (2-2 
+1p $ (2-2) 
2\ D 
time BC 
To find the optimal one-time special order (Q'), the saving i.e. the 
difference in the above 2 cost must be maximized: 


G=K—-K'= 
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dIQ2—IPQQ’ I(P—d)Q’ CoQ’ 
2D any eee 





ax (Q'0)= —Co (2-52) 


where Q = Qw. 


The second derivative of G with respect to Q' is — wea < 0; then 


G has a maximum. To find the optimal Q', the first derivative is set 
equal to zero(tersine, 1994 page 116): 


dG IP I(P-da)Q' C 
Lip aie OY, 2 66 


dQ’ 2D D Gre 


= 0" = 2dDQ+IPQ?+2CyD E 2dDQ+IPQ?+IPQ? 
IQ(P—d) 1Q(P-d) 


The above formula is valid when the stock position is zero (q=0)on 
the expiration date: 


dD PQ _ dD+IPQ 


—~ (Pd) P-d I(P—d) 








Ole q=0 (2-53) 


The saving due to placing this amount of order is((Tersine, 1994 
page 116): 


a 2 
gous (< 7 1) q=0 (2-54) 
Qw 





P 


If the special order must be placed before the regular replenishment 
time and the stock position is q units on the expiration date, the 
optimizing formulations are(Tersine, 1994, page116): 


re dD+IPQw = +0 2-55 
er 1p-a) 4 ( ) 
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2 


. Q” 
Gets =e q#0 (2-56) 





Note that in this case 


rk P . * 
-we must have Q > Qy ls ,if we want G* > 0. 


-whend = 0 and q #0 5 Q" = Qy—@. 


2-11-1 Summary : EOQ Model with sale 


» _ 4D +IPQy 
S Pedy 
ye 2 
POO" gaa 
P Qw 
Pcs 3 
c ee ee q#0 
P 
QwJp—_d 


Example 2-15 


The annual demand for a product of unit price $10 is 8000; the 
annual carrying cost of $1 is $ 0.30 and the cost order is $30. The 
supplier is offering a special discount during regular replenishment. 
He has temporarily reduced the unit price from $10 to $9. There are 
330 working days in a year. 
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a)The amount of the special discount that should be purchased. 

b)The time interval between 2 consecutive order 

c)The time in which the special order is consumed 

d)The optimal saving due to ordering the special order 
Solution 

Annual D=8000 ,P=$10, d=1, annual I=0.3 ,Co=$30 


a) 


yx _ aD PQ _ —_ |[2DCo _ re 
Q = Pat Bg Q = Qw = | - =400 Q =3407 








eg OO a eae = 
POS Sat (200) = 10days 


c) 

Te = 2 = 80" _ 9 43 yr = 0.43 x 200 = 86 days 
D 8000 

d) 


Gs fohnO (eo = 1) = 30(1 -=)(= = 1) = $1525.8 


P Qw 10 400. 


or G* could be calculated by substituting Q’* = 3407in the 
relationship which gives G: 





* 1 I 2 i a2 C,0"" 
G* = d(Q' — Qv) + —[-dQw" + PQwQ” —-(P—d)Q’] + —Co 
2D ane 
=1(3407-400)+ -1x4x400?4+5x10x400%x3407-5 x(10-1)x3407? 4 2058407 _ 34 





2x8000 400 


G* = $1526.22 





Chapter 2 Deterministic Models 96 





The difference in the 2 values obtained for G* could be due to the 


A 


It is worth knowing that Martin(1994) gives a more accurate 
formula fo the average inventory in this model; however if the 
discount per unit product is small the above formulae from Tersine 
(1194) gives acceptable answers. Based on Martin's modifications 
Q’* and G* would be 43401 and 1533.75 respevtively. 


approximation used for fraction numbers. 


2-12EOQ Model -permanent reduction price 


If we know a permanent decrease in the price will occur, no special 
order will be placed. 


2-13 EOQ Model -kKnown increase price 


Suppose a supplier inform us that in the early future, the unit price 
increases from P to P'=P+a. Now We would like to know how much 
should we order with current price P before the new prices is 
applied(Tersine, 1994, page,117). 


Symbols 
Q’ The special order quantity before the higher price 
q The stock position at time when Q' is placed 
G The economic order quantity with unit price P+a 
Q" The optimal value of Q' 


a The increase in unit price 
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Fig. 2-18 Known increase price model (T, = 0) 


Suppose at time t; when the stock position is q units, an order Q' of 
unit price P is placed. At first, suppose 7, =Oi.e. the lead time is 
ignorable and Q' arrives at time t;(Fig. 2-18. The special order of Q' 

qt+Q’ 


and the q units are enough for time Sar after the time t2= ie the 


new price becomes effective and the optimal order quantity will 


become: 
fs 2DCo 
Qa = ita) (2-57) 


The total cost in period t-t; if Q' is placed equals: 





qt+Q' 
7 





K' =o + 6y( Jen) +P@Q'+ q) C, = IP 


If no special order is placed and all orders are purchased at unit 
price P+a, the total cost during t-t; is as follows 


K= CoS + IPS2 + 1(P +a) SS + (P+a)Q' + Pa. 
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To determine the optimal Q', G = K — K’ ice. the saving in total 
cost must be maximized: 


IfT, 20 ,~=0 => 


dQ 
1 _ px , HUQ t+ D) 2-58 
Q” = 0,4 4 oo 
Q” =Qi+ tee 4 *) —q Equivalent formulae 
a 
vik eb 4. a ‘ aD Z 
Q= Qal P TP. q 


Qa , aD 


™_(p <a a 
Q’ =( tay +i q 


The optimum cost saving is(Tersine, 1994, page 119): 





G* =Co (2) ~1] (2-59) 


If the lead time is considerable then q is reduced to gq — DT, Q' arrive 
and we have 
Qa, a 


ara) 0 G-0r,) (2 — 60) 


If the Q' could be placed when the stock position reaches reorder 
point i.e. g = ROP, then (Tersine, 1994,page 120) 


Q* =(P+a) 24+ If q = ROP (2 — 61) 
aD 
TP 
Q” 2 If q = ROP (2 — 62) 
G*=Co (5 = 1) 
Qw 


Example 2-16 
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The annual demand for a product is 8000, the supplier is going to 
increase the current price $10 to $11 from the beginning of the next 
year. The cost of each order is $30, the lead time is 2 weeks, and the 
carrying cost of $1 per year is $.03. What amount should be 
purchased on the last day of this year before the price increase if the 
stock position is q = 346. What is the saving with this action? There 
are 52 working ina year? 


Solution 


—_ |[2DCo _ —— 2DCo _ 
o16P=10  Qy = |7722 = 400 Q2 = [7co 381 


rk a 
Q" = 02+ (10a + D)-4+DT, 





1 2 
= 381+ 03x10 o3 x 381 + 8000) — 346 + 8000 x 52 3048 


Zz 
ROP = DT, = 8000 x 50> 307 


Since # ROP ,G* has to be calculated using Eq. 2-62: 


re 


Gt = col(2 ) ~ 1] 30x[(2%2)" ~ 1) =1712. 


Qw 400 





The above calculations show that at the end of the year an order of 


3048 units with price $10 has to placed; this amount is consumed in 
3048 


ae 0.381year; bringing $1712 saving. The next orders would be 


of amount 381 units and unit price $11. A 
Economic Production Quantity(EPQ) Models 


This model , which is also called finite production rate model or 
manufacturing model has the following types: 
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1 — stockout not permitted 
2 — stockout permitted 
1 — nitems on n machines 


a — single item model | 


1=C,=0 


b — Multiple item mov 
2—C, #0 


2 — machine for all items 


The models are described below. 
2-14 Economic Production Quantity-single item 


To deal with EPQ model, when we have single item, two cases are 
distinguished: either stockout is permitted or it is not permitted. 


2-14-1 EPQ -single item,stockout unpermitted 


In this model, it is assumed that a product is consumed with annual 
rate D at the same time it is produced gradually with annual rate R>D 
and therefore the remaining is stored with annual rate R-D in the 
ware- house simultaneously. No stockout is permitted. Needlesas to 
say that this model exists if R>D. 


quantity ROP=Reorder Point 
qe tp=Production time 
T,=Lead time 

tp=Demand time 
R=Production rate 
D=Demand rate 
R-D=Inventory buildup rate 











Fig.2-19 EPQ model or Gradual arrival model 
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The annual total cost is: 
D = 
TC = fog t Gal + PD, 


Where Q is the order quantity and I is the average inventory. 


Referring to Fig 2-19: 








2T 
D 
7H Qd— ZR) 
~~ 
D 
1-= 
TG 2n008 4 Oe ppp 
Q 5 
If Q is continuous, since ¢7C sq, then the function TC has 
dQ’ 
minimum which satisfies¢ 7C _,. This equation yields: 
dQ 
2DCo 
OP =EPp Ss |= Ree 63) 
IP (1 - a) 
R 


Let the sum of carrying cost and order cost for one year be dented 


by TVC= Coot Ch! ; substituting Q* from Eq.2-63 in TVC 


| D 
TVC’ = [2DCoC,(1 - 5) (2 - 64-1) 


yields: 
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TVC* = C,Q* (1 = z) (2 — 64-2) 


TVC* =CrQy |1- (2 — 64 — 3) 


wel 


In this model if D = Ror - =1,no inventory is deposited. If the 


., D 
production rate or the purchase rate is largish a= 0 and the model 
converts to the classic EOQ model. 


2-14-1-1 The reorder point in EPQ model -single item 


If the time of consumption in each cycle time is tp( line HS in 
Fig.2-19) then the reorder point would be (Hajji, 2012 page 66): 


ROP =h = 


DT, —KQ TET Sz, 


TD-R)+(K+Y(S-1)Q  -KT>t PC ) 


Where K = [=| and T, is the lead time. 


Example 2-16 


50 tons of a kind of chemical fertilizer is produced in a workshop . 
The fertilizer contains 30% urea which is produced in another work- 
shop which could produce 20 tons urea per year. T,=2 days and for 
each setup the workshop shuts down for 2 working days but 10 people 
have to adjust and fix the machine for producing urea. When The 
workshop incurs A dollars during the shutdown and pays $10 per hour 
to each of these 10 people. There are 8 hours in each working day. 
The cost of producing 1 ton urea is P and annual I=0.1. Find the 
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optimum values for Q, production time (tp) and cycle time(T). 
Stockout is not permitted. 


Inventory 





Solution 
For the production of urea: 
R=20; D=50 x .30 = 15.yr Co=(2*8x10*10)+2*A=1600+2A 


If A is given the following relationship could be used : 


+ 2x15XCo a= 6” * — Q" 
= | tp=— T= 
Q ‘i (0.1)P(4-2) aa D 


End of exampledd 


The following table compares some relationships in EOQ and EPQ 
models. 
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EPQ EOQ 
: Qw 
Order Quantity = = Qw 
att 

Maximum D D Q 
inventory on hand Qw j1- Ro Q*(1 - R Ww 
Average Q D_Q D Qw 
inventory oe i= R 2 (1 =) 2. 





D, 
TVC 2DCoCy(1 ~ =) J2DCoCh 





TVC D OwG, 


TC D J2DCoCh 


2DCoC,(1- 5) +PD | + P'D 




















There are some variations for EPQ model including discounted 
EPQ model, EPQ model with stockout. The description of 
backordered EPQ model follows. 


2-14-2 Single-item EPQ model with backorders 


In a Single-item backordered EPQ model, as depicted in Fig. 2-20, 
when the inventory reaches zero the production phase does not start 
and the demand continues with rate D. When the shortage reaches the 
allowable amount b the production phase begins. 


Symbols 


b maximum allowable shortage 
mt fixed shortage cost per unit 
shortage cost per unit product per year(7 # 0) 
It is assumed that 7% # 0 and when the production starts again and 
the product arrives, the backorders are fulfilled. 


1 
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To Find the optimal order quantity(Q) and maximum allowable 
shortage(b), the total cost of the model has to be written and its partial 
derivatives be set to zero. The final results are: 


2DCo mp2 |#4C, 
Do Gia |e (2 — 66) 
Cr, - R) n(C, + 1) a 


pe _ [ea@’ = DIG -~B) 









2—67 
i + C, ( ) 
D 
Inax=0" (1-5) 5° (2 — 68) 











Fig. 2-20 A single-item EPQ inventory model with backorder 


2-14-2-1 EPQ model with backorder- 7=0& = #0 
Substituting 7 = 0 in Eqs. 2-66 &2-67 results in the followings: 


2DCo i rs en (2-66-1) 
Ic, (ta) 
D 
R 


(2-69) 


VCS Cy 








TVC*=C;,Q* (1 _ =) us 





R T+Cyp 
i? 
It is worth mentioning that optimal b reduces to b* = 7 £ Q* when 
Ch 


m= 0. 
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2-15 Make or Buy Decision 





A make-or-buy decision involves an act of using cost-benefit to 
make a choice between manufacturing a product internally or 
purchasing it from an external source. To cope with this decision 
problem , use EOQ model for buying and EPQ model for 
manufacturing , choose the one with less total cost (TC not TVC). 


2-16 Economic Production Quantity:Multiple-item 


Symbols 
(Cy); Annual holding cost for product #1 
(Co); Setup cost for product # i 
D; Annual demand for product # 1 
dj= = daily demand for product # i 
I Average inventory of product #1 
pices . Annual number of cycles (production runs) 
N Number of working days in a year 
P; Unit production cost of product # i 
Q; Order Quantity for product # I per cycle 
R; Annual potential production rate of product #1 
S; The setup time required for product # i 
(ty) The production time for product #1 
t P; Optimal (t,); 
‘a The time between two successive setups 
TC, annual total cost of product #1 
* The time between two successive setups for the case the 


setup times are negligible 


For determining the production quantity of each product in 
multiple- item EPQ, 2 cases are distinguished: case | in which each of 
our n products are produced on n separate machines and case 2 in 
which our n products are produced on only one machine or station 
where the number of cycles are the same for all n products. 
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2-16-1 Multiple-item EPQ model: n machines for n 
products with no constraints 


When we have n products that could be manufactured on n separate 
machines and there is no constraint, the purpose of is to determine the 
optimal production lot size of each product in order to minimize the 
total cost (TC)of system including set up costs, holding costs of raw 
materials and finished products as well as production costs 1.e. 


C Pi 
TC = aan TC; = ix1 i 





C i Dj 
Hei, Oi (1 zs a) + Dik PiDj. 


To find the optimal values of Q;'s, the partial derivatives are set 
equal to zero: 


TC CD ee 
=0 > - oi + (1-4) =0 = 











The optimal total cost and cycle times are obtained from: 


n n 
D; 
i », pot (1 — =) + > P.D,; (2-71) 
5 i r 





The required time for producing product #1 is derived fromt,, = =. 


If we use Fig 2-19,the average inventory of Product No. i is 
calculated as follows: 
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I. = — HM = aeons 
7 RD, 0; 0, D; 
I, = C= lee 
2 R. 2 R. 


and the maximum inventory of product # i would be equal to: 


Imax)i = (Ri — Didtp; 


In this model the annual number of setups for a product in not 
necessarily equal to that of the other product. 


2-16-1 Multiple-item EPQ model: 1 machine for n 
products 


Suppose would like to apply EPQ model to plan manufacturing of 
n products on the same machine and each product has to be produced 
m times a year. The following assumptions are needed in the multiple- 
item EPQ model 


-Each tome, only one product is produced on the machine 


- The number of setups and cycles for manufacturing all n products 
are assumed the same and constant. 


-The number denoted by m equals m = > ,i=12,...,n. 


i 
: : : : 1 
- The reciprocal of m is the time between two consecutive: T = es 


-D;, R;, demand and production rates for product #1, ares assumed 
the same during all production cycle times and so is the production 
rate. 


-The setup cost for product # i is assumed independent of the order 
of producing the items on the machine 
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To deal with this model, 2 situations are supposed to be discussed: 


Either the setup times are negligible(s,=0) or they are 
considerable and cannot be ignored(s, +0). 


2-16-2-1 Multiple-item EPQ model: 1 machine & 5 ~o 


Here we would like to consider the multiple-item EPQ model 
having 1 machine with negligible setup times (S, =0) available for 


producing n products (Fig. 2-21) where me <1 i=1,2,...,n. 


2 


j 3 
a) & % — Qn Slack time 


Fig. 2-21 EPQ model- multiple item&5S; = 0 


To reach reasonable results in this model, as you will notice later, 
Di : ; 
we must have 1, = < 1. The average inventory of product # i could 
L 


be written as follows: 


T, = (82) (S) = 2 (1-2) = (1-29), 


Therefore the total cost of Product #1 is: 





Dj Dj Di Chi Di 
TC; = Coym+ Cy, x (1 3) + PDi = Cope + Qi (1 “) + PD;, 


2m 


The total cost of the system: 
Di Di 
TC = Vier TCi=Lik1 Coym + Lie1 Ch; (2: (1 = 2) 4S P,Dj. 


aTC 
—=0> 
dm 
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BH (Cu):Di (1B) 
mS 2a @-73 


then 
n n 
TC’ =TC(m’) = 2m") (Co) + > Di (2 —74) 
i=1 i=1 


* Di * 
Oe = = Pile (2-75) 


Let T, dentote the cycle time when the setup times are negligible; 
then: 


TCT = Vuelo + yn PLD, (2-76) 
0 


1 


m * 


where Tj = 


This EPQ model cannot be use unless ye (Tersine, 1994,page 


N 


128).;or ye <1. The difference of right hand side from left hand 


side is dented by a@ which is a dimentionless ratio: 


D; 
a=1- int (2-77). 

ais sometimes called the free or idle time of the station or the 
machine used for production. That is because aN is the number of 
working days the machine is idle.This time in year is equal to — =a. 


The multiple- item EPQ model has feasible answer if a> 0. In this 
model 





2074 (Co)i 
DP ((Cn)idi(1-Z4)] 


(2-78). 


Note that Tj is also valid for the case in which the setup times(S;) 
are not zero but their sum in a year is less than a;however , if their 
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: Dj 
sum is greater than a, as you will see later if a = 1 — ip, > Othe 
i 


cycle time is calculated from T* = Max {To slit 
Example 2-18 

What do you suggest the production cycle for the group of products 
in the following table. Assume S, = Sz = S3 = S, = Ss; = 0 and 250 
working days per year. what is the optimal production run size and 
total cost(Tersine, 199, page 129). 


















































Annua 
] 
Daily ; 
as} 
3 Annual |S | produ nolan | PStHD 
a a : g cost 
Demand | & ction 
Q Cost 
rate 
per 
unit 
i _Di Pi Cri _ (Codi 
1 5000 6 | 100 1.6 30 
2 1000 5 | 400 1.4 25 
3 7000 3 | 350 0.6 30 
4 15000 4 | 200 1.15 27 
5 4000 6 | 100 1.65 80 
sum 202 
Solution 
D; 
= n 
a=1-Qiny = 
5000 10000 7000 15000 4000 


=0.16 


Since a@ > 0, the problem has answer to the optimal production 


runs(m ). 
Wis (CniDi(1-p!) _ [40483 . 49 
23% (Co), Vi 2x202 — 


This means the there are 10 runs per year for each product to meet 
the corresponding demands. 
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When the setup times are negligible (S; = 0), the number of 
production runs are dented by mg whose oiptimal value in the 


example is mj = 10. The production cycle (the time between 2 


successive production runs for each of the 5 products is equal 


me operat 
to:T ~ ms 10 yr. 





The production run size for each product calculated from 
Qj = D;To j = 1,2,3,4,5 is given in the following table: 


















































go number of 
& days in each 
6 Production run size | cycle 
machine busy 
producing Q; 
Cy,D;(1 x 
Dj nit 0D Qi 
———— 
1 4000 6400 500 5 
2 9000 12600 1000 2.5 
3 6440 4864 700 2 
4 1500 12074 1500 7.5 
5 3360 5544 400 4 
su 40483 21 
Note:R; is the annual production rate for product #i. e.g.R; = 250 x 100 = 25000 
The machine cycle time is * = = = 25 days and according to 


the above table 7.ytp,=5+2.5+2+7.544 = 21 days. 


Then in each cycle the machine is idle for 4 days. The optimal total 
cost is given by Eq.2-74: 


n n 
i=1 i=1 


TC(m*) = 2(10)(202) + (30000 + 50000 + 21000 + 60000 + 24000) 
= 189040 
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End of example. A 


2-16-2-2 Multiple-item EPQ model: 1 machine &§, +0 


This section deals with multiple-item EPQ model when the 
machine setup time for each product is not negligible and the 
production runs(m) for each product in a year is such that: 


Dy Dn 
eT 
Qi Qn 
and the cycle time is equal to: 
qe Pgs 
Dy Dn 


The time required by the machine to produce the amount Q; of 
product #j is 


Let T denote the time between two successive setups for product j 
including the non zero setup time S;:T = 2 
j 


The optimal T (T* = “his not less thanT> (the time between two 
J 
successive setups for product j when S; = 0):T >To (1) 


In each machine cycle time, each product is produced once and It is 
obvious that : 


Q; 
D4) toy ST Dt Des? 
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The number of production runs for product j to produce amountD j 

: Dj : : « _ Dj 
is equal to m= a and in the optimal state m* = oF 
j j 


Since )) S; + yi <Tand Q; = D,T* then 
J 


D; S; 
ioe) Per ee 
J R; D; 
J 1-y2 J 


De 
J Rj 





Let Unin = a therefore T* > Tin dD 
4-yn 


Considering Eq. (I) & (II) we could write: 


T* = Max{T9, Tint} (2-79) 





where 

a 2 vizio); — kia 5S LS 
Ty = Se es in Trin =~ a 

I TD): pak, _yn 2 

di=1(Cy)iD; (1 RD 1 dijer Rj 
a=1- jzt “59 is a necessary condition for the existence T*. 

J 
Note that: 


- §; 's are not necessarily equal. 
-production run size is 
Qj = D,T* (2-80) 
-Eq. (2- 79 ) is also applicable when setup times are zero. 
Example 2-19 


Assuming 250 working days in ayear solve example 2-18 again if 


(aS, = S2 = S3 = S4 = Ss = 0.5 = halfa day 
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b)S, =I day Fim Pres, 


Solution 

a) 

The necessary condition a@=1-—Y? jp =0.16>0 holds 
therefore a 2-79 could be utilized: 


Yee 40 28 60 16 40 OY 
m0 400 350 200 100 250 © 


. me 





m=, ye 1S; = 2.5 days = — yr 
T* = Max{T 5, Tmin} 
LS; 5(0.5) 2.5 2.5 1 
Trin = cays POI 9g FAY Og X 755 = TIT 





eal See ee Se 
j= 1R; 100 400 350 200 100 










2Xiz1 (Codi 2x202. 1 
{= | ——see es = = sD ass 
° SH (Cw)idi( 1-74) 40483 10 y 
1 1 
T* = Max {—, =}=~¥ m*== = 46 


The production anemic in each ain are obtained from 
Q; = D,T* =< j = 1,2,3,4,5 
pacer 


Q,=2=500 Q, = 1000 = =700 Q,=1500 Q; = 400 
b)T* = “MaxtT?, Oe ame ba < yr, S, =1 day, then: 








XS; 5)(1 5 
Tmin = —— p= a ee = day 
21k, 100 400 350 200 100 ; 
5 1 1 % 1 
ler — x Sn let 
nin “916 250 8°” ° 10% 
4a 1 1 
he = Max{—, =} =ayr, m= = 8 Q, = D,/m* 


Qi = D,T* = 5000 x == 625, Q, = 1250,Q; = 875,Q, = 1875, 
Q; = 500M 
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2-17 Multiple-item EOQ model 


In this section, EOQ model is extended to simultaneous purchase of 
several items. Here we either have a constraint such as the having a 
case where the number of orders for all items must be the same or we 
may not have any constraint or precondition. 


2-17-1 Unconstrianed multiple-item EOQ model 


In a multiple —item EOQ model in which there is no constrain or 
preconditions, and the items could be dealt separately e.g. our n 
products could be bought from n suppliers, the optimal order quantity 
for each item is derived as follows: 





TC; = Covi + cy 2 + BD, 
Qi a ia 
n n Q 
‘C= > TC = > (Co 0; +Ch; 5 + P:Di) 
i=1 i=1 
aTC | ; ._ [2DiLo; 
U 


Substituting Qj; in TC yields: 


n n 
TC* =) [2D:CoiCni + > PDs (2 — 81) 
i=1 i=1 


2-17-2 Multiple-item EOQ model- annual number of 
orders the same for all 


Here every time we place an order, we would like to order n 
products; therefore the annual number of orders for all products is the 
same and equals: 
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In this regard two cases will be dealt with below; in one case one 
single order cost is paid to place an order of several items. In the 
other case each item has its own order cost. 


2-17-2-1 Multiple-item EOQ Model : order cost independent of 
number and quantity of items 


In this case we pay the order cost Co to purchase n items. Co is 
independent of the Qj,'s andn. The number of orders and the cycle 
time is the same for all items. The stockout is assumed not to happen. 
With the symbols: 


Ci, j The annual holding cost of product j 
Co Order cost 
D; Annual demand of product # j 
Q; Order quantity of product # j 
T= 2 the cycle time of all items. 
J 
We could write the total cost as follows: 


66 D,T 
TC =2 4 Cn (F)+ DEB D (2-81) 








dTC _ 

—=0> 

dT 
T= (2 — 82) 
-_ pp =! 783 
Q= J m* ( ? 
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It is assumed that the number of orders are the same and 
independent of items. 


Example 2-20 


Given the annual demand, unit price and annual holding cost of 
each unit for 5 items in the following table, if we want to have the 
same number of orders for the all items and the order cost is 
independent of the items and equals $40.5, find the optimal order 
quantity for each item. 





























Item #(j) ia = | 3 4 5 
annual D; 5000 10000 7000 15000 4000 
Pj 6 5 3 4 6 
annualC,, 1.6 1.4 0.6 1.15 1.65 

Solution 
2C 2x40.5 
Tt = |? = /——_—"* ___ = 0.0402year 
Y Ch jDj 5000X1.6+---+4000X1.65 
ree cae « _ 5000 « _ 10000 «4000 
m=22=24Q@=- >, @=s OGD 
End of exampledd 


Example 2-21 


Two products A&B are ordered simultaneously. The annual 
demand for the products are respectively 500 &1500. If the annual 
holding cost for each unit is $10 and cost of joint order of these two is 
$100, find the optimal order quantities. 


Solution 
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Te = |——" _ = 0.1 JwUu= > m* = 10 
CnDi + CrpD2 





f=72==50, Qa t= iso 


m* 10 
2-17-2-1 Multiple-item EOQ Model : separate order cost for items 


In this case several items are purchased simultaneously with its 
own order cost. The number of orders and the cycle time are the same 
for all items: 


Di _ D2 Qi _ 
mz=—_— >_>: => T=—=—=: 
Q, Q2 D, Dz 


Substituting these relationships into 


D; : ee 
C= Co; ry FO hy 3 td; yields: 





1 D,T 
TC, =Co,(2)+Cnj+PRD, =f = 123... 
Since TC = ¥ TC; Then: 
al T 
TC = Yijz1 CoG) + Liar Ch Dj 5 + Dina PD; (2-84) 
e, [22Co; 
ed 9) (2-85) 
Q; = D,T* (2-86) 


2-18 Deterministic continuous & periodic review Models 


In deterministic models sometimes we encounter deterministic FOS 
and FOI models. They are briefly introduced below. 


2-18-1 Deterministic continuous review=deterministic 
(r,Q) Model= Deterministic ( FOS)Model 
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This model deals with asystem where the stock level of the 
product is calculated each time a product moves in or moves out 
the system. The demand rate for the product is fixed and 
deterministic; whenever the inventory reaches fixed level r an order of 
fixed quantity Q is placed. Note that some real world inventory 
systems, such as the one shown in Fig. 2.22 where the demand is not 
fixed, could be approximated with this deterministic continuous 
review model. 





time T 


Fig. 2-22 Approximation of a real model with (r,Q ) model 


The total variable cost in this system equals: 
TVC =C, : 4 Cr (2-87) 


2-18-2 Deterministic periodic review=deterministic (R,T) 
Model= Deterministic ( FOI)Model 


The periodic review modelis one of the inventory policies 
that reviews physical inventory at specific interval of time T and 
places an order with the quantity equal to the difference between the 
maximum level of inventory( R) and the current level of inventory(A) 
i.e. 
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=f, * A<R (2-88) 
(0 A>R 
TVC in this model equals: 

TVC = me ome (2-89) 


It worth mentioning that, classic EOQ and EPQ models are both FOS 
and FOI. 


2-19 Inventory Models for Deteriorating Items 


In the models discussed so far, the products were assumed to have 
long life and does not deteriorate or the deterioration rate is negligible. 
The items that incur a gradual loss in quality or quantity over time 
while in inventory are usually called deteriorating items. 


There are many references which deal with deteriorating items. 
One could refer to references such as Bakkar(2012), Goyal &Giri 
(2001), Hung(2011) to study these kind of inventory models. 


Exercises 


1-(Tersine,1994 page 141)A company needs 54000 ball bearing sets each 
year. Each set costs the company $40. Annual holding cost per unit 
set is $9 and each order costs$20. Find 


a) The optimal order quantity, 
b) Annual number of orders, 
c) the reorder point , if the lead time is 1 month. 


2-(Tersine,1994 page 141)A firm needs 38000 units of a product whose 
unit price is $4. Each order costs $9. The annual carrying cost is 25% 
of of the unit price. There are 52 working week in a year. 
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a) What is the optimal order quantity for this product? 

b) How much is the annual total cost of ordering the 
economic quantity? 

c) The maximum number of inventory in the warehouse? 

d) What is the average number of inventory 

e) What is the interval between 2 successive orders in weeks. 


3- A company buys and sells 5 items and the at the time being the 
places a 5-item order at the end of each month. The order quantity 


for each item is one twelfths (S) of the corresponding annual demand. 


The company intends to shift from the current FOI system to FOS 
system. The ordering cost per each item is $10. The annual carrying 
cost of $1 is $0.2”0=20%). Using the table below, calculate the total 
cost for the FOI and FOS systems. Is shifting to the FOS system 
economic? 









































Item | Annual Unit price / Annual Average cost of holding 
(i) demand | )(p; order cost | inventory in FOI 
1 Dj 

Dj Gi x Pi x Pr 
1 600 3 12x10 0.2x 75 
2 900 10 120 0.2X375 
3 2400 5 120 0.2x500 
4 12000 5 120 0.2x2500 
5 18000 1 120 0.2x750 
sum 600 0.2x4200 





The solution is in Tersine(1994) page 277. 


4-(Tersine, 1994 page 142) If a firm overestimates its annual demand 
by 50%, calculate the ratio of the total variable cost in overestimate 
case to the total variable cost when the demand is not overestimated. 


5-(Tersine, 1994 page 142)The annual demand for an item is 6000 
units, the unit price is $15, each order costs $25, annual holding cost 
per unit=$3, lead time is 3 weeks and there are 5O working weeks in a 
year. Suppose the customers agree to backordering. Each unit 
backordered costs $2 /yr. 


What is the 
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a) size of economic order quantity? 

b) maximum inventory level in the optimal case? 

c) reorder point? 

d) number of backordered units during each order cycle? 


6-(Tersine, 1994 page 143)An electronics company uses 20000 
particle beams each year. The supplier of the beams offers them at the 
following prices 


























Quantity Unit Price($) 
1-799 11 
800-1199 10 
1200-1599 9 

=> 1600 8 





the cost of an order is $50.00, and the holding cost is 20% of the unit 
value per year. Find 


a)The optimal order size that minimizes for an all-unit- discount model. 
b) The optimal order size in an incremental discount model. 
7-If we buy a product from out of the company it costs $5 per unit 
and the ordering cost is $1 and if we manufacture it in the company it 
costs $4 per unit and the setup cost is $10. The production rate in the 
company is 5000 /yr. The annual holding cost of each unit is 10% of 
its price. If monthly demand is 100 units, what policy do you suggest: 


Buy or manufacture why? What is the reorder point and the optimal 
quantity per order in your suggested policy? 


Ans: TC in buy policy is $6034 and in make policy is $4852. 
7-If Cy, = 1, which of the following choices are correct? 


a)Qy and TCy both have the same quantity regardless of their 
dimension. 
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b) the quantity of Qw is half of that of TCy . 
c) the quantity of TCw is half of that of Qw. 
9-Which phrase is not correct for completing the phrase 


"In classic EOQ model it is assumed that" 
a) the unit shortage cost is largish 
b) The products is not deteriorating 
c) the demand rate probabilistic 
d) There is no constraint on, space, capital and the number 
order runs 
Ans: choice (c) 


11-Suppose the annual holding cost in classic EOQ model is estimated as 
much C},,while the actual value is C,. With this assumption, Compute the 
the ratio of total variable cost in terms of Cj, to the optimal total variable cost 
(in terms of C;). 


12-The annual holding cost of $1 is $0.05, the unit price is $100 and the 
product is supplied in 100-unit boxes, find the optimal order 
quantity(ans:200). What would be the answer if there were no constraint on 
order quantity. 


13-The order quantity has to satisfy Q=100k, where k is an integer i.e. 
k=1,2,3,...if the annual demand is 2400 kilo gram, the annual holding cost 
per unit product is $5 and the ordering cost is C, = $22, find the optimal 
value for k. 


Hint: Qw = 145 is not a multiple of 100; use the following relationship: 
Q*(Q*-n) S$ Qh 5 Q*(Q* +7). 
14- (Tersine,1994, page 143) 


The demand in a firm is annually 3000 units. The ordering cost is a 
fixed cost of $250 and holding costs are computed at 25% of unit value per 
year. Source A will sell the component for $10 regardless of the order size. 
Source B will only accept orders of at Ieast 600 units at a unit price of $9,50. 
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Source C will charge $9.00 per item but requires a minimum order of 800 
units, (a) What Quantity should be purchased and from which source? (b) 
What are the cost savings in comparison with the other two sources? 


15-(Tersine, 1994, page143 Pr#13)The Supplier for the firm in Problem 2 is 
offering a special discount and temporarily reducing the unit price of the 
product by $2. 


a)What lot size should the firm order to take the advantage of the 
discount? 


b)What cost saving would result from this order? 


16-The supplier in Problem 2 has decided to increase the unit price of its 
component from $4.00 to $4.2 tomorrow. If the reorder point is 1500 units 
and the current stock position is 2200 units, 


a) What lot size Should be ordered today 

b) What cost savings will be sacrificed if no special order is 
placed prior to the price increase? 

c) Ifthe current stock position were 1500 instead of 200, what lot 
size should be ordered today? 


17- (Tersine,1994, page144)A tire manufacturing plans to produce 40000 units 
of a special type of tire next year. The production rate is 200 tires per day, 
and there are 250 working days available. The set up cost is $200 per run, 
and the unit production cost is $15. If holding costs are $11.50 per 
unit per year, 

a) what is the economic production quantity? 

b) how many production runs should be made each year? 

c) If the production lead time is 5 days, what is the reorder point? 

18- The current order quantity in a firm is 1000 units. Suppose 

customers agree to backordering. If the annual holding costs per unit 
is $6 and each unit backordered costs $3/yr. 


19- (Tersine, 1994, page144) A firm produces five products in a work center. 
The available information is shown in the table: 
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: annual Di daily production ae (Cg); 
' | demand date (Chi 
1 | 6000 6 300 2.1 80 
2 | 20000 4 500 1.4 40 
3 | 8000 6 160 1.8 100 
4 | 8000 2 200 0.5 50 
5 15000 4 200 1.5 50 


























If there are 250 working days available: 
a) What is the best production cycle? 
b) What is the optimum production run size for each product? 
c) What is the annual demand time? 


20-(Tersine, 1994, page146) A firm orders eight items from the same vendor, 
as shown in the table. The ordering costs are $10 per purchase order and 
$0.25 per item. Carrying costs are 15% per year. 


a) What is the economic order interval? 
b) If the lead time is one month, what is the maximum inventory 
level for each item? 






































\ 
item Annual Unit Order 
(i) Demand | Cost Cost 
(Di) (pi) (Co) 
1 175 1 $175 
2 425 0.6 225 
3 115 2.1 241 
4 90 3 270 
5 810 0.75 607 
6 70 4 280 
7 190 5 950 
8 210 2 420 
sum 3199 














21-What is the effect of the error in C, on TVC and also the effect of error in 
all parameters related to TVC on it? 
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22- In Classic EOQ, let 2 =B&a= “© show p=atVa’-1. 


Qw TC 





23- What happens in backordered EOQ model if tD > TCw &7t # 0? 


24-(Tersine,1994, page142) Jane wants to determine the optimum amount of 
money to withdraw from an automatic teller machine (ATM) per transaction. 
The bank charges $.30 per ATM withdrawal transaction and a flat service 
charge of $5.00 per month. Jane spends an average of $10.00 per day. She 
figures there is a 10% chance that she will lose her wallet or be robbed in 
any given year. The bank pays 6% per year on checking account balances. 


a) What is her optimal withdrawal amount per transaction? 


b) How might the amount of Jane's withdrawals be altered if she moved to 
a high crime area? 


Solution 


On Sat, 6/23/18, Tersine, Richard J. wrote: 

Subject: Re: THe solution of a problem 

To: "Hamid Bazargan" 

Date: Saturday, June 23, 2018, 10:54 AM 

Hamid, 

The problem solution is as follows: 

(a) the unit price is $1.00; ordering cost is $.30/transaction; annual demand is 365(10)= 
3650; the annual 

holding cost fraction is the opportunity cost fraction plus the probability of loss or .16 
(.06+.10); the fixed 

service charge of $5.00 is irrelevant in lot size determination. 

optimum Q = sq. root {2(.30)3650/1(.16)} = $117.00 

(b) If Jane moves to a high crime area, she may need to increase her holding cost fraction. 
This would 

effectively lower the optimal withdrawal amount per transaction. 

Since the text materials were completed about 25 years ago, understandably they are no 
longer available. 

Best wishes, 

Richard J. Tersine 


From: HamidBazargan<bazarganh @ yahoo.com> 
Sent: Friday,June22,2018 9:49AM 
To: Tersine,RichardJ.;Tersine,MicheleG. 
Subject: The solution of a problem 
DearProfessor 
I hope this email shall find you in the best of health and spirits. 
I teach Inventory control to BS students; my mail reference is: 
Prof.Tersine,RichardJ.1994 
Principles of Inventory and Materials Management - 
Prentice Hall 





Chapter 2 Deterministic Models 128 





Could please tell me where I can find the solution of the following problem of the book: 
Page142 of 4th edition1994. 


You can never satisfy people by 
your property. So, you can attract 
their satisfaction by your behavior 
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Chapter 3 


Constrained Inventory Control Problems 





Aims of the chapter 


This chapter deal with the problems of inventory control in 
which some constraints on budgets, cycle time, ware house space, 
number of replenishments, the holding costs, etc... are 
considered. The chapter briefly describes the Lagrange multiplies 
technique and Karush-Kuhn-Tacker conditions , widely used in 
solving nonlinear programming problems which arises in various 
fields including constrained inventory control. 


3-1 Lagrange multiplies technique and Karush- 
Kuhn-Tacker conditions 


Lagrange multiplies technique is used for finding the extrima of a 
nonlinear optimization problem with equality constrains. Karush- 
Kuhn-Tacker conditions generalize the Lagrange method. Below some 
cases of the nonlinear problems are distinguished and the above 
techniques are described briefly. Before discussing the cases and the 
methods, note the following definition. 


Definition of Lagrange's function 


In constrained optimization if you multiply the function of each 
constraint by a multiplier and add the product to the objective 
function, you obtain a new function which is called Lagrange function 
or Lagrangian. 
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3-1-1 Nonlinear optimization problems with equality 
constraints 


Consider a constrained optimization problem, where the constraints 
are in equality form and their functions are continuous and 
differentiable. Equality constraints restrict the feasible region to points 
lying on some surface inside R. To solve this equality-constrained 
problem, Lagrange suggest to assign a variable(known as_ Lagrange 
multiplier) to each constraint. Then write the Lagrangian function. 
Deriving the gradient of the Lagrangian and setting it to zero and 
solving the simultaneous equations usually gives the answer of the 
equality-constrained problem. A mathematical description of is 
provided below. 


Consider the following minimization problem, and assign a 
Lagragrange multiplier to each constraint: 
min Z = f(%4, ---,Xn) 
S.t. 
hy(X%«-Xn)= b, 2 ,:Lagraqnge Multiplier 
hy (xq Xp) = be A ,: Lagraqnge Multiplier 


Am(%1+-Xn)= bm 4 ,,: Lagraqnge Multiplier 

The Lagrangian is as follows: 
PS ft) +A On) = Bl ee Ay i al 

Set the gradient of L (partial derivates of L with respect to Xj s and 
A;'s) equal to zero: 


os toa 

Ox; a a 
OL 

—=h,-—b,=0 i=1,..,m 
OA, 


The feasible points where the partial derivatives of Lare 
simultaneously zero are the optimal point of function L, and usually 
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provide the solution for the above — equality-constrained 
problem(Winston,1994 page 684). 


In fact the above simultaneous equations which could written as 
follows: 


m 
Vyf (X)+DA,; Vy h; (2 )=0 (3-1) 


b, -h, (x)= 0 i=l,...,m (3-2) 


are the necessary conditions for optimality and under proper 
convexity assumptions they are also sufficient. In Eq. (3-1) vs 


denotes the gradient of function ¢ i.e. partial derivatives of ¢ with 


2 S. 


respect to variables x; 


In the above problem, if all functions are differentiable and 
continuous, fis convex, h;'s are convex[e.g. linear] then the solution to 
Eq. (3-1) & (3-2) is always the solution to the above optimization 
problem(extracted from Winston, 1994 page 685). Therefore for 
solving such a problem, set the derivatives of the lagrangian with 
respect to xj » A; equal to zero; then find the solution to the 
simultaneous equations. If The answers to A;’s are specific numbers, 
then the answers to x;’s constitute the optimal solution of the 
optimization problem under consideration. 


It is worth knowing that Eq.(3-1)&(3-2) are some times called 
Karush-Kuhn-Tucker{KKT) conditions for the aforementioned 
equality-constrained problem. 


Example 3-1 
Write the Lagrangian and KKT conditions for the following 
problem: 
Min Z = 2x, + 2x% 
S.t. 
4x, —X, =6 
X4,X2 unrestricted in sign 
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Solution 
The Lagrangian is 
L=2x, + 2x2 + A(4x, — x, — 6) 
KKT conditions : 


m 
Vy L(x)= Vyf +A, Vyh; (x)=0 
i=l 


b; h, (x )=0 i=l,...,m 


Cae) = 
4X2 —A = x, = 1.4688 ,x, = —0.125,A =—0.5, 
4x, —X, =6 

X, = 1.4688 ,x, = —0.125 could be the optimal point . Since 
all functions of the problem are continuous and differentiable; 
furthermore f is convex and the function in the constraint is linear , 
therefore 
X, = 1.4688 ,x, = —0.125 is the optimal solution to the problem. 


Solution with Lingo Software: 
min=2*x1+2* (x2) %2; 








4*x1-x2=6; 
@free (x1); @free (x2); 
end 
Local optimal solution found at iteration: 11 
Objective value: 2.968750 
Variable Value Reduced Cost 
X1 1.468750 0.000000 
X2 -0.125000 0.000000 


End of exsmnpich 


3-1-2 optimization of nonlinear problems with in-equality 
constraints 


In minimization problems with constraints of type inequality, 
assign a variable known as Lagrange multiplier to each constraint and 
write the Lagrangian function and the KKT conditions as will be 
shown. If the answer to the KKT conditions is a feasible solution for 
the problem, it might also be an optimal solution to the problem. To 
illustrate this case consider a problem with following form: 


minZ = f (x4, .-,Xn) 
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S.t. 
(AG otis 29 og 6,.Lagrange Multiplier 
Gite) = b> 6,:Lagrange Multiplier 
CAC at aoe 6m: Lagrange Multiplier 


Suppose all the functions are continuous and differentiable; the 


constraints are of the type g; < b’; any other form has to be converted 
to this form even though the right had side becomes negative. 


The Lgrangian is as follows: 
L= f (X10 Xp) + O4[91 1 0 XB] + + Om Gm 1 Xn) — b'm] 


The optimal solution of L satisfies the following conditions known 
as the Karush-Kuhn-Tucker{KKT) conditions: 


OL 











V,L =: or Vf +O0V2,+O0Vg,+....=' or = J =\,...7 
Ox 

or (3-3) 

cca ee ray 8 n =" J =\,.5N 

Ox Ox OX 

O,[b; —8,(% 5%, ))=* 1 =).,m (3-4) 

0.2: i =\,..,m (3-5) 


In many cases! any point (x1*...Xn*,01*,...,8n*)which satisfies the 
above conditions as well as the constraints, is the optimal solution to 
the aforementioned optimization problem. Note that since 
Gi (X1 Xp) S b’; is equivalent to gj (x1 ...X,») +S; — b’;, S; = 0; then 
O.[b, —g,(x,,...x,)]=Oand 6S, =0 are equivalent. 


' Winston(1994) page 684 
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3-1-3 Nonlinear optimization problems with equality and 
in-equality constraints 


When a nonlinear optimization problem has inequality constraints 


of type < and equality constraints: 


min Z = f(%4,.+,Xn) 


Gj(Xq Xn) < dD; i= 14s, 6; : Lagrange Multiplier 
Ry X42 Xq) — Bj fH iva: A, : Lagrange Multiplier 
The Lgrangian : 


L = f(xy ++ Xn) + O4[91 1 ++ Xn) — By] + + A [hi age 008 feat 1 Ri re 


If all the functions are continuous and differentiable, the necessary 
optimality conditions, according to Karush, Kahn and Tacker would 
be (Bazaraa,et al 2006 page205): 


Vf (8) + AV 8\ (x) +05V85 (x) +..+ AVAL) +25Vh5(x)+...=0 (3-6) 
6:[b; — gi(x)] = 0 La=15 6m. (3-7) 
6,>0 (3 —8) 


If a point wants to be optimal for the above-mentioned nonlinear 
optimization problem, it has to satisfy the KKT conditions as well the 
constraints (whether equality or non-equality). 


In a problem is of the above form(minimization with both equality 
and non-equality (<)constraints), the optimal values obtained for the 
Lagrange multipliers of equality constraint could be negative, zero or 
positive numbers; however for the constraint of < type, the 
corresponding Lagrange multipliers must be non-negative. In other 
words if the optimal value is negative the KKT conditions are not 
satisfied. For more details on KKT conditions refer nonlinear 
programming text books. 





Example 3-2 


Solve the following problem: 
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minf (x) =x,(x, —30)+x,(2x, -50)+3x,+5x,+10x, 
SI. 
Ni PRE SH OF: 8 se hA) Hae PH eee 0 
Neel 125 or g,=x,-17.25<0 


Solution 
With Lingo: 
model: 
min=x1*(x1-30)+x2*(2*x2-50)+3*x1+5*x2+10*x3; 
X1+x2<=x3; 
x3<=17.25; 
xl>=0; 
x2>=0; 
x3>=0; 
end 
Solve Menu: 
Rows= 6 Vars=3 No. integer vars=0 
Nonlinear rows= 1 Nonlinear vars= 2: Nonlinear constraints= 0 
Nonzeros= 11 Constraint nonz= 7 Density=0.458 
Optimal solution found at step: 6 
Objective value: -225.3750 
Variable Value Reduced Cost 

Xl 8.500000 0.0000000 

X2 8.750000 0.0000000 

X3— -17.25000 0.0000000 


The second way to solve the problem is to write the KKT 
conditions: 


Let x=x,,....X, ;The KKT conditions are: 


n 


Vf (x) +u,Vg,(x)+u,Vg,(x) =0 
u;[b; — gi(x)] = 0 i= 1,2 
Uj = 0 


Or 
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Vf Vgl Vg 2 
2x ,—-30+3 1 0 
4x,-50+5 Hu,| 1 |tu,}0)=0 
10 —1 1 


u,(-x,-x,+x,)=0 
u,(17/25-—x,)=0 
u,20 

u, 20 


2x, —30+3+u, =0 
4x, -50+5+u, =0 
10-u,-u, =90 

Or 4u,(-xX,-X,+x,)=0 
u,(17.25-x,)=0 
u, 20 


u, 20 


To try to solve the above simultaneous equations, notice thatu,is 
either 0 or 1 and therefore 2” possible cases are identified for (u,, 


...U,, ) Where m is the number of constraints; in this case m=2 and the 





four possible cases are: (u, =0,u, =0), U, =0,u, >0).(u, >0,u, =0) 
and (u, >0,u, >0), 

Now let consider start with case (u, =0,u, =0) 

Tl) u,=O0 u,=0 £g.(3)>10—-0+0=0 impossible 
T)u,=0 u,>0 (G3)>10—-0+u, =0=>u, =-10 unacceptable 
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I)u,>0 u,=0 


(3) >10-u, =0> u, =10 
OM>x, =8.5 
(2) >x, =8.75 
(4) => 10(-8.5 —8.75 +1.3) =0 > x, =17.25 
This point satisfies the constraints. Therefore 


x =(8.5, 8.75, 17.25)is a feasible point with acceptable Lagrange 
multipliers . Therefore is a KKT point. 
There is no need to investigate the case(u,>0 wu, >0), because we 


have come up with the solution to the problem. A 


3-1-4 Nonlinear optimization problems inequality 
constraints and nonnegative x;'s 


The Karush-kahn Tacker conditions for the case where we have 
non-negative variables as well as inequality constraints are given in 
references such as Wiston(1994) page 694. Needless to say if one 
finds the KKT point of the problem, ignoring the nonnegativity, and 
the point is nonnegative, the point is a KKT point for the problem 
having non-negative variables. 


3-1-5 Interpretation of Lagrange multiplies 


In the subject of inventory control, positive Lagrange multiplier 
could be interpreted as shadow price of the resources(invested capital, 
warehouse space, number of orders, etc). In minimization problems, 
the shadow price is the amount of reduction in the objective function, 
when the right-hand side value of the corresponding constraint 
increases by one unit. Of course If the objective function is TVC,this 
is valid until the TVC reaches TCw 
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3-2 Constraint in inventory systems 


In this section, We have several products and there are some constraints on 
the budget, warehouse space, number of orders or machine setups, maximum 
inventory and the cycle time, etc. 


minZ = f(Q) 


S.t. 

gi(Q) <0 

am(Q) <0 

Q aa (Q1, Q>, ea) 2 0 


A solution method 


A method for solving these kind of problem is as follows: 
Solve the problem as if is there is no constraint. If the calculated Qiw's 
satisfy the constraints, you have come up with the Solution to the 
constrained problem; otherwise the constraint which is not satisfied is 
called active and KKT conditions is used for finding the solution to 
the problem. 


The Lagrangian function (i.e. the objective function together with 
the constraint's function times the Lagrange multiplier) is as follows: 


L = f(s Qn) +.) 6; G:(Q1 On) 
i=1 


The point(s)that minimize L,satisfy the following conditions kown 
as KKT conditions: 


VoL =0 
Gil gil =O 1.= 1, veep MN 


6,>0 
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Note that in writing L, the non-negativity of the variables (Q; = 0) 
was not included, instead the Q;'s obtained from the KKT conditions 
have to be checked for their non negativity and feasibility and the 
obtained 6;'s have to be nonnegative (8; =>0). A few cases will 
follow to illustrate solving constrained inventory problems. 


3-2-1 Constraint on the space or surface of the warehouse 


Suppose we have n products. The order quantity of Product # j is 
Q; and 


each unit of the product occupy fj of the space or the surface area of 
our warehouse. If the maximum available space or surface area is F, 
then a1 f;2; < F. We want to determine the order quantity Q; in 
such a way that total cost is minimized and the constraint is satisfied. 


n 
Q; 2 


j=1 





SE aor so « -QF20 
If the order quantities calculated from Wilson formula (Qj,’s) 
satisfy the constraint, they are the optimal solution to the constrained 


problem; otherwise , using, the Lagrange multipliers technique, 
Lagrangian function is formed: 


n 
Co;D; Ch;Q; 
L DN eee ELON —F) 
aa j=1 

where 0 = 0 is the multiplier assigned to the constraint. 


Qis , as well as feasibility, must satisfy the following KKT 
conditions: 
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OL : 2Co0,D; 
G00 igo er eee 
n 
a(F- > FO) 20) Ysa a 
j=l 
0>0 


After finding the optimal 8, Q ‘ j =1,..,n, are obtained. 


If the model is of the following form: 


n 
é Q; 2 


jJ=1 
S.t. 
bei s7Q; ae = 0 > 
Q; 20 j=1,2.... 





To find the optimal values of Q;, set the gradient of L equal to zero 
i.e. differentiate L with respect to Q;,j = 1,2,... and 6; set the results 
equal to zero 


VL=0 = 





aby, 60D Chg, Ls + 26F; 2Coi_ sg 
—. Se , = 4 = => wee 
40; qe 2 of 2 OE Neng sega: = 


Solve the resultant equations for the Q;; insert Q; ‘sin 
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dj=1 £,Q; — F = 0 to find the optimal value of 0. 


Ch; + 26f, 


= n 
>. fi) a 
j=1 


This value of 6 easily gives the numerical value of Q;". 


J =1,2,..,n 


Example 3-3 


The maximum available space for keeping five products in a 


warehouse is 2000”. Using the information in the following table, 
calculate the optimum order quantity for each product. The annual 
holding cost of 1 dollar is approximately $ 0.2. 









































Product Annual | price Unit space 
| demand requirement in | Co; 
No.) : 
(Dj) | () m’ (fj) 
1 600 3 1 10 
2 900 10 1.5 10 
3 2400 5 0.5 10 
4 1200 5 10 
5 1800 1 1 10 
Solution 


The model is as follows: 


MinZ = > (2 +e) 


S.t. 
¥ f;Q; < 2000 
Q; =0 





If we calculate Qw,, j=1,...,5 from Wilson formula, we will niotice 
that these order quantities do not satisfy the constraint; then we 
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proceed with Lagrange multiplies. Assigning u as a multiplier to the 
constraint, we have: 


L=YS, (SP + ad + u(Z5_, f;Q) — 2000) 


Qj 2 


The KKT conditions are as follows: 


a0; 0 oe en Bu 
u (2000 — >. fi0)) =0 
u=>0 
a 2(10)(600) _ | 2(10)(18000) 
1 /(0.2*3)+2u*1’ °°? J(0.2*1)+2u*1 


Since u(2000 — 9/f,Q;) = 0, either both are zero or one of them is zero; 
and since u = 0 nit is possible that 

1) u=0 and (2000 — ¥£,Q;)is nonzero, 

2) u> 0 and > f,Q; — 2000 = 0, 

3) both are zero. 


2CojDj 


converts to Wilson 
Chj +2ufj 





In cases 1& 3,where u=0, Q| = 


formula, and hence unacceptable. Then necessarily: 


u>0Oand> FQ; — 2000 = 0. Substituting Qypr Q. yields 
an equation whose variable is u. The equation could be solved by trial 
and error or fzero command in MATLAB: 
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fzero(@(u) 2000-(1*sqrt(2* 10*600)/(.2*34+2*u* 1)+ 
1.5*sqrt(2*10*900)/(.2* 104+2*u* 1.5)+0.5*sqrt(2*10*2400)/(.2*5+2*u*0.5) 
4+2* sqrt(2*10*12000)/(.2*5+2*u*2) +1 *sqrt(2*10*18000)/(.2*1+2*u*1)),0.1) 


gives u=0.1674. 


Trial and error: 
clc;d=0:.0001:.21;D=1000000000;i=1; 
while abs(D)>= d(i); 

for u=0:0.0001 :0.2; 

D=2000-(1 *sqrt(2*10*600)/(.2*3+2*u*1)+ 
1.5*sqrt(2*10*900)/(.2* 10+2*u* 1.5)+0.5*sqrt(2*10*2400)/(.2*5+2*u*0.5) 
+2*sqrt(2*10*12000)/(.2*5+2*u*2)+1 *sqrt(2*10*18000)/(.2*1+2*u*1)); 

if (abs(D)<=d(i)); 

break; 
end; 
end; 
i=i+1; 
end; 
disp(sprintf( u= %6.4fD= %5.4f,u, d(i-1) )); 
gives u=0.1674 = 0.17. 


Q),..., Qs would be117, 53, 188,,293, 1122 approximately for this 


value of u, which satisfy the constraint. 


Interpretation of u=0.17: If one unit is added to the right hand 
side of the constraint(in this case the space of the warehouse), the 
objective function of the minimization problem (in this case the total 
cost) will decrease as much as 0.1674 = 0.17. Of course this will be 


true until the function reaches its potential minimum. A 


3-2-2 Constraint on the budget 


This section deals with 2 constraints related to the budget 1.e. 


Li pjQ=C and = Y2{pQ <C. 
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3-2-2-1 The budget for ordering is exactly C dollars 


If we have C dollars budget and want to order n products with unit 
price p;,j = 1,..,n, in such a way to minimize the total cost of the 
inventory system then the model would be 


n 


Co,D; ChQ; 
Min TVC = (4 Se 
mai & 
S.t. 
jai PQ) =C 
Q; =0 


Assigning Lagrange multiplier 7 to the constraint, the Lagrangian 
would be : 


n 
Co;,D;  Ch;Q; 
ies | jx i 
r= (Pi Ss), AQ. BO) C) 
j= : j=1 
Since we have only equality constraint, to solve the model it is 
enough to solve AL =Oor equivalently the following: 





OL 2Co;D; 2Co;D; 
—_ = 0 - Q; 4 cae inte Eee = Js 
OQ; Chj+22 Pj Pj(I+2A) 
OL 


m9 7 Lf FQ,=C 

To find the optimal A, substitute Q;,j = 1,2,...,n from the first 
equations in ij, P;Q; =C. After finding A, it is easy to find Qjs. It 
is worth mentioning that in models of this kind which have equality 
constraints the optimal value of the LaGrange multiplier could be 
negative, zero or positive. 
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3-2-2-2 The budget for ordering is less than or equal to C 


Suppose the model is as follows: 


Co;D; Pea 
Min TVC = ye Z 1) 
jJ=1 


S.t. 
Q; =0 





The optimal values of Q; must satisfy the following KKT 
conditions: 





‘OL z= a 2Co ;Dj; 
30, =0j=1,2,..,n-> Qj ~ Pj(I+20) 
A(C — Yi, PiQ;) =0 
6=0 

Example 3-4 


Three products are to be ordered simultaneously. The maximum 
budget available is $14000 to order the 3 products each time. No 
shortage is permitted and the annual holding cost of 1 dollar is 
approximately $ 0.2 (I=20%). Using the data in the table calculate the 
optimal value of the ordering quantities. 














Dj __| Pi($) | Coj($) 
1000 | 20 50 
500 | 100 75 
2000/50 | 100 








Solution 
The model of the problem is: 
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Co;D; ChyQ; 
MinZ = > ( , +) 
Q; 2 





At the outset we solve the problem, ignoring the constraint: 


_ [2G0)(1000) _ a ~ 200 
Qwi = ~(0.2)(20) a ne 


3 
> P,Q; = 19260 > 14000 
j=l 


Since these values do not satisfy the constraint, the KKT conditions 
are utilized: 


OL 














0; =1,2,3> Q;* Ricavio ee ere 
= = 1,4,5 > = = 1,4, 
pO e i= |p +20) / 
@(14000 — > PQ;) =0 
86>0 
_ | 2Co,D, __— {2($0)(1000) _ 10° si 
ae pid+20) | 20(0.2+20)  /40(0.1+0)  V0.1+0 
_ | 2(75)(500) _ 75000 __ 19.3649 
a= 100(0.2+20) ./200(0.1+0)  V0.1+0 





Oe 2(100)(2000) _ 4*105 «63.2456 
3 ~ 4} 50(0.2+20)  .{100(0.1+0)  V0.1+0 
Since the product of @ and (; PQ; — 14000) is zero, 


Either both are zero or only one of them is zero. 


6 cannot be zero therefore >; P,Q; — 14000 = 0 


>. FQ) = 14000 = 
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a6 50 San 19.3649 eq 63.2456 ena 
x ———— x ——— x ——— = 
vV0.1+0 v0.1+ 0 vV0.1+0 
1 
x= — > x = 2.2955 


V0.1+0 
> §@=0.09 >Q, =114,Q, = 44 503 = 145 


Since these Qjs satisfy the constraint and the Lagrange multiplier 
8 in not negative, they form the optimal solution to the problem: 

Qi=114 54Q,=44 3 Q3 = 145. 

The optimal value of the total variable cost is 

TVC =$4064 


Interpretation of 6 =0.09: 

If one unit is added to the right hand side of the constraint(in this 
case the space of the warehouse), the objective function of the 
minimization problem (in this case the total cost) will decrease as 
much as 0.09. Of course this will occur until the function reaches its 


potential minimum. A 
Note that in the above 2 examples, if instead of maximum budget, 
the average inventory or the average budget involved with inventory 
were given, we would substitute Q; in the constraint with 2 
3-2-3 Constraint on the number of orders of multiple items 
Sometimes there is a constraint on the number of orders that can be 
Sgt ; D; : 
placed per unit time say per year i.e.)j_4 mj = Y a < £. To deal with 
J 


this case we suppose either the ordering cost C, is negligible or not 
negligible. 


3-2-3-1 Constraint on annual number of orders-C , negligible 


If there is a constraint on annual number of orders of multiple- 
item case and the ordering costs are negligible, then the model of the 
problem would be: 


Min TVC = YC, +0 


S.t. 
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D; 
Tose 
Qj 
To determine the Qs, the Lagrange function and the KKT 
conditions are 


Written: 
Qi D; 
=Ya Gea 
mgt OQ -9 
aL 
99, 70 /= 1 Chj  ODj _ 
J 
J 2 Q; 
a(e — =0 D, 
a re a(e— 1a) =0 
J 
0=0 


The equality of 0(¢ — rh) with zero imply that either both are 
J 
zero or one of them is zero; 
and since 8 => 0 n it is possible that 
1) 0=0 and (2 — 52) is nonzero, 
J 


2) 6>Oandy—e=0 
J 


3) both are zero. 


Cases 1 and 3 cannot be valid, because with @ = 0, the first 
Ch; OD; ; 
equation 1.e. a _ =? = 0 does not hold. Therefore 8 >0, my _ 
J j 
£=0 andthe KKT conditions reduces to : 





J Ch, 


Substituting Q; in the second equation, we have: 
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2 
rp, [i =#@ se =4(y, [Dj xc 
J./2D;0 ~ pez) aF=1 fF hj] ° 


@ is derived from the above relationship and Q; from Q = 









? 


Chj 


whose feasibility have to be verified. 
3-2-3-2 Constraint on annual number of orders-C, significant 
If there is a constraint on annual number of orders of multiple-item 


case and the ordering cost is not negligible, then the model of the 
problem would be: 


n 
Co;D; Cn; Q; 
Min TvC = >" ( J 4 
Q; 2 





j=1 
S.t. 
D; 
4 <f? 
Le Qj 
Q; 20 


Again here the order quantities calculated from Wilson formula 
would be answers to the problem if they satisfy the constraint. 
Otherwise the lagrangian function and KKT conditions has to be 
written as follows: 
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0Q; Ope 2 Gy Qi" 
Dd; 

a(e-) =) =0 
Qj 

6>0 


Qj = Gi, 
=> 


a(e-Y2)=0 


j 
6=>0 


fa) (2 _ re) = 0 implies either both 6 and (2 -» 2) are equal 


zero or one of the 2 is zero. For 6 = 0, the value of Q j will convert 
into Wilson formula. If this Q;isfeasibleit is the answer; 


F D; : 
otherwisey > —£=0. To compute the optimal values of 0 
j 
. 2D;(Co;+®) . ; 
substitute Q; = iO j=1.2,... into 
bia 


J 


re —£=0. After finding the value of 8, if it is positive, calculate 
J 

Q;, j =1,2,...,n by substituting the optimal value of .0; then check 
the feasibility of them, if feasible they are optimal since they satisfy 


KKT conditions. 
Example 3-5 


Three products are to ordered by a firm. There is no stock-out cost 
and the annual carrying cost of $1 is $ 0.20(=0.20). Considering 
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the data in the table and either of the following constraint, calculate 
the optimal order quantities, 


a Di < 25 b) ee 
J J 








Dj __| Pi($)__ Coj(S) 














1000 | 20 | 50 
500 | 100 | 75 
2000/50 | 200 

Solution 

a) 


The model of the first part of the problem is as follows: 


ee > (aes Ch ener) 
ye < 25 


Q; 20 





Ignoring the constraint, would yield 


_ |2(50)(1000) _ er ~ 282 
oi open, Te  Ceaeeetvand. Gus 


ye 1000 , 500 | 2000 
Qj “156: 6h, “ ee 2 = 


The above quintiles satisfy the constraint; therefore they are the 
answers to the first part. 
b)The model for this part is 


Co;D; eu 
MinZ = > i ae 
=1 
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s.t. 
Dj 

cis 
Qj 

Q; =0 


If the Lagrangian function and KKT conditions are written as done 
above at the beginning of this section to come up with the solution of 


PCO) | j=1,2,3. Since Y(D; x 7) < 


the model, We have: Q; = : 
h 


j 
15; therefore we have to find u in such away that 


1000 |—4 4509 |—*°__4000 [ease 45. 
2000(50+u) 1000(75+u) 4000(200+u) 


Using MATLAB command fzero: 


fzero(@(u) 15- 
(1000*sqrt(4/(2000*(50+u)))+500*sqrt(20/(1000*(75+u)))+2000*sqrt(10/(4000*(20 
0+u)))), 200) 


yields u=93.975 which is nonnegative. 


The optimal value of Qis are obtained by substituting u in 


Q; - po which yields :Q, = 269,Q, =92,Q, = 343. 
hj 


It is evident that these quantities satisfy the constraint: 5 = 
j 


1000 500 . 2000 ; ‘ 
—— + — + —— = 14.98 < 15, and u is nonnegative; therefore the 
269 92 343 


optimal answer is Q] = 269, Q5 =92 and Q3 = 343. 


Note if u were negative or the quantities did not satisfy the 
constraint, we would conclude the problem in this case does not have 


optimal answer. A 
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3-2-4 Constraint on the number of orders of multiple items 
having the same number of orders 


Suppose a firm places order for several items which have the same 
number of orders per year. Also suppose there is a constraint on the 


number. In other words the goods have the same cycle time T 


- =e = oe = T) and the there is a constraint on T. This case is 
1 n 


illustrated below. 
Example 3-6 


The annual demand of 2 items, which ordered simultaneously, are 1000 
and 2000 respectively. The holding cost is $ 2 per year. The ordering cost is 
$100. The annual number of orders must not exceed 5 times. Find the 
optimal order quantity of each item. 

Solution 

The items have the same cycle time T and the model of the 

problem is as follows: 


in TVC = SF, (SPL 4 ME) = t_ (S 4 TPH) 
Min TVC = Sas Gt eae Ps 
s.t. 
=<5, 
T 
r>0 


Let us find the solution of the model ignoring the constraint: 


dTVC 
——=05 





200 
2(1000 + 1200) 


This value of T satisfies the constraint and is optimal i.e. T* = 0.2132. 
Therefore: 






= 0.2132 





0.” = T*D, = 2132 a0G. = TD; = 2559 A 
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Example 3-7 


The annual demand of 2 items, ordered simultaneously, are 8000 
and 16000 respectively. The per unit holding cost is $5 per year. The 
ordering cost is $1000. The annual number of orders must not exceed 
4 times. Find the optimal order quantity of each item. 


Solution 


The items have the same cycle time T and the model of the 
problem is as follows: 


Cops. Ch 71) 


Min TVC = Y3_,(2 +4 


S.t. 


t<4aT>0 
T 


Let us find the solution of the model ignoring the constraint: 


dTVC 
=0> 


dT 


m= = 5.47 >4 = Theconstraint is active; and we write the 
Lagrangian and KKT conditions: 


i Coy IPDT.  » 1_y 
= oT = tee) 
j= 


dL _ 
OT 

6(4 : =0 
( p= 


020 
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OL 2 Co;+20 
aT YCyjDj 


Since 8 = 0 and the second equations implies that : 





6-0 & 4-"#0 or 


6-0 & 4=- or 
i 


6>0 & 4--=0; 
T 


6 cannot be zero because T = Jee = 0.18 does not satisfy the 
hj J 


constraint. Therefore @>O and 4— - =0. 


1 
‘ Q, = D,T = 8000 x — = 2000 
Qz = DeT = 16000 x 5 = 4000 


1 2>¥Co;+20 1 2x2000+20 1 
4-—--=-0=> T = ean Ree UE a) 
T: XC jDj 4 (5x8000)+(5x16000) 4 


6 =1750 >0. 


Since the Lagrange multiplier 0 is not negative and Q1,Q> are 


feasible, they could be the optimal solution. A 


3-2-5 constraint on the cycle time of classic EOQ model- 
single item 


In this section we would like to consider a classic EOQ model 
whose cycle time is constrained i.e. . =T<T' or —T' <0. The 
model is therefore: 
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T—T' < 0&T>0 


To find the optimal value of the cycle time, Q,and T is 


calculated, if T* = oe = [= <T', T*is the optimal cycle time 


andQ* = T*D; otherwise L and KKT conditions are utilized: 


pa ee + 6(T —T' 
=F 5 ( ) 
KKT conditions: 
OL ‘ URTRCLLRT Te ; 
—_ = => —-— + = 
OT T2 2 
6(T’'-T) =0 
6=>0 


After getting the answer of 6 and T related to the above conditions, 
if T is feasible and 6 = 0 then Q* = TD 


3-2-6 Constraint on the capital associated with inventory maximum 
in EPQ and EOQ models 


The following examples show how to deal with the EOQ and EPQ 
model in which the monetary value of the maximum of the inventory 
in warehouse is constrained. 

Example 3-8 

In an EOQ model, the capital devoted to the maximum inventory is 
restricted to $10,000, = $200 , I = 20% yearly , the unit price is $50 
and annual demand is 4000. Find the economic order quantity and the 
corresponding annual total cost. 


Solution 


The problem model is as follows: 
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TC = + nS + PD 


S.t. 
PX Imax<10000 or PQ<10000 


Ignoring the constraint would yield: 


Oy = ee =400& Iv av = Qy = 400. 
h 


P Imax = 50 X 400 > 10000 = _ The constraint is active and 
400 cannot be optimal. We use Lagrangian function and KKT 
conditions: 





L(Q,0) = eee Gs + +PD + 6[PQ — 10000] 
aaa Tacker conditions: 
OL 
aQ me 
6[(10000 — PQ)] = 0 
6>0 


OL 4 as 0 = 2DCo 
dQ (Cy + 2P6) 


2DCo 
6 cannot be zero because Q = 


(Cp+0) 
constraint; therefore 8 > 0 and 10000 — PQ=0 and KKT conditions 
reduces to : 


ee 2DCo 
(Cy + 2P6) 


1000 —- PQ =0 
a>0 


50Q — 10000 = 0 => Q = 200 > _|2.400200#9) _ 999 > 9 = 03. 
0.2(50)-+100P 


8 is positive and Q satisfies the constraint therefore Q* = 200 is the 
answer. 
The total cost for this amount of order quantity is 
200x4000 |, 0.2x50x200 


TC(Q=200)= 2O*A000 4 Denno + 50 x 4000 = $205000. 


(200) 2 





doesn’t satisfy the 
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Interpretation of u=0.3: If one unit is added to the right hand side 
of the constraint(in, the objective function of the minimization 
problem (in this case the total cost) will decrease as much as 0.3. Of 


course this will be true until the function reaches its minimum. A 
Example 3-9 


The capital associated with the maximum inventory of a product in 
a warehouse is restricted to $20000. The annual demand is 4000. The 
production capability rate is R=8000, the setup cost (Co) is 2500 
dollars and the carrying cost per unit per year is $200. Find the 
economic production quantity. 


Solution 
The model of the problem: 
: CoD Q D 
Min TVC = O° Cr5 (1 — 
S.t. 


D 
Pi at =P C0 (1 -5) < 20000 


Ignoring the constraint yields Q* = ae = 633 based on EPQ 
\CnA-R 


model. This answer does not satisfy the constraint; therefore we apply 
Lagrange multiplier technique to obtain the optimal solution of the 
model. 


L =P + on (1 2) + 0[PO(1 2) ~ 20000] 


Karush_Kahn-Tacker conditions: 
OL _ 
dQ 
D 
6 |20000 — PQ (1 — -)| = 0 
=>0 


0 
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OF ys 
AQ 

tes 5) + aP(1 3)=0= 
02" 2 R Re Q 


_ 2DCo 
7 D 
(C, + 2P8)(1 — @ 
8 cannot be zero because Q = ee doesn’t satisfy the 
(Cn+0)(1—Z) 


constraint; therefore 86 >0O and 20000 — PQ (1 — =) =0. KKT 


conditions reduces to: 


2DCo _ 2 * 2500 * 4000 400000 
De aia aan SOOO. lice ap 
(Ch+2PO)(1—F) (1004+ 400 x 0)(1-gGqg) vit 44 


D 
PQ (1 -5) = 20000 
6=>0 


D 
PQ(1-=)- 20000 =0 = 








400000 1 9 
200 (1-5) = 20000 = 14490=V2>5>0 =-> 
1+ 480 2 4 
phe 400000 _ “3 
1 +4(3) 


Since the multiplier @ is not negative and Q*is feasible, therefore Q* 


could be accepted as the optimal solution to the problem. 
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3-2-7 Multiple-constraint inventory models 


Sometimes several restrictions may constrain the operation of an 
inventory system. In this case, at first solve the problem without cons- 
idering the constraint; if the solution satisfy the constraints it is the optimal 
solution. Otherwise find the optimal solution move the constraints to the 
objective function to obtain the Lagrangian form, and writing the KKT 
conditions. 


As an illustration suppose the monetary value of the average inventory in 
the warehouse and also the space available for a product are restricted; then 
the model and the lagrange multipliers would be: 














n 
Co;D; IP;Q; 
Min TVC = x ! ges 
Q; 2 
j= 
Sit Lagrange 
Multiplier 
a= ya <M 0, 
o2.= >. fi) ed op 











If the constraints are not satisfied with the optimal solution of the 
unrestricted problem, KKT conditions will be written: 


Cadi IPQ; Qi _ 
aD pt D8 Te LGD 
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After calculating Q; ‘s from oh = 0 interms of 6, & 6, and 
substituting in the other 2 equations, 0, & 6, and then the values for 
Q;’s are obtained. Note that if 0; & 62 are non negatives and the 
calculated values for Q;'s are feasible, they are usually optimal. 

It is worth mentioning that several computer softwares easily solve 
constrained problems. 


Exercises 
1-Extracted from: Example 3, Tersine,1994,page 284) 


A firm buys and sell 5 items. The ordering cost of each item is 
$10 per order. , The holding cost is %20 per year ie. the annual 
holding cost of 1 dollar is $0.2. The unit price and annual demand for 
each item is as follows: 





























item no.(i) annual demand(D;) unit price(p;) 
1 600 3 
2 900 10 
a 2400 ) 
4 12000 5 
5 18000 1 








With continuous review system, the mean investment calculated in 
its optimum state(i.e. }) p; ) with the above data is obtained equal to 


$3130. Suppose the budget for this purpose is restricted to $2000. 
What is the economic order if 


a)The monetary value of the average inventory is $2000 
i.e. DL" = 2000. 
Answer in Tersine(1994) page287. 


b)The monetary value of the average inventory for all items is 
totally $2000. 
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Dx Example 5, Tersine,1994,page 290) 


The maximum space in Problem 1 is 1500cubic feet and each unit 
of the 5 item occupies respectively 1,1.5, 0.5,2,lcubic feet and also 
the capital for all items is restricted to $2000 maximum. Find the 


economic order quantity for each item. Answer on page 291 of 
Tersine(1994). 


3-(Asadzadeh et al. 2006) 


A firm buys 3 kind of electrical circuits. The management cannot 
pay more than $ 15000 on each order run. Annual holding cost 
fraction is 20%; and Stockout is not permitted. Annual demand, unit 
price and the ordering cost for each item is given in the Table: 














Item no. 1 2 3 
Annual Demand 1000 1000 2000 
Unit price 50 20 80 
Ordering cost 50 50 50 








Find the economic order quantity of each item 


Let us take the advantage of the present time 
which is a divine present, and not live either in the 
past or in the future 
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Engineers 
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Chapter 4 





Dynamic Lot sing Techniques 





Aims of the chapter 


The present chapter addresses lot sizing problem in inventory 
control where the demand changes considerably from 1 period to 
another. Several algorithms are presented for finding the best 
orders sizes which cover the periods in a time horizon . 


4-1 Introduction 


In the deterministic models presented in Chapter 2, such as 
EOQ model for purchase and EPQ for production , implicitly it was 
assumed that the demand is continuous and the demand rate is 
constant. This chapter deals with one-item cases where the demand is 
discrete and changes from one period to another due to factors such 
as changes in season, social, economical , political issues or machine 
maintenance. The following table is an example which shows the 
demand varies from one period to another but for each period is 
deterministic and fixed. 





period(t) 1 2 3 4 5 6 
demand(D:.) |10 |0 /|15 | 24 |0 1 | 4 


One such case is when we would like to produce a certain amount of a product 
over a T-period time horizon and the production capacity in the periods are 
different (Zenon et al, 2003). To do this it is required to determine the number of 
orders and the order sizes in such a way that minimizes the ordering and holding 
costs, the two significant factors that are considered while determining the economic 
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order quantity for any business. For this purpose we have to determine how much to 
purchase or produce at the beginning of the T periods and determine the number 
of periods that this amount covers. Needles to say that for some periods the 
scheduled order size would be zero and, instead, for some the size would be more 
than its own requirement. 


4-2 Dynamic Lot Sizing Problem 


When in an inventory planning problem, there is period-varying 
determi- nestic demand for a single storable product over some finite 
periods and the order size changes with period, it is called dynamic lot 
sizing problem. This problem deals with the determination of the 
production or purchase plan that minimizes the total costs incurred 
over the planning horizon. In other words , dynamic lot sizing 
problem is a planning task for a multi-period time horizon to minimize 
the total cost of the inventory system. 

The rest of this chapter describes some of the algorithms that have 
been proposed for these problems. Before introducing the algorithms 
some assumptions are needed to be explained. 


4-2-1 Assumptions of Dynamic Lot Sizing Algorisms 


The algorithms of dynamic lot sizing described in this chapter 
have been developed under the following assumptions( based on 
Chang,2001 and Tesine, 1994 page 179): 

1. The time horizon is finite and the periods of the horizon are of 
the same time length. 

2. The demand is known but varies from one period to another 
period. 

3. The replenishment always occurs at the beginning of a period. 

4. No orders are scheduled to be received at the beginning of a 
period in which demand is zero. 

5. Orders placed at the beginning of a period are assumed to be 
available in time to meet the requirements . 

6. The entire order quantity is delivered outright at the beginning of 
a period. 

7. No shortages is permitted. 
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8. The holding(carrying) cost is applied to the inventory available 
at the end of periods and only to inventory held from one period to the 
next. 

9. All variables except demand and except specified ones are 
assumed to be constant, 

10. The manufacturer or vendor pays for the delivery cost. 

11. The replenishment of raw material to the manufacturer is 
assumed instantly, and the quantity is the same as the production 
quaintity of a production period. 

12. No inventory is held after the last period. 


The first models for Lot sizing problem was developed in 1950s 
and still is being improved. For the history and more information on 
this model, the reader could refer to the books by Bramel and Simchi- 
Levi (1997), Johnson and Montgomery (1974) and Silver et al. (1996). 


This model see Johnson &Montgomeri(1974), Bramel&Simchi, 
Silver et al(a996) 

4-2-2 Dynamic Lot Sizing Classic Model 

A mathematical model for dynamic lot sizing problem in its 
simplest form i.e. deterministic uncapacitated single item, zero lead- 
time, without backlogging, is as follows: 

Symbols 

tT Number of periods in the planning horizon 


; Period index;t € {1,.., T} 
Dt The quantity of demand for tth period 
Cy The ordering cost for period t 


The cost for holding one unit at the end of Period t; not 
t necessarily the same for all periods 


The planned quantity purchased or produced for the 
QX beginning of period t 
I The on-hand inventory at the end of period t 
t 


( if Q,>0 
0 if Q=0 


M_. Alargish number e.g. the sum of the demands for all periods 
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Total variable cost: TVC= YL, Chile + vy Co, 
Tvc If C,& Cy are the same for the periods, then 
TVC= Cy X ML +(T) x, 


T 
Min SG x 2 + Cn, X Ie) (1) 
t=1 
S.t. 
1 +Q =I + Dy Sar .. 2) 
Q<Mxz, Sai get G) 


kOceO t= 12.2% -2e{01} ~ 


In this model 

Line (1) 

Represents minimization of the objective function (sum of 
setup/order cost and holing cost). Note that when an order is placed, 
there will be an incurred ordering cost. 

Line (2) 

The inventory — balance constraints 

Line (3) 

States that the quantity of each order cannot exceed a level. 

Line (4): 

Denotes the nonnegativity of the models variables.Note that 
(Simchi& Bramel,1997 page106): 

the inventory can be rewritten as I, = Yt_,(Q; — Dj) and therefore 
I, variables can be eliminated from the model. 

In fact, the above model does a trade-off between the holding and 
the order/setup cost. The answer of the model is the solution to the 
classic dynamic problem. In this model, assuming the holding and 
setup/order costs do not depend on t, the total variable cost(TVC) is 
obtained from the following relationship: 

TVC= Cy Deal +(T) x,y (4-1) 

Example 4-1 

Write the mathematical model for the following dynamic problem. 
The ordering cost is $100 /order and the unit holding per period id $2. 
The inventory at the beginning and the end of the 8- period time 
horizon is zero (10=0; i8=0). There is no backlogging and the lead 
time is ignorable. Solve the model with a software: 
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| Period(t) (1 :)2 (3 |4 [5 |6 7|8 |sum| 
| demand(D,) | 10 | 25 | 15] 40 | 30 0 | 5 | 10] 135 | 








Solution: 
8 8 
Min 100) 2% + 2). I 
t=1 t=1 
S.t. 


10+Q1=11+10; 

11+Q2=12+25; 

12+Q3=13+15; 

13+Q4=14+40; 

14+Q5=15+30; 

15+Q6=16+0; 

16+Q7=17+5; 

17+Q8=I8+10; 

10 = 0; I8 = 0; 

Big M is set equal to the sum of the demands. 

Q1<=135*z1; 

Q2<=135*z2; 

Q3<=135*z3; 

Q4<=135*z4; 

Q5<=135*z5; 

Q6<=135*z6; 

Q7<=135*z7; 

Q8<=135*z8; 

Zz, € {0,1} t =1,2,..8 
Q: 2 0, t =1,2,...8 
I, 20, t = 1,2,...8 

Solution from Lingo Software: 

We typed the following phrases in LINGO environment. Note that 
since Lingo does not accept 1(0), i(1) denotes initial inventory at the 
beginning of the 8-period time horizon and i(9) denote the inventory 
at the end of the horizon. 


sets: 
index 1/1..8/:z; 
index2/1..9/:1; 
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end sets 

min = 100*(@sum(index 1:z))+2*(@sum(index2?2:1)); 

i(1)+q1=i(2)+10; 
1(2)+q2=1(3)+25;1(3)+q3=1(4)+15;i(4)+q4=i(5)+40;1(5)+q5=1(6)+30; 

1(6)+q6=1(7)+0;1(7)+q7=1(8)+5;i(8)+q8=i(9)+10;q 1<=135*z(1); 

q2<=135*z(2);q3<=135*z(3);q4<=135*z(4); 

q5<=135*z(5);q6<=135*z(6);q7<=135*z(7);q8<=135*z(8); 
@FOR (index 1: @BIN(z)); 

!@BIN( z(1)); 

!@BIN( z(8)); 


1(1)=0;1(2)>=0;1(3)>=0;1(4)>=0;1(5)>=0;1(6)>=0;1(7)>=0; 
1(8)>=0;1(9)=0; 

q1>=0;q2>=0;q3>=0;q4>=0;q5>=0;q6>=0;q7>=0;q8>=0; 

end 

Of course there is no need to write the non- negativity of the 
variables; because it is the default in Lingo. 

Lingo gives the following answer with Solve command: 

Global optimal solution found at iteration: 39 


Objective value: 480 
Variable Value Reduced Cost 


Zl 1.000000 100.0000 
Z2 0.000000 - 170.0000 
Z3 0.000000 -440.0000 
ZA 1.000000 100.0000 
Z5 0.000000 - 170.0000 
Z6 0.000000 -440.0000 
Z7 0.000000 -710.0000 
Z8 0.000000 -980.0000 
Il 40.00000 0.000000 
I2 15.00000 0.000000 
13 0.000000 6.000000 
14 45.00000 0.000000 
15 15.00000 0.000000 
16 15.00000 0.000000 
17 10.00000 0.000000 
18 0.000000 0.000000 
10 0.000000 0.000000 
Q! = 50.00000 0.000000 
Q2 0.000000 0.000000 
Q3 0.000000 0.000000 


Q4 =85.00000 0.000000 
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Q5 0.000000 0.000000 
Q6 0.000000 0.000000 
Q7 0.000000 0.000000 
Q8 0.000000 0.000000 


Assuming zero lead time, the result is as follows: 





Period [1 [2 13 14 [5 16 17 |8 [Sum 
Demand.) [10/25 | 15 |40 [30 [0 |5 [10 | 135 


Quantity 2 ! 2 = m ai 
siden) 50 85 135 


Inventory 40115 |0 45 15 15 10 0 


available at the 
end of period (I,) 















































Costs: 

The software gives the optimum cost : 8, 100z, + V8, 21, = 
480 calculated as follows: 

>> 14=403 1b=15; 13=03 14=45; 15=15; 16=15; 17=10; ig=0; 

>> Z1=1; Z2=0; Z3=0; Z4=1; Z5=0; Z6=0; Z7=0; Zg=0; 

>>TVC= 100 (Z,+Z24+Z34+Z4+Zs5t+ZotZ7+Zg)+2 
(Ay Hlotl3t+igtisti¢+i7+ig) 

TVC = 100 (1+0+0+1+0+0+0+0)+2(140)=200+280 = 480 

Or according to Eq.(4-1): 

TVC=G,YLi4 +(T) XC, 

C, = 200,. ¢,=2 
28,1 = 2(404+154+04+454+--+0) = 2 x 140=280 


TVC =280+4(2)(100)= 480.End of example A 


4-3 Model Solution Techniques 

Many exact, heuristic and meta-heuristic have been proposed for 
solving dynamic lot sizing problems in the last decades. The answer 
given by Lingo software for Example 4-1 is considered an exact 
solution. Among other exact solution techniques is dynamic 
programming(DP). One of the DP algorithms is Wagner-Within 
algorithm which will be discussed at the end of this chapter. 

Several meta-heuristic algorithms such as Genetic Algorithm, Ant 
Colony, Variable Neighborhood Search have been applied to solve the 
dynamic lot sizing. These kind of algorithms have been discussed in 
references such as Zenon(2003&2006). 
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Heuristc Algorithms 

This part discusses a number of heuristic approaches for finding the 
answer to the dynamic lot sizing model. Although the heuristic 
algorithms are approximate and do not give an optimal solution but 
some of them give good solution. It is very common in practice to use 
an approximate method. One reason is that the approximate methods 
are easy to understand. It is also easy to check the computations 
manually(Axsater,2015,page60). 

Orlicky (1975) divides lot sizing into static and dynamic defined as 
follows(Yilmaz, dated-nil, page44) 

Static order quantity is defined as the one that once compute, 
continues unchanged in the planned order schedule. A dynamic order 
quantity, on the other hand, is subject to continuous re-computation. 
According to Orlicky (1975), only The so-called Fixed order Quantity 
technique is always static, while others can be used for dynamic 
repaining at the users option 

(End of quote). 

Among the heuristic techniques used for solving dynamic lot sizing 
are the following ones: 

1- Lot for Lot L4L( LFL) 

2 - Fixed order quantity (FOQ ) 

2-1 Economic order Quaintly (EOQ ) 

3- Fixed Period Requirement (FPR) or Fixed Order Period(FOP) 
or Periods Of Supply (POS)algorithm 

3-1 Economic Order Interval (EOI ) or Period order Quantity ( 
POQ) 

or Fixed order Interval( FOI ) algorithm 

4- Least Unit Cost (LUC ) algorithm 

5- Total cost (LTC) Algorithm = Part Period Algorithm (PPA) 

6- Part Period Balancing (PPB) ) 

7- Incremental Part Period Algorithm (IPPA) 

8-Silver-Meal (SM) Algorithm 

As well as the above algorithms described below, there are other 
heuristic techniques such as Least Period Cost (LPC)method, 
Uniform Order Quantity (UOQ) lot sizing technique, Foris Webster, 
Fix - Relax method and Groff's method which have applied to solve 
dynamic lot sizing problems. 





173 Classical topics in inventory control and Planning 





Axsater(2015),Tersine(1994), Peterson& Silver(1991), Winston 
(1994) are among references which deal with dynamic lot sizing 
techniques. 

4-3-1 Lot —for —Lot (LFL=L4L)method 

In lot-for-lot rule or method, an order is placed for each period in 
which there is a non-zero demand in the exact quantity required for 
that period. If the lead time is zero, the quantity planned for the 
beginning of the period (Q;) is equal to Q, = D,,t = 1,2,..,T. 
Therefore the number of orders is large and is generally used for the 
products that have storage restrictions such as deteriorating products. 
LFL method is also suitable for high-volume continuous production 
(assembly lines). The lead time should be small. This ordering rule is 
the simplest among the dynamic ordering techniques. Although the 
method does not use costs for determining the amount of orders, but it 
is suitable for goods with high holding cost or in other words(Yilmaz, 
dated-nil) for goods that have a high unit price and a slight ordering 
cost. This technique (Yilmaz, dated-nil) minimizes the inventory 
holding cost. 

Example 4-2 

Determine the lot sizes by LFL rule from the data below; also 

calculate TVC if C, = 100 and C, = 0. Ty xo. 





t ji ]2 3 | 4 5 67 |8 
43 19 | 35 58 | - - 12 





























Solution 

The second row of the following table shows the demand of each 
period and the third row gives the lot sizes to be placed by lot-for lot 
rule, assuming the lead time is zero. Rows 5 and 6 show the costs 


















































ace 3 4 5 Ge: 8 sum 

Dt |- |/43 |19 |35 |58 |- - 12 

Q |-|43 |19 [35 |58 |- - 12 

Co 100 | 100 | 100 | 100 100 | 500 
poe | 0. (6 0 0 0 0 |o |0 0 
Tvc |0]100 | 100 |100 /100 |0 |0 | 100 | 500 








The total variable cost for this example is TVC=500. 
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Note that if the lead time is not zero all orders are placed before the 
beginning of the periods; e.g. with T;=1 all orders would be placed 
one period ahead. 

4-3-2 Fixed order Quantity (FOQ)method 

In fixed order quantity rule, there is a constraint: a fixed amount 
or an integer multiple of it must be ordered, every time an order is 
placed for a particular item to be purchased or produced. The fixed 
quantity(Q) depends upon the restrictions on transportation capacity, 
packaging, storage capacity, quantity discounts and production 
capacity. It is required to order the smallest multiple that is 
immediately greater the required demand to satisfy the demand and 
prevent shortage. Yilmaz points out that "this technique would be 
applicable to items with an ordering cost sufficiently high to rule out 
ordering in net requirement quantities, period by period". In this 
technique the order quantity is fixed but the time interval between the 
orders is not usually the same. 

Example 4-3 

A workshop produces an item in batches of size 100. The table 
shows the equipments of a 10-period horizon. Prepare a production 
plan for the time horizon using FOQ rule and calculate the costs if 
C,, = $2 and the setup cost per run is $1000. 








Dt | 20 50 10 50 50 10 20 40 20 30 








4 5 6 7 8 9 10 












































Solution 
Costs: 
t oe lo. ke eS eee ee. Se Ie lsu 
pt |20 /5 |10 |50 |50 1/1 |20 |40 |2 |30 | 300 
at. |100/0 |/0 1100/0 |0|100/0 |0 (0 | 300 
a (80 |3 |20 |70 |20 11 |90 |50 |3 10 















































ordering cost:3 X C, = 3000, 
jolding cost: C, Vie, 1, = 2(80 + 30 + --- + 30 + 0) = 800, 
Total variable cost : TVC=3000+800=3800. 
Example 4-4 
The following table shows the requirements schedule for the 
nine periods. Determine the order sizes by FOQ policy. Use lot sizes 
of multiples 15. T, = 0. 
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Solution 
Third row of the following table gives the solution. The 4" row is 
the inventory at the end of period t. 












































t [1/2 [3 [4 [5 [6 [7 [8 [9 | sum 

Dt|o[40 |10 [25 [35 |o [10 |10 | 35 | 165 

}ar|-|45 [15 [15 | 45 |- - [15 | 30 | 165 

Lit |o{s5 [10 |o |10 |10 [o |5 [0 
Note: 


The demands of some periods are greater than 15; that is why lot 
sizes of more than 15 were ordered. 

Costs: Assuming the cost per order is Cg and the unit holding cost 
per period is Cy, then 

ordering cost: 6 X Co 

holding cost : C, *(5+10+0+104+10+04+5+0) =40C, 


TVC = 6C, + 40C, Md 
4-3-2-1 Economic order Quantity (EOQ) lot sizing policy 


EOQ policy is a special case of FOQ policy in which the 
average of the demands of the periods(D) is used to calculate 
EOQ according to Wilson Formula for purchase or production 
lot, if the range of demand changes is not too much. The 
calculated EOQ is rounded to the immediate greater integer. 
EOQ may not be necessarily suitable for lot size. If the EOQ 
does not satisfy the demand of any period, use the smallest 
multiple of it(2XEOQ, 3XEOQ,...) that will avoid shortage 
(Winston 1994, page 947). The more the discontinuous and non- 
uniform the demand, the less effective the EOQ will prove to 
be(Yilmaz, dated-nil). 


Example 4-5 
The demand for all coming 10 months is the same and equal to 25. 


T.=0 and the setup cost Co=$80. The unit holding cost per period is 
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C;, = 1.5. Determine the order sizes by EOQ policy. What are the 
costs? 
Solution 


Since EOQ = |=“? = sqrt(2 * 25 « 80/1.5) = 51.64 therfore 
h 
Q is set equal to 52 and we could have the plan given in the following 
table. 











w 
Error factor 





Relative increase 


in TVC(%) an 




















Costs 

Ordering cost: 5C, 

Holding cost = Cy(27 +2 +--+ 35+10) = 185 Cy 
C, = 1.5,Co = 80 

TVC = 5C, +185 C, = 677.5. 

If the lot size were chosen Q=50 then 





























te eo. eee ge ere TBs cos 0 
D, | 25 | 25 | 25 | 25 | 25 | 25 | 25 | 25 | 25 | 25 
Qa |50/- |50;/- |50]- [50]- [50 ]- 

11 [25/0 [25/0 |25|0 |25/0 |25]/0 | 























Ordering cost: 5C, 

Holding cost= C,(25+25+4+25+25+4 25) =125 C, 
Cy, = 1.5,«Co = 80 

TVC = 5C, +125 C, = 587.5. 


4-3-3 Fixed Order Period (FOP ) or Periods of Supply 
(POS) policy 


In Fixed Order Period method of lot sizing, the item is ordered 
every T time i.e. the time interval between successive orders is a 
fixed time such as T, due to some restrictions. This method is also 
called Periods of Supply (POS) policy; and it is not necessarily 
economical. In this method the order size changes but the interval 
between successive orders is constant. In a special form of FOP 
called Fixed Period Requirement(FPR),the fixed T is set equal 
to m periods and 
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where 


m The time interval between two successive orders 
(in number or periods) 
Q, The order to be received at the beginning of Period t 
D, The demand of period t 
Example 4-6 


The following table shows the future monthly demands for a 
product. The lead time is 3 months and orders are set to exactly match 
the requirements of 2 months. The unit holding cost per period for all 
periods is equal to C,. Determine the lot sizes and the costs for the 


time horizon by FPR rule. 





















































period | Sep | Oct | Nov | Dec | Jan | Feb | Mar | Apr | May 
demand | - - - 5 10 |15 |20 | 35 |5 
Solution 

With FPR rule: 

t 1 );2 | 3 4 5 6 7 8 9 10 

Dt 

Qt 















































ordering cost = 4Co, 
10 


holding cost = vs Cy XT, = Cy * 10+ 204+5) = 35C, 
t=1 


TVC = 4C, + 35C, MM 
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Example 4-7! 

Apply POS method for the data given below. Order for 3 weeks 
ahead. The lead time is 2 weeks and the safety stock is 80. The initial 
inventory is 370. The unit holding cost per period is C, = 1.5. 





|tweek)|1 [2 [3 |4 |5 |6 [7 [8 | 
| De | 130 | 160 | 120 | 260 | 130 | 120 | 185 | 115 | 
Solution 
From the initial inventory, 80 units are left after period 2. As the 
following table shows 2 more orders are needed: 











t iti 1 
Initial 3 4 5 6 7 8 





(TL = 2 weeks inventory 2 
Gross 
Requirement(Dt) 130 | 160 A) 5 





Planned Receipts a a 





oe ieee = 
Planned Order 


Releases(Qt) 








Projected 
Available (1,) 370 240 | 80 | 470 | 210 | 80 | 380) 195 | 80 
































Costs: 
Ordering cost: Cy x 2 
Holding cost : 

8 


Ch >. by = Cy « (240 + 80 + 470 + 210 + 80 + 380 + 195 + 80) 


t=1 


= 1735C, 
TVC = 2C, +1735¢, fA 


' Extracted from: http://www.slideshare.net/anandsubramaniam/lot- 
sizing-techniques 
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4-3-3-1 Economic Order Interval ('EOI) method or Period Order 
Quantity (POQ) or Fixed Order Interval(FOI) 


In this heuristic method which is a kind of Fixed Order Period 
method and sometimes called Fixed Order Interval method, a 
fixed number of periods is used for ordering. This fixed number 
(T) is derived from: 


T= EOQ _ aC, 
D DxIxP (4-2) 





Where 
D The average of the period requirements 


If the calculated T = = is not integer, round it.. If it is possible 


to calculate the average inventory cost per period, from the 
integers ( less than or the greater than T ) choose the one with 
less cost. The consumption during time T is sometimes dented by 
POQ: 

Consumption during time T=POQ. 

It is worth knowing that together with a fixed number of 
periods, some- times another number is given as the maximum 
inventory in this method. If so the amount for placing an order is 
calculated from the difference between the maximum and the 
inventory available at the time of placing an order. 

For more details see Tersine (1994) page 134, Peterson 
&Silver(1991) page 327 


Example 4-8 

Apply FOI rule to the following data in order to determine the 
order quantities which cover the 9-period horizon. C, = $100, T, = 
0,P=$50,1=2% . The unit holding cost is the same for all 
periods. 


' Economic Order Interval 
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(t(month)|/1 |2 |3 |4 #=4|5 |6 |7 +=|8 #419 
| D, | 10 3 | 30 | 100 [7 | 15 | 80 | 50 | 1 | 
Solution 
yD 
pe ey ey ae e241 4733 
9 DIP 
t (1 [2 (3 [4 [5 [6 [7 |8 [9 | sum 
D: | 10/3 |30/100|7 [15/80 | 50/15 | 310 
Q: | 43 | 122 145 | 310 
I |33|30/0 [22 {15/0 [65 |15/0 | 180 
































If the planning for the receipt of the orders were such that the 
demand after the receipt of the order was zero, schedule the order for 
the next period with positive demand. For example if the demand of 
Period 4 were zero instead of 122, the order would be scheduled for 
the beginning of Period 5 that has a positive demand. 

Cost: 
Ordering cost: 3C, 
Holding cost: 

10 


Gt = (,(33 + 30+ 224+ 154+ 65+15 = 180C, 
t=1 

Total Variable cost 

C, =I1xXP=.02x50=1 

TVC = 3*C, + Cy 22,1, = 3 x 100 + (1)(180) = 480 A 
Example 4-9! 

The demands of the next 8 periods for a product are given in 
the following table. The unit price is $1.5, the setup cost 
is C, = 100 and annual [=%25 for all periods. Ty =2 weeks. The 





‘From Subramaniam(2009) 
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initial invent- tory is 370. Apply POQ method to determine the 
lot sizes. Calculate the costs, assuming the unit holding cost per 
period is C), 











[ener Thee eee ae Tee Te 
| De | 130 | 160 | 120 | 260 | 130 | 120 | 185 | 115 | 
Solution 
C, =10, Cc. = per week 


130 + 160 + 120 + 260 + 130 +120 +185 +115 











D= =152.5 per week 
8 
_ }2DC, _ {2(152.5)(10) _ 
EOQ = <, = Fp aecq 5 = 650.33 > 650 
52 
_ EOQ 650 ee 
SD SAG Boe hy 


As observed from the table, the initial inventory suffices period 1 
and 2. A lot of size 630 is placed for Periods 3 to 6 at the start of 
Period 1(note that we have a lead time of 2 weeks). To cover the 
Periods 7 & 8 a lot of size 300 is placed at the start of Period 5. Row 
4 of the table shows the remaining inventory at the end of the periods; 
e.g. the on-hand inventory at the end of periods 3,7 & 8 are: 




















t t 
t=3 I,=80+ 630 -120=590 
t=7 I, =80+300-185=195 
T=8 I, =195-115=80 
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TL=2 
ss= 80 week 
Initial 
t inventory 1 
Dt 
Planned to 
be received 
Qt 
. 370 240 80 590 330 200 80 195 80 
costs: 2Cp 


Holding cost: 
8 


Chk = Cy * (240 + 80 + 590 + 330 + 200 + 80 + 195 + 80 ) = 1795C), 

t=1 

Total Variable cost: 

TVC =2C, + 1795C,, 
Example 4-10 

The demands for a product during the next 8 periods and the 
unit holding cost per period for various periods are given below: 





7 
60 


























the lead time is negligible and every 2 periods an order is placed 
( 2-period FOI rule). The maximum on-hand inventory is set to 
be 140 units and no safety stock is necessary. Find the order lot 
sizes in order to plan for the time horizon, Also calculate the 
TVC. 

Solution 


Since the lead time is zero and we have a ceiling for invent- 
ory, the order quantities(Q,'s) are obtained from the difference 
between the maximum i.e.140 and the on hand inventory at the 
beginning of the period as shown in the table below: 
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| period(t) | 1 2| 3 4 | 5 | os T 
|demand(D) 10 0 |15 24 0 /|1 | 4 
t 1 2 3 4 5 6 7 8 sum 
D | 45 60 35 50 70 50 60 80 450 
Qa 140 - 140 - 140 120 - 450 
— 35 55 
= 105 = R85 
It 95 35 | 105 55 70 20 80 0 



































Ordering cost: 4C, 


Holding cost :2_,(Cy) X ik = 
10(95) +12 x 35 + 14(105) + 15(55) + 18(70) + 20(20) + 80(20) +0 


= 6925 
TVC = 4x C,+6925 


4-3-4. Least Unit Cost (LUC ) ‘Algorithm 


Supposewe would like to place an order which covers the next 
i periods and would like to know how many periods the order 
should cover. Least unit cost (LUC) method is based on 
minimization of ordering and holding cost per unit product. This 
cost denoted by UC(i) i= 1,2,... 


ordering cost + holding cost 


UC(i) = 


is defined as follows: 


_ Co t+ C, x Di=i(t — 1)D, 





UC(i) = 
t=1 Dt 


The sum of demand up toith perios 


Co HO x PAO Dea 


Lea De 


an Dr 





(4 — 3) 
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where 
i The period through the end of which the order covers 


Co Ordering cost 
C, Holding cost per unit hold at the end of period 


D, The requirement of period t 


The algorithm of LUC may take several iterations to complete 
the planning horizon. During the process, the periods for which 
the planning has been performed are put away and new iterations 
are performed until all periods are planned. 

In the first iteration the starting period is Period 1. UC(i) is 
consecutively calculated for the starting period and the next 
periods (i=1,2,...) untilUC(i) for a particular i satisfy the 
following two conditions: 

UC(i)SUCli=1) 
and 
UC(i) < UC(i+1) 
(4-4) 

Denote this i by i,. Place an order to cover Periods 1 through 
iy. 

For the second iteration take i, +1 as the starting period and 
calculate UC(i) for i=i,+1,i,+2,..from: UC(i)= 
CotCnXXtziz+1(t- (i +1)) Dt 

Lteiz+1 De 

The stopping criterion here is the same as that of the previous 
itera- tion. Denote the period satisfying Eq. 4-4 by iz. Perform 
new iterations until the entire time horizon is covered. 

If when increasing i=1,2,... in any iteration, you reach the end 
of the time horizon and the stopping criterion namely Eq. 4-4 is 
not satisfied, then stop and place the last order in sucha _ way it 
cover the remaining periods of the iteration (the unplanned 
periods). 
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Example 4-11 

Find the order lot sizes for the time horizon given in the table 
below using LUC heuristic method. If the order cost is $100 and 
the unit holding cost per period is $2, calculate the costs. 














| « | af 2| 3] 4) 5] 6 7] 8] 
ee aa 2 a ee | ee es 
Solution 


The problem is solved by LUC method through 3 iterations; in 
each iteration UC(i) is consecutively computed, when UC() starts 
to increase the iteration stops and an order is placed for the sum 
of the requirements of the first period in the iteration and all its 
successive periods before the period in which the increase occurs. 
1* Iteration: the stating period is 1 


CoA Cy x Yi —1)D 
ucci) = ot desil )D_ 


: De=1 Dt 
Cot+CyXYiu(t-DD, Co+0 100 
Wed) 5 Sot ee Pe Oe ~ 10 
dit=1 Dt dD, 10 
Cot+Cy XD,  1004+2% 25 
UC) = a 8 
D, + D2 10 +25 
ey eR) eo ae el 
7 D, + D2 + D3 = 10+25+4+15 
=4.2 
Co + Cy X (1D, + 2D3 + 3D 
GeGy soot 2s a) 


D, + D2z+D3+D, 
TON Tato Gey De Ae te 


10+25+15+40 


The stopping criterion i.e. Ineq. 4-4 is satisfied for i=3: 


UC(3) < UC(3-D& 
UC(3) < UC(3 +1) 


Now the first order is placed such that it covers period 1,2 and 
3 with quantity 10+25+15=50. 
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2™ Iteration:Although the starting period in this iteration is 4 but 
we set 1 equal to | for the calculation. 


UC(1) = = = 25, 
D4 40 
Co+CyxXDs 100+2x 30 
UC(2) = = Pre, = mee Ct eee 2.2857 
Gy So aD a) 3 MOO ROE 
. Dy + Ds + De 7 40+30+0 
= 2.2857 
Co + Cy X (Ds + 2Dg + 3D 
yc(ay = ot on X Ws + 2D¢ + 307) 


D,+ Ds + De + Dz 
— 1004+2x3042xX2x042Xx3Xx5 | 


40+30+0+45 eas 
The stopping criterion i.e. Ineq. 4-4 is satisfied for i=3: 
UC(3) < UC(3-1), UC(3) < UCB +1) 


Then the second order is placed such that it covers 3 more 
periods i.e 4,5 and 6 with quantity 40+30+0=70. 
3 Iteration: Although the starting period is 7 but for the 
calculation we set i equal to 1. 





Co +0 100 
UC(1) = ee), 
eons 5 100 +2 x 10 
+ x +2*xX 
UC(2) = i ee ae a i a 
DD: 5 +10 


Then the third and final order is placed for the remaining 
periods 7 and 8 with size of 5+10=15. The results are 
summarized in the following table: 











period(t) 1 2 3 4 5 6|7 |8 
requirement(D;) 10 | 25 | 15 | 40 | 30 ]0)5 10 
order(Q:) 50 70 15 





Inventory at the end | 40 | 15 | 0 30 | 0 0 | 10 | 0 
of period (1,) 
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Costs: 
Ordering cost : 3 x 100 
Holding cost :Cy 12,1, = 2(40+ 15 + 30+ 10) = 2(95) = 190 


TvC =3x100+2x95 = 4904 


4-3-5 Least total Cost (LTC) method 
or Part Period Algorithm(PPA) 

Part Period algorithm was first introduced by DeMatteis(1968) . 
This researcher points out that it works well for all environments 
especially for the cases having a limited number of periods. The 
algorithm tries to find a number of periods whose holding costs 
equals the ordering cost. The logic of this procedure is the same 
as that of classic EOQ model in which the inventory cost is mini- 
mized at the point where the holding cost equals the ordering 
cost. It is worth mentioning that when the demand is discrete the 
holding cost and the ordering cost do not become equal. Then 
the aim is to minimize their difference. 

















Symbols 
Cs Cost per order 
Ch Unit holding cost per period 
Dj Requirement of i” period 
pp = (i-—1)D; Part Period(PP) related to i® period 
Ape 3 (i —pp, Accumulated Part-Period for n periods 
i=l 














Definition of Part-Period and Accumulated Part-Period 
One of the measurement units used in inventory subject is part- 
period(pp)'. By | pp it is meant that | unit of a product is held for 1 





1 : : : 
In industry we have other such measurement units as man-hour or machine- 
hour. 
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period. If one unit of a kind of a product is held for ten periods or 2 
units are held for 5 periods or 10 units are held for 1 period we say 
that the part-period(pp) value of all these 3 cases are the same and 
equal to 10pp. 

Suppose we place an order for the requirements of n periods to 
receive a lot of size Q=D,+D,+..+D, at the beginning of Period 1. 


From the amount Q, as much as D1 is consumed during Period 1. The 
pp measurement unit for this amount is 0 x D,. From the amount Q, as 
much as D» is consumed during Period 2. Noting that Dz was held for 
one period before being consumed in Period 2, the pp measurement 
unit for this amount is 1 x D,. 

From the amount Q, as much as D3 is consumed during Period 3. 
Noting that D3 was held for 2 periods before being consumed in 
Period 3, the pp measurement unit for this amount is 2 x D3 ... the 


sum of these products i.e. 0D, +1D,+...4+(n-)D, = > G-DD, is called 
i=l 
accumulated part-period for n periods and is denoted by APP,: 


APP, => (i -D, 
i=l 


Determination of order lot sizes 

To determine the lot sizes or the orders for a time horizon with 
PPA algorithm you may require several iterations. In each iteration 
try to find the that number of periods(n=1,2,....) for which C, x 
APP,, = C, or find that n which makes |C;, x APP, — C,| minimum. 
Therefore in iteration 1 when an increase happened after several 
consecutive decrease in |C, X APP, —C,|, stop the iteration and 
place an order that cover the n-/ periods. 

In the next Iteration take Period n+1 as the starting period and act 
similar to iteration 1. Do this procedure until all periods in the 
horizon are covered. If in an iteration the stopping criterion is not 
satisfied place an order which cover the unplanned periods. 
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Example 4-12 


Find the order lot sizes for the time horizon given in the table 
below using LTC heuristic method. If the order cost is $300 and 
the unit holding cost from one period to the next immediate 


period is $2, calculate the costs. 





























RR bap escrow we ee oe 
D, | 30 | 40 | oO | 50 {10 | 20] 30 | o | 55 | O 
Solution 
C, = 300,C, = 2 
= APP, —C, | = 
ae Covered Quanti lA " o| 
~§ | periods y [eed @= DD, =C,| 
i=l 
1 30 10 — 300] = 300 
jx [12 70=30+40 | |2(40 x 1) — 300| = 220 
1.2.3 0+70=70 220 
1.2.3.4 | 50+70=120 | |2(40 x 1 +50 x 3) — 300| = 80 
1.2.3.4.5 | 10+120= 12(40x1+50x3+10x4) 
130 — 300] = 160 














In Period 4 the difference |APP,—C,| has reached its 
minimum and an order is placed to cover periods 1 through 4 


























5 10 |0 — 300] = 300 
5.6 30 |2(20 x 1) — 300| = 260 
ond | 5-6.7 60 |2(20 x 1 + 30 x 2) — 300] 
= 140 
5.6.7.8 60 140 
5.6.7.8.9 115 |2(20x1+30x2+55x4) 
— 300| = 300 





In period 8 the difference |APP,—C,| has reached its 
minimum and an order is placed to cover periods 5 through 8 
and for the 3rd time for Period 9(and 10) 





55 





ae | 9 


300 
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The summary of results are shown in the following Table 





Results of Example 4-12 with LTC or PPA method 
Eee ae ara ss pea ee eee. 0 
| D |30 | 40 |0 [50/10 | 20 |30 |o |55 jo | 

QO |:120 60 | - 55 | - 
I, | 90 50 | 30 0 












































50 | 50 | 0 0 0 





8 
TVC = 3Co+3Cy > be = 3 X 300 + 2(90 + 50 + 50 + 50 + 30) = 1440 


t=1 


End of araiielem 


4-3-6 Part Period Balancing(PPB) algorithm 


The part period balancing algorithm determines the lot sizes by a 
procedure similar to LTC algorithm. It tries to balance the holding 
costs and ordering costs. Let 


APP, => (i -\)D, (4-4) 
Epp =fe=“2 (4.5) 
C,. . bp 

If the C, of periods are not equal use their average in the 
denominator. 

In each iteration the aim is to find the n which APP and EPP 
equal. Practically stop the iteration when you reach the smallest n 
which satisfy the following( Yilmaz, dated-nil) 

APP. 2 EPP (4-6) 


To determine the suitable n in the first iteration, calculate 








APP. = (i —l)D, for n=1,2,... consecutively, When for the first 
t= 
time APP exceeds EPP stop and place an order for the periods up to 
the period for which the increase happen. Denote the last period 
before the increase stats by n. 
In the second iteration take n+1 as the starting period(i=1) and act 
similar to iteration 1. Continue the procedure until the horizon is 
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completed. PPB algorithm usually gives results similar to those of 
PPA. 

"Refinements to this algorithm have been developed. These 
refinement called look-ahead and look-backward can improve 
performance" see Tersine(1994) page 191. 


Example 4-13 

Find the order lot sizes for the time horizon given in the table 
below using PPB heuristic method. If the order cost is $120 and 
the unit holding cost from one period to the next immediate 
period is $2, calculate the costs. 


















































BaESEs EAE Area Eee 
Dee | AOA feel] 0) SS ee. | 20h nee 2 9S |, 80 | 
Solution 
Iteration 1 Iteration 2 
n n period | n n 
App, = 2G -DD, App, = 2G -DD, 
i=l i=l 
1 | (1-—1)@1) =0< EPP 4 1 (1-1)(35)=0< EPP=60 
_ 120 
= ee 
2 0+(2-1)(15)=15< EPP = 5 2 0+(2-1)(0)=0< EPP 
60 
3 15+(3-1)(0)=15< EPP 6 3 0+(3-1)(20)=40< EPP 
4 15+(4-1)(35)=120> EPP 7 4 40+(4-1)(5)=55< EPP 
8 5 | 55+(5-1)(15)=115> EPP 
Since APP exceeds <2 = EPP = 60 Since APP exceeds EPP 
; . Ch a lot of size 60 is placed for 
alot of size 55 is placed for the periods 4 through 7 
periods before period 4 





The third ordering quantity is Q; =30+15 for periods 8 and 9. The 
summary of calculations is given in the table below. 
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2_[3 sum 
15 160 
inventory carrying 
period (i) 1 |2 
PPO, eee 

15 |15 
APP, = 1D, ’ | 
li [| [| [| fo ft 2 fp fe | [| 
jep=G-DD, | | | o Jo Jao [15 Joo | 
| A PP a | {jo fo [40 [55 fai5f | | 
Qe 60 45 160 
It 15; || [25 |25 [5 30 | | 

















Ordering cost: 3 x 120 = 360 


Holding cost: 
8 


Ch) by = 205 +0 +0425 +25 +5 +0 +30 +0) = 200 


t=1 


TVC = 360+ 200 = 560 . 


End of exampledd 


4-3-7 Incremental Part- Period Algorithm(IPPA) 


Increment Part-Period algorithm which was presented in Patterson 
and Forge (1985), is similar to PPB algorithm, but tries to balance 


incremental holding costs to ordering cost. 


In this algorithm, the lot 


size is continually increased as long as the incremental holding costs 
is less than or equal to the ordering cost(Tersine, 1994 ,p 193). La 
Forge(1982) showed through simulation technique that IPPA is 
preferable to PPB(Shih& Fu,1995). The objective in IPPA algorithm 
id to determine lot sizes that include an integer number of period 
requirements so that(Tersine 1994,page193) 


C, (n-1)D, =C, 


where 


or IPP, =(n-1)D,= 


C, 





h 
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C. The ordering cost 
C, =IP Unit holding cost 
) The requirement of nth period 
PP. Incremental part-period=( n-1)D, 
EPP Economical Part-Period = oo 


This algorithm may require several iterations. In iteration 1, 
calculate IPP, =(n—1)D, for n=1,2,..._ Stop whenever IPP, 
exceeds EPP; record the last value of n and denote the value of 
( last n-1) by n*. Place an order for the periods 1 through n*. 
Some references ignore the equality of IPPn with EPP ;however the 
author of this bookbelieves that the actual objective is to find an 
integer that satisfy the equality C,m-—t)D,=C,. Therefore if for a 


particular n the equality happened, stop and set n* equal to this n. If 
the horizon is not ended perform another similar iteration with n*+1 as 
the starting period. 

If in an iteration the stopping criterion is not satisfied place an 
order which cover the unplanned periods in the horizon. 

IIPA has been extended to discount case (see Fu and Shih,1995). 
This method has easy understanding and has less calculations with 
respect to Silver-Meal and PPA methods. The following Flowchart 
helps to understand each iteration of the algorithm. 
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Close the lot size and place an order of 
Quantity Q; 


Fig 4-1 The algorithm for determining each lot size in IPPA 
assuming zero inventory for i" period (Vera&Laforge,1985) 


Example 4-14 

Find the order lot sizes for the time horizon given in the table 
below using IPPA heuristic method. If the order cost is $100 and 
the fraction of unit holding cost from one period to the next 
immediate period is 2%, and the unit price is $50 calculate the 
costs. 


Solution 





EPP = C, 100 


= =100. 
C, 0.0250 





195 Classical topics in inventory control and Planning 





The calculations for IPPA method are as follows: 






































Period(t) n Dn IPP. =(n-1)D, 
1 1 75 0x 75=0< 100 
2 2 0 1x0=0< 100 
3 3 33 2X 33 = 66 < 100 
4 4 28 3 X28 = 84 < 100 
5 5 0 4x0=0< 100 
6 6 10 5x10 = 50 < 100 





Since IPP does not exceed EPP=100 in any period only one 
order is enough to be placed with size 75+0+33+28+0+ 
10 = 146 for all the horizon. 


Costs: 
Order cost 1 x 100 =100 
Holding Cost 


Cy ea I= 


0.02 x 50(71 * 1+ 71*1+38*1+10+*1+10*1) = 200 

TVC=100+200=300 

The summary of the results are given in the table below: 
t 1 2 3 4 5 6 

















cost 


(.02 x 50) = 242 


su 
Dt 75 0 33 | 28 | 0 10 | 14 
Or 146 - : : : : 14 
It 71 71 38 | 10 | 10 |0 20 
Accu- 100 + (146 - 75) * | 47, 4 280 | 290 | 300 | 300 
mulated | (02 x 50) = 171 | (146-75 - 0) x 
variable 
































End of example A 


Another example is given at the end of this chapter. 


4-3-8 Silver —Meal algorithm 


Edward Silver and Harlen Meal in 1973 proposed an algorithm for 
dynamic lot sizing. They did not want to minimize unit cost or total 
cost, but tried to minimize average cost per period(Yilmaz, dated-nil). 
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This method has less calculations compared to that of Wagner-Wittin 
and gives near optimal answer(Based on Winston, 1994 Page1050). In 
this algorithm. starting from a period, we are in search of that number 
of periods to place an order whose cost per period is minimum. The 
costs consists of the ordering cost plus the carrying costs related to 
the requirements of the periods being considered. Defining 'AC(j) as 
Ordering cost + carrying cost 


AC(j) = j 
AC()) = CoStar (ChiXCt=1)Pe 
J 
j = 
AC(j) = Cotes (Codex(t 1)D¢ (4-8-1) 


J 


If the (C,,);’s are the same and equal to C}, then we have 
Co + Cy x Yi (t— DD, 


AC(j) = 
j 
AC(1) = SotSns = ¢, (4-8-2) 
where 





AC(j) | Average cost per period 





j Number of periods 





Co Ordering cost 





(C,)¢ | Unit holding cost related to period t 





Ch Unit holding cost for all periods 











Dt Requirement for period t 





This is an iterative method. In each iteration the aim is to find say j 
periods whose AC(j), when starting from a particular period, is 
minimum. 

To perform Silver =Meal algorithm, at the outset in iteration 1 set 
j=l. It is assumed that all units assigned to Period 1(D,) is consumed 





' Average Cost 
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and none is transferred to the next period; therefore the holding cost 
for it is supposed to be zero and 
ordering cost + 0 

AC(1) = —— ee 

Then increase j one by one and calculate AC(j) consecutively 
until for a particular j, as the value of j is increased, AC(j) exceeds 
AC(j — 1) for the first time. Denote this value of j by j,;. Therefore 
the iteration is stopped whenever the following inequality is 
satisfied(Axater,2015 Chap 4): 

AC(j) $ AC(j. — D 2sjSh 

and 
ACG, + 1) > ACG) | 

The first lot is place to cover periods 1 through j;:Q = pas Dr 

Go to next iteration 2 , set j= j, + 1 ,consecutively calculate AC(j) 
and perform similar iteration until the time horizon is covered. 

This approach has performed extremely well in numerous test 
examples and is recommended for significantly variable demand 
pattern (Person & Siver, 1991 page 317); however does not give 
optimal solution. It is worth mentioning that 2 situations where the 
heuristic does not perform well are (Tersine, 1994 page 187): 

1.when the demand rate decreases rapidly with time over several 
periods, 
2. where there are a large number of periods with zero demand. 


Example 4-15 

Find the order lot sizes for the time horizon given in the table 
below using Silver-Meal heuristic method. If the order cost is $100 
and the unit holding cost from one period to the next immediate iod is 
$2, Also calculate the costs. 





aa ee ee ee ee 
| D. [10 [25 |15 |40 [30 [0 |5 [10 | 
Solution 








Co + Cy MLW (t — DDt 


J 
Iteration 1, starting period: 1 


Calculation of AC(j) for j=1,2,...: 


AC(j) = AC(1) = Co 
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acca) =“2** =" = 100 

pees Ee Ey 

Fe ns eR 
er _ Co + Cn X (Dp + 2D3 + 3D4) 


4 
100 + 2(25+2x15+3 x 40) 
EMIS 
For the first time when j=4 AC increased; therefore we stop 
and 
plan an order of size Q = 10+15+25 =50 for the requirements of 
periods 1,2 and 3. 


Iteration 2, starting period: 4 
Co +C;,(0)D, _ 100 


AC(1) = — = 100 
Co+C,(0D,+1D;) 100+2x30 
AC(2) = O nl 4 5) _ ; = 80 
Co + Cy x (OD, + 1D; + 2D 
acts) = 2+ & ( : 5 + 2D6) 
100+2x30+2x2x0 
=, ——— = 53.3 
Co + Cy x (OD, + 1Ds + 2D, + 3D 
AC(4) = O h ( 4 7 5 6 7) 
100 + 2(30+2x0+3x5) 
gL 
Co + Cy x (Ds + 2D, + 3D, + 4D 
AC(5) = O h (Ds; 6 7 8) 


5 

100+ 2(30+2x0+3x5+4x10) or 

For the first ttme when j=5 AC increased; therefore we stop and 

plan the second order of size Q = 40+30+0+5 =75 for the 
requirements of periods 4,5,6 and 7. 
Iteration 3 

No calculations is needed and the third order of size 10 is planed 
for the last period. The summary of results are given in the following 
table: 
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t 1 2 3 4 5 6 7 8 sum 
Dt 10 25 | 15 40 30 0 5 10 135 
Qt 50 - - 75 - - - 10 135 
co 100 100 100 300 
It 40 15 | 0 35 5 5 0 0 
C, X I 80 30 | 0 70 10 10 0 0 200 
Costs: 


Ordering cost=100x 3=300 
Holding cost: Cy 12, |, =2X (ith+ht+ly4+ls+1s++1s)= 
2X (40415+04354+5+5+0+0)=200. 


Tvc=300+200=50044 
4-4 Wagner and Whitin's Exact Algorithm 


Wagner and Whitin(1958) presented an algorithm which gives an 
exact solution for discrete-demand dynamic lot sizing problems of 
finite time horizon . Their solution causes no shortage. The algorithm 
assumes the periods of the horizon are of the same time length and the 
planned orders arrive at the beginning of the periods (not in the 
middle). The calculations of the algorithm are based on some 
theorems. The theorems are mentioned in some references including 
Winston(1994) page 1047. The algorithm minimizes the inventory 
costs of the problem. 

It is worth mentioning that although the algorithms of Silver& 
Meal and Wagner_&Whitin cause less inventory costs compared to 
other dynamic lot sizing rules, but many companies which utilize 
MRP’ production planning technique use simple heuristic rules of 
POQ, PPB and LFL( extracted from Winton, 1994,page 946). 





' Materials Requirement planning 
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4-4-1 The steps of Wagner-Whitin Algorithm 


This algorithm uses a dynamic programming approach. The steps 
of this algorithm are mentioned in many references. What follow is 
based on page 182 Winston (1994). 

Step 1 

For all possible ordering alternatives related to the given time 
horizon calculate total variable cost denoted by Z as described below. 

Suppose for the beginning of Period t, an order is planned with a 
size equal to the total requirements of period t through say period e. 
The cost of this order is calculated from: 








Ze = Coy + Lint Chi(Qte — Qti) + Pre (4-9) 
Where 
Zte total variable cost of the order planned for periods t to e 
Coy ordering cost per order 





Ch, = IP, | unit holding cost for period t 














P. unit price of period t 
Qte sum of requirements of Period f to Period e: ))7-4 Dj =Qte 
N number of periods available in the time horizon 











If for t=1,2,., N P=P,,Cy Co, and Cy Ch, then(Tersine,1994 
p182): 


e 
Zee =Co+Ch > (Qee - Qu) 1stsesNn (4— 10) 
i=t 


Step 2 

Assuming the inventory at the end of Period e is zero, calculate 
f,._..fyfrom: 

f, = Min (Zte + fr_1 ) e= 1,2,...,N fy =0 

for t=1,..,e 

Or 

fe=Min(Ziet+fo , Zoeth . | Zee tfe-1) e=1,2,...,N 

Or for e = 1,2,...,N 
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f, = Min(fie, foe, fee), € = 1,2,...,N (4-11) 
Where 


fie The cost of Qie , the order assigned to period | through e: fy. = Zi. +f,, fp = 0 


foo The cost of Qre ,the order assigned to period 2through e: fp. = Zz. + fy, 


The cost related to the order assigned to period e-1 through e: fe_1¢ = Ze_1e + fe-1, 


fee The cost of Qee.the order assigned to period e: fee = Zee + fe-1, 


Therefore in this step, for each period(e = 1,2,...,N) all 
combinations of ordering alternatives as well as f, strategy are 
compared and the combination with lowest cost is recorded as f, 
strategy . It is proved that the value obtained for fy is the optimal 
ordering cost i.e. the cost of the optimal order schedule(Tersine, 1994 
page182). 





I fy = Zy ny + fw-1 | The last order happens in Period w to meet the 
requirements of periods w to N 





| fwea The order just before the last order is made in 
= Za wei + fae Period u to meet the requirements of periods u 
to w-1 (Zuw-1)) 





WI | fu-1 = Z,,,-1+fp | The 1st order is planned for Period 1 to cover 
the requirements of periods 1 through u- 


1 (Ziu-1): 

















Step 3 

To convert fy strategy obtained above into optimal order 
quantities, act by observing the orders backward . 
Example 4-16 

“From the data given in the following table determine the order 
quantities by The Wagner Whitin algorithm ;also calculate the costs 
assuming C; =$ 1 Co = $40. 
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t (1/2 (3) 4]5 | 6 |? (8) 9 } 10 | 11) 12, 
Jie feel Pan Bele ee 20s AHF ke pee 








Solution 
Step 1 :Calculation of Zje = Co + Cy UF (Qte — Qt): 
Period 1 


1 
Za, = Co, +) Cyj(Qr1 — Qs) = 40 + 1(2 — 2) = 40 


i=1 

Z42 = Co, a Ch, (Q12 — Qui) + Ch, (Q12 — Q12) 
= 40+ 1(14 —- 2) +1(14- 14) = 52 

Z13 = 40+ 16+4=60,Z,, = 40+ 244+12+8 = 84,Z,, 
= 144 

Zig = 269 Zi, = 389 

Zig = 424 Zio =504 Zy_319 = 684 Z4_4, = 734 Zy_12 
= 954 

Period 2 


2 
Z22 = Co, + > Cy, (Q22 = Qo2) = 40+ 1(12 = 12) = 40 


i=2 
Z23 = Co, + Cy, (Q23 — Q22) + Cn, (Q23 — Q23) = 40+ 4 = 44 
Zong 24041248 =60 Ze = 40 4 27-423415 105° Zoe= 205 

Vi "305 Vie 335 
G5 = 408 Ty BEG. Zine = G10 

Zn-12 = 810 

Period 3 
Z33 = Co, as Ch, (Q33 — Q33) = 40 
Z34 = Co, + Cy, (Q34 — Q33) + Cn, (Q34 — Q34) = 40 + 8 = 48 
Zog =404+23+15=78 Zoe = 40448440425 = 153 


Z37 = 233 
Z3g = 258 Z3q = 318 Z3_349 = 458 Z3_1, = 498 Zs3_1 
= 678 
Period 4 


Zag = Co, + Ch, (Qaa — Qua) = 40 

Z45 = Co, oe Cy, (Qas = 0x4) Ch, (Q4s — Q4s) = 55 

Zag = 40+404+25=105 Z,, =404+ 604+ 45+ 20 = 165 
Z4g = 185 
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Tipo RG. is gf RBG. 97 600". Ap 50 
Period 5 

Zss = Co, + Cy. (Qss — Qss) = 40 

Zs6 = Co, + Cy. (Qs6 — Qss) + Cn. (Qs6 — Qs6) = 40 + 25 = 65 

7. = 40 +45-+20=105 2:,= 4045042545 = 120 
Te =A60. Ze 260. Deg = 290) 2245 = 430 
Period 6 

Zee = Co. a Ch, (Qe6 — Qe6) = 40 

Ze7 = Co, + Cn, (Qe7 — Qee) + Cn, (Qe7 — Q67) = 40 + 20 = 60 

72 =A049545=70 75= 40435 + 15410 = 100 


Z6—10 = 140 
Z6-11 = 205 Z6-12 = 325 
Period 7 


Z77 = Cy, a Cy. (Q77 — Q77) = 40 
Z7g = Co, + Cy, (Q7g — Q77) + Cy, (Q78 — Q7g) = 40 + 5=45 


Z7y = 40+15+10=65 Z7-19 = 40 +35 + 30 +20 
= 125 
Zo-14 = 14500 Zp = 245 
Period 8 


Zgg = Co, oe Ch, (Qss — Ogg) = 40 
Zg9 = Co, + Cn, (Qso — Oss) + Ch,(Qso — Qgo) = 40 + 10 = 50 
Zg-190 = 40+ 30+20=90 Z,_1, = 404+354+254+5=105 
Zg-12 = 185 
Period 9 
Zo9 = Co, ao Ch, (Qo9 — Qoo) = 40 
Zo-10 = Co, aa Ch (Qo-10 — Qo9) + Che (Qo-10 — Qo-10) = 40 + 20 
= 60 
Zo-11 = 40+254+5=70 Zo_42 = 404+45+ 25 + 20 = 130 
Period 10 
Z10-10 = Coo nie Cy, (Q10-10 — Qio-10) = 40 
Z10-11 = Co, a Cho (Q10-11 — Q10-10) + Ch, (Q10-11 — Q10-11) 
= 404+5=45 
Z19-12 = 40+ 254+ 20 = 85 
Period 11 
Zy4-11 = Co, + Cy, (Qi1-11 — Qi1-11) = 40 
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Z11-12 =Co,, + Cy, (Q11-12 = Oiicaa) Cy, (Q11-12 — Q41-12) 


= 40 + 20 = 60 
Period 12 
Zy2-12 = 40 
Step 2 Calculation of f. = Min (Ze+f-1) for(e= 
for et e 
1, ...,12) 
fy =0 


f; = min (244 + fo) = min(40 + 0) = 40 

f, = min (Z,2 + fo,Z22 + f,) = min(52 +0, 40+ 40) = 52 

fz = min (Z43 + fy,Zoa + fy Za3 + fp) = min(60+0,44+ 40,40 + 52) = 60 
fy = min (Zy4 + fp,.Z24 + fy .Z34 + fo,Z44 + fz) = min(84 + 

0,60+40,48+52,40+60) =84 


f, = min (Z15 + fo,Z25 + f; 35 + f,,Z45 + f3,Z55 + f, ) 
= min(144+0,105+40,784+52,55+60,40+ 84) = 115 


f = min (Zi6 + fo,Z26 + f, 136 + f,,Z46 + f3,Z56 + £4,266 + f, ) 
= min(269 +0, 205 + 40,153 +52,105+60,65+84,40+115) = 149 


= min Lich Deh Lie Pai Us ees 
+f.) 

= min(389 + 0, 305 + 40, 233 + 52,165 + 60,105 + 84, 60 
+115,40 +149) =175 

eS min Zieh Ue et, Zee i Mie he ee a ee 
a ae 

= min(424 + 0,335 +40, 258 +52,185 + 60,120 + 84, 70 
+115,45+149,40+175) = 185 

fe rith CLpp Ah Doe Gt Deg ae ty ee hs 
fof Tes tte Ton Piha) 

= min (504+ 0 , 405 + 40, 318 + 52, 235 + 60, 160 + 84, 100 
+ 115,65 +149 ,50+175,40 + 185) = 214 


fio = min (Z4~40 + fo,Z2-10 + fy .Z3-10 + fo,Z4-10 + f3,Z5~-10 


+ f4,Z6—-10 + fs,Z7-10 + fe.Zs-10 + £,.Zo-10 + fy» Z10-10 
+ fy) 


= min (684+ 0,565 + 40,458 + 52,355+ 60, 





205 Classical topics in inventory control and Planning 





260 + 84,140 + 115,125 + 149,90 + 175 ,60 + 185 ,40 + 214) = 245 


fry = min (Zy_41 + fo,Zo-11 + fy Z3-11 + fo, Zgeaa + fe,Zs—11 + fy.Z6-11 

+ f5,Z7-41 + foZg—11 + f7,Zo-11 + fg, Z10-11 + for 211-11 + fio) 
min (734+ 0,610+ 40,4984 52, 
390 + 60, 2904+ 84,205 4+ 115, 145+ 149, 1054+ 175,704 185 ,45 

+214 ,40 + 245) = 255 


fro = min (Z1~12 + fo,Z2-12 + fy .Z3-12 + fo,Z4—12 + f3,Z5—12 + f4,Z6—12 + f5,.Z7-12 + fe, 
Zg—12 + f7,Zo-12 + fg, Z10-12 + fo, Z11-12 + fro, Z12-12 + fia) = 
min(954+ 0,810+40,178+52,550+ 60,430 + 84,325+ 115, 245+ 149,185 
+175 1304+ 185 85 + 214 60+ 245 ,40 + 255) = 230 
= Optimal Total Cost 


With MATLAB 

TC= min([954+0 810+40 178452 550+60 430+84 325+115 
245+149 1854175 130+185 85+214 604+245 40+255]) TC = 
230 


Step 3. Finding optimal combinations and converting the optimal 
solution fy = f,2 = 295 into an optimal ordering plan 


The optimal among the costs are 
fy = Zw n + fw-1 
fi2 = 242,12 +f, = 295 
The final order which occurs at Period w = 12 covers the demand 
of Perio2 12 with size 20 


To determine the order prior to the last order : 

fw-1 = Zu w—1 + fy-1 w=12 
fro-a = Zyyia + fa-1 

fy, = 255 corresponds to fg& Zo41 then Zy 4, + fu-1 = Zo,41 + fe 
and u =9 

The order prior to the last order is made at period u = 9 and covers 
the requirements of periods 9 through 11 w — 1 = 11(Zo 11) with size 
10+20+5=35. 

For the order prior to the final order we considered f,,. 

the 3“ order from the end 

For the 3“ order from the end let us consider fg 
Zuw—1 + fu-1 = fg = Ze,g + fs; = 185 
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The 3" order from the end is made for the periods 6 through 8 with 
size 25+20+5=50. 

For the 4" order from the end ,consider f; 
Zuw—1 + fu-1 = fs = Z4,5 + fg = 175 

The 4" order from the end is made for the periods 4 and 5 with 
size 23. 

For the 5" order from the end ,consider f, 


Zu w—1 + fu-1 = fg = Z13 + fo = 65 
The 5" order from the end is made for the periods 1,2,3 with size 
18. This is the first order. The horizon is covered. 
The orders could be determined from Z's: 
Z13, Z4,5) , Z6,8, , Zo,11 , Z12,12 
Therefore the algorithm give the following plan which is optimal: 
The 1“ order of size 18 for periods 1 through 3 
The second order of size 23 for periods 4 & 5 
The third order of size 50 for periods 6 through 8 
The 4" order of size 35 for periods 9 through 11 
The last order of size 20 for Period 12. 
The results summary is mentioned in the following table: 





Wagner- Whitin Algorithm 






































ee fae | 2 lise 4 se 6 Be | [On| ae te 
be [2 5 a2 fe. 45. 25. 20-16 = | 10"]-20°|'5* 20 
Q {18 |- |- | 23 |- 50 | - - |35]- |[- | 20 
I, [16° [4. |@ | 15-0 | 25-[5- |o- | 25-/5 |0 | 0 























Cost: 


TVC = 5C, + Cy Y22, 1, =200 +116 +4 +-+54+0+40) = 2004 95205 
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Example 4-17! 
Find the order lot sizes for the time horizon given in the table 
below using Wagner-Whitin method. If the unit price is $50, the 
ordering cost is $100 and the unit holding cost from one period to the 
next immediate period is $0.02, Also calculate the costs. 
t 1 2 3 4 5 6 
75 0 33 28 0 10 
































Dt 





Solution 

Step 1 calculations of Z's from Ze = Co + Ch Vee (Qte — Qt): 
a) 
calculation of Z,,,e = 1,2,..,N=6: 


C, = $100 C, = 0.02 x 50 =1 dollar Qte = 
i=t Dj 
e=1 
Zay =Co+ Cy > (Qre ~ Qui) = 100 + 1(Qr1 = Qui) = 100 
i=1 
e=2 


Zy2 = Co +Cy > Qre — Qi) = 
i=1 


j= 
100 + Cy(Qi2 — Qui) + Cn(Qi2 — Qi2) 
= 100 +1(75 +0 — 75) +1(75 —75) = 100 


e=3 
Zy3 = Co + Cy YQre -_ Qui) 
11. 


= C,+ Cy (Qis = Qui) + Cy (Qi3 es Qi2) 
a5 Cy (Qi3 re Qi3) 
100 + 1((75 + 0 + 33 — 75) + (108 — 75) + (108 — 108)) = 166 


Ziq = 100 + 1(Qa4 — Qua) + 10Qa4 — Quiz) + 10Qi4 — Qs) 

+ 10(Qi4 — Qua) 
100 + 1((75 + 0 + 33 + 28 — 75) + (136 — 75) + (136 — 108)) +1 x 0 = 250 
Zis = 100 + 1(Qis — Qui) + 10Qis — Qi2) + 10Qis — Qis) 

+ 1(Qy4 — Qi4) + 0 





' Extracted from Tersine(1994) page 182 
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= 100 + 1((136 — 75) + (136 — 75) + (136 — 108) + 0) = 250 
Z16 = 
100 + 1(Qi6 — Qui) + 1(Que — Qiz2) + 10Qie — Quis) 

+ 1(Qi6 — Qua) + 10Qi6 — Qis) 

= (146 — 75) + (146 — 75) + (146 — 108) 

+ (146 — 136) + (146 — 136) + 0 = 300 


b)calculation of Z,,,e = 2,..,6 


Zo2 = Cy + Cy DPF (Qre — Qzi) = 100+0=100 
Zo3 = 100 + 1((33 — 0) + (33 — 33)) = 133 
Zo4 = 100 + 1((33 + 28 — 0) + (61 — 33) + (61 — 61)) = 189 


e=5 


Zag = Co +Cy Y (Qze - Qi) 


i=2 

Co + 10Q2s — CoQa2) + 1(Qas5 — Q23) + 1(Q25 — Qaa) 
+ 1(Q2s5 — Qos) 

Ag 604 1061S 32) fit = 61) AiG = 61) = 189 
e=6 


Zo6 = Co + Cy Y, ee — Qo) = 229 


c)calculation of Zee, e = 3,..,6 
Zs3 = 100 + 1[(33 — 33)] = 100, 
100 + 1[(61 — 33) + (61 — 61)] = 128, 
100 - 1[(61 — 33) + (61 — 61) + (61 — 61)] = 128, 
Zsg = 100 + 1f(71 — 33) + (71 — 61) + (71 ~ 61) + (71 — 71)) = 158, 


NN 
wo we 
A & 

tou 


d)calculation of Z,,.,e = 4,5,6 
Las 
Za5 
Za6 


100 + 1[(28 — 28)] = 100, 
100 + 1[(28 — 28) + (28 — 28)} = 100, 
100 + 1[(38 — 28) + (38 — 28) + (38 — 38)] = 120, 


H 
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e)calculation of Z;.,e = 5,6 ( Zs5 5 Zs¢6 
=5 


e= 
Zss5 = Co + Cy > Qse — Qsi) = 100 
pay 


2s5 = Co+Cy Y Qse— Qsi) = 
i=5 
100 + 1(Qs6 — Qss) + 10Q56 — Qs6) 
= 100 + 100 + 1(10 — 0) +1(10 — 10) = 110 
f)calculation of Zé. 
e=6 


Fee 6 hse, Yee — Qe1) = 100 + 1(Q¢¢ — Qee) = 100 
i=6 


The following table shows the result of calculating Z;. 's: 





values oftotal variable costs: Z,.,.1 <t <e<N (Tersine,1994 page 183) 


























e 1 2 3 4 5 6 

t 

1 10 100 166 25 250 300 
Z 100 133 18 189 229 
3 100 LZ 128 158 
4 10 100 120 
5 100 110 
6 100 























Step 2 
calculation of minimum of possible cost in periods 1 through e( f,): 
To obtain the minimum of possible cost in periods 1 through e we 
need to calculate fore = 1,..., N = 6 the following value: 
fe = Min (Zee + fa) or 


for t=1,..,e 


ft = Min(Zy¢ +r fo , Z2e + f, ite. Lege [soy ) e= 
1,...,N 
f.= Min(Ziet+fe1  ) for t=1,4:,6 “fy =0 
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f, = Min({Z,, + fo) = (100 + 0) 
= 100 for Z,, + fo, 
fo = Min(Z,. + fo, Zz. + f:) = Min(100 + 0, 100 + 100) 


= 100 for Z12 + So» 


fy = Min(Z,3 + for Zos + Sis Zaz + Sa) = (166 + 0,133 + 100,100 + 100) 
= 166 for Z,3 + So» 

Sg = Min(Zy4 + for Zr + Sir 234 + Sos Zag + Ff) 
= (250 + 0, 189 + 100, 128 + 100, 100 + 166) 
= 228 for Z34 + fo 

fs = Min(Z,s + fo» Zos + Sis Za + Sar Zas + Sa» Zss + Sa) 
= (250 + 0, 189 + 100, 128 + 100, 100 + 166, 100 + 228) 
= 228 for Zs + So» 

fe = Min(Zy6 + for Z26 + Sis Z36 + Sa» Za + far Zs6 + far Ze6 + fs) 
= (300 + 0, 229 + 100, 158 + 100, 120 + 166, 110 + 228, 100 + 228) 
= 258 for Zs5 + Sr 

The table below shows the alternatives of variable costs(Zte + fy_4 
and f, values: 





Values of variable costs (Zte + f_1) and fe 





























e 1 2 3 4 5 6 
t 
1 10 10 166 250 250 300 
Z 20 233 289 289 329 
a 200 228 228 258 
4 266 266 286 
5 328 338 
6 328 
fe 10 10 166 228 228 258 























Step 3. Finding optimal combinations and converting the optimal 
solution fy into an optimal ordering plan 

Determine the last order by applying Criterion I of step 3 
mentioned in the algorithm : 

In this example f; =f, corresponds to the combination of 
"f,and Z3¢ i.e. according to Criterion I 
fy = Zw.n + fw-1 = Z36 + fe 
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According to this criterion the final order is planned for Period 
w=3 for the requirement of periods 3 through 6 with lot size of 
33+ 28+0+10=71 

Determining the order prior to last order by applying Criterion II of 
step 3 mentioned in the algorithm : 

fw—1 = Zy yw—1 + fu-1 w=3 
fwat —Zyeca Phe WHS fp eZ ye iy 

f, was obtained from the combination of fy) and Z,, therefore 
u = 1. The order is placed at Period 1. This order covers demands in 
periods u through w-1 i.e. periods 1 and 2 with size 75 +0=75 . 
These 2 orders suffice to cover the time horizon. The algorithm ends. 

Therefore the method gives the following results 





t 1 2 3 4 5 6 sum 
D: 75 0 33 28 0 10 | 146 









































Ge (75° |= er |= : - | 146 
Costs: 
Ordering cost = 2 x 100 =10 
Holding cost: 


Cy Ue =1(0 * 1 +0*14+38*14+10*14+10%*1) =58 
TVC = 200+58 = 258M 


Example 4-18' 

Using the data given in the following table, Find the solution to this 
dynamic lot sizing problem by several methods and compare their 
costs if 

Ch per period= $1 The setup or order cost=Co = $40 





t 1 
Dr | 2 


8 }9 | 10} 11 12 
5 | 10} 20/5 20 





15 | 25 















































* Based on https://www.isye.gatech.edu/~spyros/courses/IE3104/Summer- 
06/Hw4-Solution.doc 
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Solution 
(i)Silver-Meal 
Iteration 1 
Starting period:1 

ACC}) = Co + Cy X Zraalt —1)D, 

AC(1) = 40 

AC (2) = (40 + 12)/2 = 26 

AC (3) = [40 + 12 + (2)(4)]/3 = 20 

AC (4) = [40 + 12 + (2)(4) + G)(8)J/4=21 Stop 

Iteration 2 

Starting period:4 


AC (1) = 40 
AC (2) = (40 + 15)/2 = 27.5 
AC (3) = [40 + 15 + (2)(25)/3 = 35 stop 


Iteration 3 

Starting period:6 

AC (1) = 40 

AC (2) = (40 + 20)/2 = 30 

AC (3) = [40 + 20 + (2)(5)]/3 = 23.3333 

AC (4) = [40 + 20 + (2)(5) + (3)(10)]/4 = 25 stop 
Iteration 4 

Starting period:9 


AC (1) =40 
AC (2) = aie = 30 

AGG) = BEE OOO 99 3339 

AC (4) = TAO 20k 2a 0) Saar G stop. 


4 
Then according to Silver Meal method 5 orders have to be placed 


with sizes (2+124+4)«(8+15))«(25+205)«(10+20+5 and (20) for Periods 
1,4,6&9 

= (2, 12, 4, | 8,15, | 25, 20, 5, | 10, 20, 5, | 20) 

Cost: C,=1 Co = 40 

t 1 2 3/4 5 6 7 8/9 10 | 11 | 12 
D: | 2 |12)/4);8 /15 )25/)20;}5/]10)]20/5 | 20 


O. | Cee lose sore fe ess: Fe 6 
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1 | 16 | 4 } 9 | 15 | 0 | 25 | 5 (0) 25/5 | 0 | 0 | 





12 


Ch) = 106 +4415 +25 +5 +25 +5) = 95 


t=1 
TVC=5C, + Cy 221 1; = (5)(40)4+95=295. 


ii) LUC 
Iteration 1 
Starting period :1 


UC(1) = 40/2 = 20 

UC (2) = (40 + 12)/(2 + 12) =3.71 

UC (3) = 40 + 12+ 8) /2+124+4) =3.33 

UC (4) = 40 + 12 +8 4+ 24) /24+12+4+4+8) =3.23 

UC (5) = (40 + 12+ 8+ 24+ 60) /24+12+4+4+8+4+15) =3.51 
Stop. 

Iteration 2 

Starting period :5 

UC (1) = 40/15 = 2.67 

UC (2) = (40 + 25)/(15 + 25) = 1.625 

UC (3) = (40 + 25 + 40)/(15 + 25 + 20) = 1.75 Stop 

Iteration 3 

Starting period :7 

UC (1) = 40/20 = 2 

UC (2) = (40 + 5)/(20 + 5) = 1.8 

UC (3) = (40 + 5 + 20)/(20 + 5 + 10) = 1.86 stop 

Iteration 4 

Starting period :9 

UC (1) = 40/10 =4 

UC (2) = (40 + 20)/(10 + 20) = 2 

UC (3) = (40 + 20 + 10)/10 + 20 + 5) =2 

UC (4) = (40 + 20 + 10 + 60)/(10 + 20 + 5 + 20) = 2.3636 

Solution of LUC: 

= (2, 12, 4, 8, | 15, 25, | 20, 5, | 10, 20, 5, | 20) 

Ch = 1 Co = 40 
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OQ. | 26-;= |e 40 


25 





t | 24)12/8 |0 | 25 0 























5 





0 




















Cost 


Ch Die. =1(244+ 12 +--+ 5) = 104 
TVC=5C, + Cy YZ, ik =5*40+104=304 


iii) LTC or PPA method 


This approach sets the order horizon equal to the number of 
periods that most closely matches the total carrying cost with the order 
cost, which is $40 in this problem. Therefore, the absolute value of the 
difference between the holding and order costs is calculated in each 
period and the one with the lowest value is found. 


Iteration1 
Starting period:1 
Through holding cost 


Period n 
APP, = Yi —1)D; C APP, |C,APP, =, | 
i=l 
1 0 0 40 
2 1x12 12 28 
3 1x124+2x4 20 20 
4 20+3x8 44 4 €( closest) 
5 444+4x15 104 64 
Iteration2 


Starting period:2 
Through holding cost 
Period n 


n  APP,=>°@-DD,_ 


i=l 


5 40 
6 2 
e 65 


Iteration 3: starting period:7 


APP, =Si -1)D,_ 


n 

i=l 
7 40 
8 5 
9 25 


[GAPP, Oe | 


0 
15€ closest 
25 


|C APP, eC, | 


0 
35 
15€ closest 
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10 85 45 

Iteration 4: starting period:10 

n APP, =>°@-DD,_ |C,APP, -C, | 
i=l 

10 40 0 

11 5 35 

12 45 5 €©closest 


Solution of LUC: = (2, 12, 4, 8, | 15, 25, | 20, 5, 10, | 20, 5, 20) 
i.e. 

1“ order occurs in Period 1 with size2+12+4+8=26 

2° order occurs in Period 5 with size25+15=40, 

3 order occurs in Period 7with size 35 : 

Final order occurs in Period 10 with size 20+5+20=45 

The calculations are given below: 


















































Calculations of PPA=LTC algorithm applied to Example 4-18 
Iteration Included Demand |holding cost — ordering cost | 

Periods 

I 1 2 [0 — 40] = 40 
12 14 [12 — 40| = 28 
ome 18 |20 — 40] = 20 
123. | 26 44 — 40] =4 
1.2.3. Al 1104 — 40| = 64 

2 5 15 [0 — 40] = 40 
5.6 40 (25 — 40] = 15 
5.6.7 60 165 — 40] = 25 

3 7 20 [0 — 40] = 40 
78 25 [5 — 40| = 35 
7.8.9 35 [25 — 40] =15 
78.9. | 55 I85 — 40] = 45 

4 10 20 [0 — 40] = 40 
10.11 25 15 —40| = 35 























Results of PPA or LTC algorithm 





t 1 2 3/4 |5 6 7 8 9 10 | 11 | 12 





Dt | 2 12 }4 |8 | 15 25 20 5 10 | 20 | 5 20 





One. ele Mer eee le ees lag 


























t | 24 {12 |8 |o | 25 |0 15 |10 |0 | 25 |20 /0 
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Cost 
C,=1 and C, =40 
12 


TVC = 4Cy + Cy ) ly =160 + 1(24 + 12 + +20 +0) = 299 




















t=1 
iv) EOI or POQ Algorithm 
= 24124+44+84+154+254+204+5+10+204+5+20 
D >= ao _ = 112.16 
12 
Cy = 40 C, =1 
2C, 2x40 
je f= = 75623 
DxCp 12.16x1 
t i le 3 [4 | 6 7 [8 |9 10: ta. yat2 
Di 12-4 | 8 oa eer 20.5 | 10 20.:|5- |-20 
Q, | 18 AB: New cle) BG Ts, ile ae Le. tie 
, |16 14 [0 |40 [25 /o [15/10 /o |25 | 20/0 





























12 
t=1 


C, *(16+4+4+404+ 25415410425 +20) = 1604+ 155 = 315 


v) PPB Algorithm : 





Calculation of PPB algorithm applied to Example 4-18 

















Iteration Included ae 
Periods App, =e —DD; 
1 1 0 
12. 0+12 
1.2.3 124+8 
1.2.3.4 20 + 24 = 44 














Since APP4 exceedsEPP = = an order of size Q=84+15=23is 
placed for the 3 previous periods i.e.1,2&3 





2 | 4 | | 0 





| 45 | | 0+15=15 








| 45.6 | | 15+50=65 
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Since APP6 exceedsEPP = = an order is placed for Periods 
4&5 of size Q=8+15=23 

















3 6 | 0 
6.7 | 0+20=20 
| 6.7.8 | | 20 +10 = 30 
| 6.7.8,9 | | 30+30=60 
Since APP9 exceeds EPP=~2 an_ order of size 


1 
Q=5+20+25=50 is placed for the 3 previous periods i.e.6,7&8 

















4 9 0 
| 9.10 | 20 
| 9.10.11 | 20 + 2(5) = 30 
|9.10.11 | _30+60=90 





Since APP12 exceedsEPP = ~ an order of size Q2=10+20+5=35 


is placed for the 3 previous periods i.e.9,10&11. 
Furthermore an order is placed for Period 12 with size 20 the 
final order. 














The summary of PPB algorithm 
t 1 2 3 | 4 5 6 7 8 9 10 | 11 | 12 
D | 2 12 |4 | 8 15 25 20 5 10 | 20 | 5 20 
On ts: jase [ee eaelke 50 | - [35 - | 20 
t | 16 | 4 0 | 15/0 25 5 0 25 | 5 0 0 



























































Cost 

C,=1 C, = 40 
TVC = 

5€, + Cyd, =200 +1116 +44+-°4+54+04+ 
0) =200+95=295. 


TVC = 5C, + Cy Yi, 1, =200 +1116 + 44+ +5 +0 +0) =200+95=295 
vi )POS Method 
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Assume the inventory before the horizon begins is 4 units , Ty =2 
months,POS=5, safety stock =3 






















































































































































































Results of POS 
Period(t) -2|}-1/]1 2 3 4 5 
Jan Feb Mar Apr | May 
Net Requirement(D:) 2 12 4 8 15 
Available inventory 4 42 30 26 18 3 
(I) 
Received order 40= 
41-443 
Planned order 4 80 
0 
Results of POS(continued) 
t 6 vi 8 9 10 11 12 sum 
June | July | Aug | Sep | Oct | Nov | Dec 
Net 25 20==55 {== =38 146 
Requirement(Dt) 
Available 58 3 33 23 3 23 3 
Inventory(I, ) ba 
Received Order 80 25 146 
Scheduled order 25 





























Note That since POS=5, the lot size is derived from the summation 
the requirement of 5 consecutive periods 
Co =40, C,=1,,7TVC = 3C, + Cy v2, =120 + 300= 420 


Vii ) Incremental part Period Algorithm(IPPA) 
The calculations are given in the following table. 
The sign * in the table means that the iteration has not arrived at the 


stop point i.e to the period for which IPP, EPP 


C 40 
where EPP =—° = - and IPP, =(n-1)D, 


Ch 
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Calculations of Example 4-18 by IPPA 












































































































































Q | Iteration | t 1 2 3.) 4 5 | 6 7 
D: 2 12 |4 | 8 15 |} 25 | 20 
1 n 1 2 3/4 
IPP = 0 *12 | *8 | *24 | 60 
(n—-1)D, 
Qa 2412+ 
4+8=26 
2 n Ds io 22 3 
IPPy =(0-1)D q O* | *25 | 40 
Calculation of IPPA (continued) 
Iter. | t 5 6 |7 |8 |9 10 |} 11 | 12 
Dt 15 25 | 20 10 | 20/5 | 20 
Q2 15+ 
25+ 
3. |n aan 1 [2 {3 
IPP, =(2-1)D py O* | *5 | 40 
Qs 35 
4 n Te 2 
IPP, =(1-1)D py 0 | 20 
Results of IIPA algorithm applied to Example 4-18 
t }1 [2 [3 ]4]5 | 6 | 7 }8 [9 | 10 | 11 | 12 
De | 2 12);4/8]15 | 25 | 20/5 10 |; 20 |5 | 20 
Q | 26 | - - |- | 60 | - - 35 | - - 25 
I | 24 |} 12)8 |}0 | 45 | 20 | 0 30 | 20 | 0 20 | 0 





Cy = 40 


TVC = 3*Cy +C, * (2441248445 + 20+ 304 20 + 20) = 120 + 209 =329 
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viii ) With Lingo software 

The model of Example 4-18 typed in Lingo environment: 
mim = 
40*(z14+z24+z734+244+754+7264274284294z10+z1 14+212)+1*( 1412413414415 +164+174+18+ 
19+110+111+112); 

10+Q1=i11+2; 

11+Q2=12+12; 

12+Q3=13+4; 

13+Q4=144+8; 

14+Q5=i15+15; 

15+Q6=164+25; 

16+Q7=17+20; 

17+Q8=184+5; 

18+Q9=19+10; 

19+Q10=i110+20; 

110+Q11=111+5; 

111+Q12=112+20; 

Q1<=146*z1; 

Q2<=146*z2; 

Q3<=146*z3; 

Q4<=146*z4; 

Q5<=146*z5; 

Q6<=146*z6; 

Q7<=146*z7; 

Q8<=146*z8; 

Q9<=146*29; 

Q10<=146*z10; 

Q11<=146*z11; 

Q12<=146*z12; 

@BIN( z1);@BIN( z2);@ BIN( z3); @BIN( z4);@BIN( z5); @BIN( z6); 

@BIN( z7);@BIN( z8); 

@BIN( z9);@BIN( z10);@BIN( z11);@BIN( z12); 

i0=0;i1>=0;i2>=0;i3>=0;i4>=0;i5>=0;16>=0;17>=0;i8 >=0;19>=0;110>=0; 

I11>=0;112=0;end 

Global optimal solution found at iteration: 507 








Objective value: 295.0000 
Variable Value Reduced Cost 
Zl 1.000000 40.00000 
Z2 0.000000 - 106.0000 
Z3 0.000000 -252.0000 
ZA 1.000000 40.00000 
10 0.000000 0.000000 


Q1 18.00000 0.000000 
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Q2 0.000000 0.000000 
Q3 0.000000 0.000000 
Q4 23.00000 0.000000 
Q5 0.000000 0.000000 
Q6 50.00000 0.000000 
Q7 0.000000 0.000000 
Q8 0.000000 0.000000 
Q9 35.00000 0.000000 
Q10 0.000000 0.000000 
Qll 0.000000 0.000000 
Q12 20.00000 0.000000 
Results of Lingo CG, =1 C, = 40 
t 1 2 3 | 4 5 7 8 10 | 11 | 12 | sum 
D, | 2 12 )4)]8 15 | 25 | 20 }5|10)20/5 20 | 146 
Qa | 18 | 0 0 | 23 | 0 50 | 0 0|35 |0 0 20 
I 16 | 4 0/;15|0 25 15 0/;25|5 0 0 
Costs 
>> il=16; 12=4; 13=0; 14=15; i5=0; 16=25; 


17=5;18=0;19=25;110=5;11 1=0;112=0;i0=0; 
>>zl=1; z2=0; z3=0; z4=1; z5=0; z6=1; z7=0; z8=0;z9=1;z10=0;z1 1=0;z12=1; 
>>TVC= 
40*(z14+z24+z734+244+754+264274284294z10+z1 14+212)+1* (1412413414415 +164+174+18+ 
19+i110+i11+112) 
TVC =5*Cy + Cy(16+4,,, +5)=2004+95=295 
The costs of the solution of the algorithms applied to Example 4-18 
are inserted in the following Table for comparison 





TVC of Algorithms’ solution for Example 4-18 





Method | Silver LUC | PPA= POQ= PPB Wagner | IPPA | Lingo 
Meal LTC EOI whitin 











| TVC 295 | 304 | 299 | 315 


| 295 


295 


329 | 295 | 





Exerci 


1-What is meant by dynamic lot sizing? 


ses 


2-Compare POQ and EOQ methods. 
3-What is the difference between PPA and IPPA methods. 


4-The requirements for the next 6 months are as follows: 
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The holding cost per unit product for each period is $5. The ordering 
cost for the first period is $70 and for the other periods is $200. The 
lead time is one month. Use the LUC method and another approach to 
find the order lot sizes. Which method is better? Why? 


5-( Tersine, 1994p199) An item has a unit purchase price of $45,an 
ordering cost of $110 and the carrying cost fraction per period is 
2.5%. Determine the order sizesusing PPB , IPPA and Silver-Meal 
algorithms. Which method is better?) Why? 





| period | 1 2/3 4 5 [6 7 [8 9 10 | 





Di 10 3 | 30 100 | 7 | 0 80 | 50 0 90 | 





6-The requirements of a 12-period time horizon are given in the 

following table. The holding cost fraction is 2%. The ordering 
cost per period is $200. Determine the order sizes using LTC, LUC & 
Silver-Meal algorithms. Also solve this problem by Lingo software. 
Which method is better? Why? 





t 








1)/2/3) 4 bs 6 | 7 8 9/10) 11 | 12 | 





Dt 180 


250 | 270 








10 | 0 





0 120 | 70 














0 40 0 | 10 








Solve example 4-1 with Lingo, assuming that 8 units is necessary 
after the last period 


References of Chapter 4 

Axsater, Sven, 2015 
Inventory Control 
Springer 

Bramel, J. and D. Simchi-Levi, 1997 
The Logic of Logistics, , 
Springer, New York, N.Y. 

DeMatteis, J. J. 1968 





223 Classical topics in inventory control and Planning 





Part Period Algorithm 
IBM Systems Journal Volume:7 , Issue: 1 
Johnson, L.A., & Montgomery, D.C., 1974 
Op. Research in Production Planning, Scheduling & Inventory Control 
John Wiley & Sons Inc 
Karimi,B,2009 
Inventory Control and Planning(Persian) 
Jahad Daneshgahi Pulication, Tehran 
LaForge, R. I. ,1982 
MRP and the Part-Period Algorithm , 
Journal of Purchasing and Materials Management pp21-26 
Lee, Chung-Yee , Cetinkaya, Sila, Wagelmans, Albert P.M.2001 
A Dynamic Lot-Sizing Model with Demand Time Windows 
Management Science Volume 47, Issue 10, 1998 version 
downloadable ftrom __ repub.eur.nl/pub/7707/1999-0954. pdf 
Harris, F. W. 1913. 
How many parts to make at once. Factory — 
The Magazine of Management, 10, 135-136, 152. 
Patterson, J.W. LaForge, R.L.,1985 
The incremental part-period algorithm: An alternative to EOQ, 
Journal of Purchasing and Materials Management 
Shih-Tao Huang and Fu-Chiao Chyr, 1995 
Lot-Sizing with Quantity Discount -- Incremental Part-Period Approach 
Jr of National Kaohsiung Inst. of Tech, No.25, , pp.115—136. 
http://ir.lib.kuas.edu.tw/bitstream/98765432 1/1 1682/2/Lot- 
Silver, E. A., D. F. Pyke, and R. Peterson, 1998 
Inventory Management & ProductionPlanning Scheduling, 3rd Edition, , 
John Wiley & Sons, New York 
Subramaniam, Anand, 2009 SLIDES 
Lot sizing Techniques 
http://www.slideshare.net/anandsubramaniam/lot-sizing-techniques 


Vera, E. A., LaForge, R.L. ,1985 


The performance of A simple Incremental Lot sizing Rule in A Multilevel inventory Environment 
Decision Sciences Volume 16, Issue 1 pages 57—72 
Zenon, Nasaruddin , Ab Rahman Ahmad & Rosmah Ali,2003 
A Genetic Algorithm for Solving Single Level lot sizing Problems 
Jurnal Teknologi, 38(D): 47-66 
Zenon, Nasaruddin , Rosmah Ali, Ab Rahman Ahmad ,2006 
Application of Simulated Annealing and Genetic Algorithms in Solving 
Single Level Lot Sizing Problems 
http://ejournals.ukm.my/apjitm/article/view/1269/0 
Yilmaz,C, dated- nil 
A review of lot sizing Techniques 


sbedergi.erciyes.edu.tr/sayi_4/A%20Review%200f%201ot%20S %C4%B 1z%C4 %B 1ng%20 
Techn%C4%B | ques%20=%20D0%C3%A7.Dr.%20Cengiz%20 YILMAZ. pdf 


Wagner,H.M, Whitin, T.M. 1958 
Dynamic Version of the economic lot size 





Chapter 4 Dynamic Lot Sizing 224 





Management science Vol5 pp 89-96 
Wakinaga, H, Sawaki,K, 2008 
A Dynamic Lot Size Model for Seasonal Products with Shipment Scheduling 
The 7th International Symposium on Operations Research and Its Applications 
(ISORA’08) Lijiang, China, Oct 31—Nov 3, 2008 ORSC & APORC, pp. 303-310 
www.aporc.org/LNOR/N/ISORA‘ + + AFY?.pdf_ available 23/8/2016 
Winston, W.L,1994,2003 
Operations Research 
Duxbury Press 





God is the light of the heavens and the earth. 


Light is in your heart, you will find your way 





Classical topics in inventory control and Planning 





Chapters 


Inventory 
Control 


under 


Uncertainty 





Chapter5 Inventory control under uncertainty 226 





Chapter 5 





Inventory Control under Uncertainty 





Aims of the chapter 


This chapter deals addresses the problem of inventory control under 
uncertainty which is an important issue in supply chain management 
across industrial and commercial firms. In this regard such inventory 
models as single period inventory,(R,T) and(r,Q) are introduced . The 
end of chapter deal with the application of decision making in 
complete uncertainty in inventory control. 


5.1 Introduction 


As mentioned in chapter 1, the uncertainty condition could 
be divided into complete uncertainty conditions and risk 
conditions. The so-called completer uncertainty condition in 
inventory planning will be dealt at the end of this chapter. In 
risk conditions there is some records of past data which enable 
us to calculate the occurrence probability of the occurrence of 
the inventory model parameters. In what follows you will find 
inventory models such as single period inventory, FOI=(R,T) and 
FOS =(r,Q) models under risk conditions. 


5.2 Single Period Inventory Model with 
Probabilistic demand 


The single period inventory model described here are used in 
situations where a kind of raw material or a finished product is 
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ordered based on the probabilistic demand for it. The demand is a 
random variable where occurs in only a single period. The objective of 
the problem is to find that level of inventory before the start of the 
period(R) which maximizes profit. This model which is often called 
the newsboy problem or Christ- mas tree problem is used for 
perishable or seasonal items that could be ordered once or have a 
short period of consumption such as bread , flower, fruit, vegetable, 
newspaper, new year cards, deteriorating items, the items that are 
produced once and cannot be carried in inventory and sold in future 
periods. 


In this model 

-The demand is a random variable, 

-The period of consumption is relatively short, and one order for 
purchase or production is placed to be received at the beginning of 
the period. 


-The salvage price is very low compared to the initial price. 


- The objective in this problem is to determine an optimal level for the 
maximum inventory which maximizes profit. 


Symbols 
A The position of inventory before placing an 
order 
X=D ~— Demand 
f(x)= The probability density function of variable 


f(x) demand 


F@)= — -Pr(X <x) 
Gy(k) Unit loss normal integral 


H The actual holding cost of one item not sold 
=H’ during the period 

-—L 

H’ The cost of disposal of one unit at the end of 


period 
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K(R = 
(R) PR-N+HR+ V+ iH) | (x — R)f (x)dx 
R 
L Salvage or sale value of one unit 
P Service level (Pr(X < R) 
ee Unit price or unit cost of production 


Pp(x) The probability function for discrete demand 

R The level of inventory after receiving the order 

R* Optimal R 

U The sales revenue during the period 

Vv The value earned per unit sold 

Y The cost during the period(purchase/production ,holding 
&shotage) 

Z The profit during the period 

T Unit shortage cost(lost profit not included) 


Note that: 


It is assumed the cost of holding for the units sold during the period is 
ignorable . 


H, the actual holding cost for each unsold unit at the end of the period, 
is equal to the differencebetween the disposal cost(H') and the salvage 
or sale price(L) 1.e. 


H=H’-L (5-1). 


H’ and L could be zero or positive; therefore H could be negative, 
Zero OF positive. 


Let the shortage cost of one unit be denoted by z. In this model there 
is no time-depended shortage cost because there is only one period. 
By the way if in the case of shortage it is said that there is only lost 
profit per each shortage unit during the period then let z=0. 


As mentioned before in this model we would like to determine the 
inventory level after receiving the order (R) in such a way the the 


profit is maximized. For the period let 


Y denotes the purchase, holding and shortage cost 
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U denotes sales revenue 


Z =the profit during the period or Z =U—-—Y => 
E(Z) = EWU) — E(). (5-2) 


It is obvious if the demand is more than R the sales amount is R : 


x D<R 


Sales volume random variable= = { R D>R 


To deal with the model two cases are distinguished 


a)The order cost or setup cost (Co) is ignorable, 
b) Co is considerable. 


5.2.1 Single Period Inventory Model —order/setup cost 
ignorable 


Let us denote the revenue per unit sold be V then 
the average revenue =V X average sales volume 
5.2.1.1 Single Period Inventory Model :C, = 0 & continuous 
demand 


If the order / setup cost (Co) is ignorable and the demand 
is a continuous random variable with probability density 


function f(x) then: 


Average sale volume= 


co 


co R 
=| (sale volume) f (x)dx =| xf (eddx + | RFGOdx = 


R 
Average sales _ volume=f i xf (x)dx — f, . xf (x)dx + 
Jn Rf (dx = E(D) + f° (R - x) f(x) dx 


Average sales revenue= E(U) = VE(D) + V i (R—x)f(x)dx or 
Average sales revenue = E(U) = VE(D) —V i, @ —R)f(x)dx (5-3) 


The total cost Y was defined as: 
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Y=purchase/production cost +holding cost+ shortage cost. 


The unsold units at the end of the single period is a function of 
the demand : 


unsold units= g(x) (5 — 4) 
If the actual holding cost per unsold unit is H, then: 


The average holding cost= 
co R co 
a g(x) f(x)dx =H [| (R — x) f(x)dx + | of adda => 
0 0 R 


The average holding cost of the period= H { fi (R — x)f (x)dx. 


Let the shortage which is a function of the demand be denoted 
by b(x): 


D<R 


D>R 2) 


d(x) = ae 


For continuous demand, the average shortage volume for the 
period denoted by b(R) is equal to: 


a (oe) R (oe) 
b(R) =| b(x)fedx = | of (wax + | (x — R)f (x)dx 
0 0 R 


This relationship after simplification is inserted in the following 
table as well as a similar relationship for the discrete demand. 


Demand Average shortage volume for the period 
ti = co 
continuous B(R) = I (x — RY) dx (5-6) 
R 
Discrete _ = 
BR) =) &-R)Po@) (5-7) 


x=R+1 
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Where f (x) is the probability density function for continuous demand 
and Pp (x) is the probability function for discrete demand. 


If the cost per unit shortage is 1 then: 
Average shortage cost for the period = mb(R) = 1 ie (x — R)f(x)dx. 


Let the position of inventory before placing an order be A. If the unit 
price is P then 


Production /purchase cost = P(R — A) 


Average total cost = E(Y) = P(R— A) +H f(R — x)f(x)dx + 
rf (x — R)f(x)dx => 
R 


E(Y) = P(R - A) raf @ — x) f (x)dx 


-uf @ -xf@dx ta | ORF eddx 
R R 


=> 
E(Y) = P(R-—A)+4HR [ rood: — a[ xfeodx 
—H R d H d 
raddx +H | af 
+r xf (ade — ne | f(x)dx => 
R R 


E(Y) = P(R—A) + HR —HE(D) —-(r +H) [ area 
R 


+ (1 +H) [ feoax = 
R 


Finally: 





Chapter5 Inventory control under uncertainty 232 





E(Y) = P(R-A)+H(R-E@))+@+ Df @- 
R)f (x) dx. 


Average profit is given by: 


E(Z) = E(U) - E(Y) 


E(U) = VE(D) + v[ @ — x)f (x)dx 


E(Z) =VE(D) +V [-@ — x) f (x)dx — P(R— A) —HR 
+ HE(D) - 


(1 +H) [ — R)f (x)dx 


E(Z) 
= (V+H)E(D) 


does not depend on R 


— leer —A)+HR+ venti | c-Rseodr 
R 


Now let 
K(R) = P(R-A) +HR+(V+7+H) f(x—R)f(x)dx (5-8) 
Then 


E(Z)= (V+H)E(D) —K(R) (5-9) 


does not depend onR 


Our objective is to determine a value for R which maximizes 
E(Z) or equivalently minimizes K(R) which plays a significant 
role in the cost of 
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a7 K(R) 


this model. Note that - 
aR 





= (V + m)Hf (R) is the product 
2 
aK) 5 0. Therefore K (R) has 


2 = 





of 3 non- negatives then 


minimum. Figure 5.1 shows a typical function K(R) and its 
minimum 





R* 








Fig 5.1 A typical function K(R) 


Example 5.1 





In a single period decision model P = 0.2,A =0,V =2,7 =0, 
H = 0.1 and 


If the demand for the period is uniformly distributed over 
[10,20], draw the function K(R),10 < R < 45, 


If the demand for the period is normally distributed with 
mean 20 and variance 9, draw the function K(R),0 < R < 20, 


Solution 
a) 
K(R) = P(R—A) +HR+(V4r4 wf G=Mradde 
R 


1 
20-10’ 








P =0.2,A=0,V =2,7 =0,H = 0.1, f(x) = x € [10 20], 
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K(R) = 0.2(R — 0) + 0.1R 
+(2+0-+0.) { (@-R 


X=R 


dx 


2.1 
The following command in MATLAB draws Fig 5.2: 
R=10:.01:45;K=.3*R+2.1*(30-R).42/40;plot(R,K) 





K(R) 














Fig 5-2 Function K(R) for Example 5.1 (uniform demand) 
b) 
Substituting the data yields 
K(R) = 0.3R + 2.1 | (x — R)f(x)dx 
R 


Where f (x) is the pdf of a normal distribution with p = 20&0 = 3. 
According to Eq. 5-1 in Sec. 1.5.1 we could write 
(oe) R = 
| (x —R)f(x)dx = oGy(K) k= —— 
R 


Where 


Gy(k) is given by Table A at the end of the book or by the 
following MATLAB command: 


Gy(k) =exp(-k.4¥/*)/sqrt(¥ *pi)-k.*() -normcedf(k)) 
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Then K(R) = 0.3R + 2.10Gy (—). 


3 


Fig 5.3 is the plot of K® versus R drawn by the following 
MATLAB commands: 


R=0:.01:20; k=(R-20)/3; 
KR=.3*R+42.1*3*exp(-k.42/2)/sqrt(2*pi)-k.*(1-normedf(k));plot(R,KR) 


9 

















Fig 5-3 Function K(R) for Example 5.1(normal demand ) 


5-2-1-1-1 Optimal value of maximum inventory(R*) 


We are in search of that value of maximum inventory (R) 
which maximizes the profit E(Z) or that value of R which satisfy 
dE(Z) _ 

dR 





dE(Z) _ 


——=0 = -P-H+Wtn+H) | f@)dx=0 => 
dR . 


P+H-(V4+nx+H)[1-F(R)|=0 => 


If demand is continuous, the optimal value of R is derived from: 
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V+7m—P 
V+m+H 


F(R*) = (5-10) 
V+m—P 


The answer exists if 0 < 
V+mt+H 





< 1 and shortage is allowed. 


Note that 


-The differentiation under integral sign has used Leibniz's Rule. 


According to this rule if F(y) = (cg (x,y)dx — ,then 


dx. 





h(Y) f(x, y) 
PO) = NOD) — Forma.) + fF 
8Yy 


-the difference V-P is the profit of one unit, 


-If the distribution of consumption during the period is denoted 
by X then 


Shortage probability for the period= Pr(X>R*)= 1- 
F(R*). 


-What is sometimes called service level is equal to: 
Service level p = Pr (X < R*) 

5-2-1-1-2 Optimal strategy in single period model 

If A>R° ie. the inventory level before placing an order is 
greater than or equal to R , no order is placed; and if A<R an 
order is placed with the quantity 

Q=R-A (5-11) 

Needless to say that A is deducted from R’ only if the units are 


usable for the period ad are not things such as newspaper which 
is not usable for the coming period . 
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Some comments: 


-When z = 0 we have F(R*) = —. In this case it obvious that 


there exists an answer for R* only if §= V>=P which is 
economically true. 


- When the range of the demand is restricted to interval [a bj], if F(R*) = 
1 then set R* = b; if a negative value was calculated for F(R*) 
set R* =a and if shortage is not permitted in the model (1m = 
oo)then F(R*) = 1 and R* = b. 


5-2-1-1-3 average shortage cost in the single period model 


Shortage occurs when the demand over the period (X) exceeds R; 
other wise we would not face with shortage and we have no cost 
incurred due to shortage. 


de hace = { Pr (X > R) 
unit shortage COost= 0 Pr (X < R) 
The expected value of shortage cost = 
mxPr(X > R) +0 X Pr(X < R)=1xPr(X > R) 
Example 5-2 

The weekly demand of a kind of liquid follows a Weibul 
distribution with parameters A=0, B=1000 lit C=2. If the liquid is not 
consumed within a week ,it would be considered salvage and no one 
buys it and its cost of dis- posal is $0.1 per one liter unsold. There 
no shortage cost except the lost profit. The liquid is bought $0.2 per 
liter and sold $2 per liter. Find the opti- mal order quantity. 


Solution 
Weekly D~ weib(B = 1000,C =2) P= >, =2, r=0, 


H=H'-L=01-0=0.1 
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V+tn—P 2+0—-02 18 


FR) = 2 Se 
) V+n+H 2+0+01 2.1 


* 1.8 
1 — e~(0.001R*)? _ ea 0.8571 = R* = 1392. 


Or with MATLAB: 


R* = wblinv(.8571,1000,2) = 1392 


Q’=R-A =1392-:=1392 A 
Example 5-3 


In a one period model an item is sold $20 per unit where the unit 
pur- chase price is $12. Shortage incur no cost except the lost profit. 
The unsold units have no value and cost at the end of the period. there 
is 5 units available at the beginning of the period. Find the optimal 
order quantity for the following cases: 


a)The demand of the item in the one period model follows a 
uniform distribution over(0, 100) 


b) The demand is exponentially distributed with parameter 2 = 0.01. 
Solution 


In this problem there is no shortage cost i.e. 7 = 0, since there is no 
cost except the lost profit and H’=0&L=0 _ since there is not any cost 
and revenue for the unsold units 


Varta 20-0 =12 


Vin+H 204+0+0 =e 


F(R*) = 


a)For the uniform distribution: 


x-0 
100-0 


F(R*) =04=—=> 


F(x) = 





R*—0 
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optimal order quantity =Q* =(R'-A)= 40-5=35. 

b) 

1—e7991R° 0.4 R*=expinv(0.4,100) = =51 
Optimal order quantity =51-5=46 


5.2.1.2 Single period Inventory model :C, = 0 & discrete demand 


In this section the above single-period model is retreated under 
assumption that the demand for the period is not continuous and the 
setup/order cost is negligible. In this case relationships similar to 
those developed for continuous demand case are obtained . The 
difference lies on the use of sigma sign (}) _ )sign instead of integral 


sign(f ): 


K(R) = P(R-I) +HR+(V4a4+H) >. (x — R)Py(x) 


x=R+1 
AK(R) = K(R+1)—K(R) => 


AK(R)=P+H+(V4+n 








+19| ». (x — R — 1)Py(x) 
-|> oe | = 








AK(R)=P+H+(V+a+H){ [Py(R +2) + 2Py(R +3) + 
SPR +4) $<] — [PAR 41) + 2P(R +2) 4+ SPR $3) 4] } 


AK(R)=P+H+(V + + H) {—Py(R +1) — Py(R + 2) — Py(R +3) — °°} 
= 


AK(R) =P +H —(V +2+H)Py(X > R) 


We would like to minimize the discrete function K(R). 
Assuming AK(R)>0 we could write: 


AK(R) =P+H-(V+am+H)Py(X > R) =0 
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P+H 
i aE 
Py(X > R) or PrD > R) Spa aa 
1-Pr(D>R)>1-—— orF(R) > 1-2 
V+m+H V+7m+H 


Where F(R) _ is the cumulative distribution function of demand. 

The best value of R denoted by R* is the smallest R value 
which satisfies the following inequality(based on Peterson 
&Silver, 1991 page 395) 


V+m—P 
V+m+H 





Discrete demand F(R) => (5-12). 


This R* minimizes the cost function K(R). 
Optimal Policy 
R* is the smallest R value which satisfies 


If A2R i.e. the inventory level before placing an order is greater than or 
equal to R , no order is placed; and if A<R an order is placed with the 
quantity Q=R-A. 


Example 5-4 

A single-period item is bought $3000 per unit and sold $5000 
per unit; There is no shortage cost except the lost profit. The 
actual holding cost of one unsold item is H'=0 i.e. negligible. 


The sale cost at the end of the period is: L=2000. 


The demand is discrete with the probabilities given below: 





demand | 6 7 8 9 10 } 11 12 | 13 14 | 
Prob. | 0.05 0.05 | 0.1 | 0.2 0.2 | 0.2 0.1 | 0.05 0.05 | 








Find the optimal order quantity and the probability of shortage. 
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Solution 
D orX | 6 7 8 9 10 ;} 11 | 12 | 13 | 14 
oO oO oO Oo Oo Oo Oo Oo oO 
Probability =) =) = to ie) iw) - oO =) 
Nn Nn Nn Nn 
orc) me = ale =a (Oe ce meeed DR ee Uae 
Nn Nn 
Hts A ee V+m—P 
R* is the smallest value which satisfiesFp(R) = 
V+m+H 


Since there is no shortage cost then z = 0. 

H = H'—L=0- 2000 

Shortage probability = 
P+H 3000-2000 1 
Pr(X > R*) = 1— F(R") = = = 


V+tn+H 5000-2000 3 
V+n-P 5000+ 0- 3000 ee 


V+n+H 5000+0—2000 





Fp(R*) = 


The smallest value which satisfiesFp(R*) > 0.66 is the answer. 
According to the table R* = 11. 


5.2.2 Single Period Model —order/setup cost (Co) 
considerable 


In this section the single-period model is studied subject to 
nonzero order/setup cost 


Symbols 

A inventory level at the beginning of the period 

R inventory level after receipt of the order 

To The smallest root of P 7 + L( 1%) — Co — PRo — L(Ro) = 0 


L(R) L(R)=HR+V4+r+H) [@ ~ R)f (x)dx 
R 


K'(R)_ K'(R) = PR+L(R) 
The point where functions K(R), K’(R) are minimized derived 


V+n-P 
from F(Ro) — oT = 


L(A) | The cost during the period if no order is placed 








Chapter5 Inventory control under uncertainty 242 





In the previous section where order/setup cost was 
negligible (C, = 0). K(R) in the relationship given for profit 
sometimes equals the cost which we want to minimize. In this 
section the cost including the order/setup cost C, would be: 


If R<A no order is placed no calculations is needed. 


If R = A,the cost of period equals C, as well as the cost in the 
previous section i.e. K(R) = P(R — A) + L(R) where 


L(R) =HR+(V+2+H) [@ — R)f (x)dx 
R 


Then the cost of the period:Cg + K(R) =Co+P(R-I+ 
HR+(Vtat+H)f. (x —R)f(x)dx 
L(R) 


If we let K’(R) = P xX R + L(R) then the cost of period = 
Co + P(R — A) + L(R) = Co + PX R+L(R) —PA = Co + K'(R) — PA 


Now let focus on function K'(R) which plays a major role in 
the cost 


K(R) = K'(R) — PA +  K'(R)= K(R)+PA 


The product of the unit price and the inventory at the 
beginning of the period(A) is positive, then if Rg is the point at 
which the minimum of K(R) occurs, the minimum of function 
k’(R) occurs at the same point Ry. Now note that when R=A, 
no order is placed i.e. Cg = 0 . Substituting Co =O &R =A in 
the above relationship yields the cost of the inventory system 
when R = A. 


the cost of period =C, + P(R — A) + L(R) 


The cost for (R=A)= 
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0+ P(A-—A)+HI +Vtn+n | (x — A) f (x)dx 
i 
Denoting the above cost with L(1), we could write: 
L(A) = HA+(V4+ar+ | (x — A) f(x)dx 
I 


The following figure shows an example of the function 


K’(R) = PR +L(R). R is on the horizontal axis and K’(R) 
on the vertical axis. 


K'(R) = PR+L(R) 





r, Ro 


Fig. 5.4 A typical plot of function K’(R) = PR + L(R) 


The minimum of function K'(R) happens at the same point 
where K(R) is minimized i.e. a point such as Ry derived from 


V+n-P 
F(Ro) — Saree = 





Assume point 7,be that value of R that minimizes "Co + 
K’(R)".. The minimum of K’(R) is K’(R,)then the" minimum of 
Co + K'(R) "is "Co +K'(Ro)". As Fig 5-4 shows this value on 
the vertical corresponds to 2 values on the horizontal axis; 
however , the smaller value is of our interest in this case. 
Another words 7 the smallest value (77 < R,) which satisfies: 
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Cot PR + (Ry) =K( "| = PM +1(%) 


Y, and the inventory at the beginning of the period(A) play a 
role in determining the optimal policy in this case. 3 states are 
distinguished here: 


State I: A>R, 


Substituting R= Ain K' yields PA+L(A). Referring to 
Fig 5.5 it is obvious that K'(R) = PR+L(R) > PA+L(A). 
Adding the positive number Co to the both sides does not 
change the directionof the inequality symbol: Cg + PR + 
L(R) > PA+ L(A) > Co + P(R— A) + L(R) > L(A) 


The right had side of the inequality is the cost of the 
inventory system when no order us placed and the left hand of 
the inequality when A<R and an order of size R-A is placed. 
Since the latter cost is greater the former cost, then we have to 
place no order. 


K'(R) = PR+L(R) 





(Y)7 + Ud 


Se 


Ro A 
Fig 5.5 Single —period model Co # 0 and A>Ry 
State II: rj <A < R, for R>A 


With the assumption Cg + K'(Ro) > K'(A) 
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For any R in the interval 7 <I <R <R, (Fig. 5.6) we could write: 


K'{R) = PR+L(R) 





ee 


Fig 5-6 Single period model Co # 0&%<A<Ro 


Co + PR+L(R) > PA+L(A) > Co + P(R— A) + L(R) > L(A) 


The right hand side of the lat inequality the cost of the 
inventory system if no order is placed. Again here (1% < A< KR, ) 


the cost of the inventory system if no order is placed is less than 
the cost if an order is placed; then we have to place no order. 
Note since practically R < Athe state , <R<A<R, is not 


applicable. 


State III A < r,(Fig 5.7) 
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° K'(R) = PR+L(R) 





' 
' 
' 
' 
' 
' 
' 
A 


Fig 5-7 State II(A<r, in single period model having C, 


Remembering the definition of 7 , in this state K’(A) > K'(1%). 
Referring to Fig 7-5 we could write: 


PR, +L(R,) = K'(Ry) ; Pr+L(%)=K'(%) 
K'(1)) < K'(A) 
Co + PR, +L(R,)=Ph% +L(%) 
Pr +L (1%) <PI+L(4) = 
Co + PR, +L(R,) < PA + L(A) 


Co + P(Ry — A) +L (Ry) < LA) 


The right hand side of the lat inequality is the cost of the inventory 
system when no order is placed which was previously calculated. The 
left hand side is the cost when an order is placed with size Rg — A. 
Therefore if we place an order our cost decreases . 


Optimal strategy for single period Model having order cost 


If A 2rp place no order; 
where 
A is the inventory at the beginning of the period, 
To is the smallest root of the following equation solved for ro: 
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P hy) + L(1%)—Co a PRo _ L(Ro) = 0, (5-12) 


Ro is the point where the function K(R) + PA or K'(R) = 
PR +L(R) is minimized.; it is obtained from: 


V+n—-P = 
Vin+H 





F(Ro) — 0 (5-13), 
L(Ro) = HRo + V+a+H8H) | (x — Ro) f(x)dx (5-14) 
R 
f (x) is the probability density function of the demand. 


If A <ro, place an order of size 

Q= Ro-A (5-15) 
This is a kind of the so-called continuous review policy 
denoted by (r, Q) which is frequently used in industry. 


Example 5-5 


An item is sold in a single period. The unit purchase and 
selling prices are $12 and $20 respectively. Shortage cause no 
cost except lost profit. The unsold units at the end of the period 
have no cost and no revenue. The demand for the period is 
uniformly distributed over (0,100). The initial inventory is 5 
useable units. Find the optimal order strategy if the fixed order 
cost is a) Co=160 b) Co=200. 


Solution 


We have to find Rpand 7%: 


m = 0 since no shortage cost is incurred. 
V =20,P=12, L=0,H' =0 


H=H'-L=0-0=0 
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Vtn-P  20+0-12 


eC a 
(Ro) Vtnx+H 20+0+0 


= F(Ry) = 0.4 


Since the demand is uniformly distributed on the interval [0 
100] then 


Ro 
=> 04=—- = R, =40. 


PROS Tie 0 “~~ 100 


To find “for part (a) we have to solve the following equation 


for 1%: 
Pro +L(1m) =Co+ PRo + L(Ro) 
R40. PH ie: 6.460 1): 


L(R) =HR+(V+2+H) Re — R)f (x)dx 
R 


The probability distribution function of a uniformly distributed 
demand is —— ove {0 100) 


100 


L(Ro) = (0)(40) + (20 +0+0) (x — 40) (=) dx = 360 
To derive 7) Wwe substitue R= 7 inL(R): 

he 1 
LG) = OG) +20 + 040) J @ 9) (—) ag 


P19 + L( 1%) =Co + PRy + L(Ry) = 


100 1 
12ry +20 | @-n)(— Jax = 160+ 4+ *«12+360 > 
7 100 
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2 


12 7) + 1000 — 207% = = 1000 ==> rm = 0 ,80 


We have to choose the smallest root i.e. 79 = 0. 
to <A=5 ==> noorder is placed. 
Solution of part b is similar to part a: 


PY + L( 1) = Co + PR» + L(R)) => 
100 


1 
(x ~ 14) (735) dx = 100 + 40 + 12 + 360 > 


12ry +20 | Ti 


To 


2 2 


I. I. 
127 + (1000 — 207) +) = 100 + 480 + 360 > —— 87 + 70 = 0 
MATLAB > rp = roots([0.1 -—8 70])>7% = 8.4, 71.68 
The smallest root is 8.4 


Since A <1 = 8.4 , an order of size Q =40—A=35_ has 
to be placed.End of Scanipicd 


Exercises 
1.(Tersine, 1994 page 327) 


The Parker Flower shop promises its customers to deliver within 4 
hours on all flower orders. All flowers are purchased on the previous 
day and delivered to Parker by 8 a.m. in the next morning. Parker's 
daily demand for roses is as follows: 





Po 


| ° 
2 | 4 } 0.3 | 





| Dozens of roses | 7 | 8 
0. 


| Probability | 0.1 








Chapter5 Inventory control under uncertainty 250 





Parker purchases roses for $ 10 per dozen and sells them at $ 30 All 
unsold roses are donated to a local hospital. How many dozens of 
roses should parker order each evening to maximize its profits? What 
is the optimum expected profit? 


2.(Tersine,1994 page 228) 


You are having a new furnace installed. The dealer offers to sell you 
spare fuel pumps at $20 each if you buy them during installation. The 
pumps sell for $50 retail. Manufacturer records indicate the following 
probability of fuel pump failures during the furnace's lifetime. 





| Failures | 0 | 1 | 2 | 3 | 4 | 
| Probability% | 10 |30 | 40 [10 | 10 | 








Ignoring installation and holding cost, how many spare fuel pumps 
should be purchased during installation? What is the expected 
purchase cost? 


Hint: 


Solve the problem with Single period model; treat the failures 
as demand and substitute P = 20,V = 50. 


3.(Extracted from Peterson &Silver,1991 page 418) 


A local vendor of newspapers feels that dissatisfaction of 
customers leads to future lost sales. In fact, he feels that the 
average demand (uw)for a particular newspaper is related to the 
service level(p) as follows: 4 = 100+ p . The demand is 
normally distributed and the standard deviation (per period) s 
equal to 200, independent of the service level. The ordering cost 
is negligible and the other (possibly) relevant factors are: 


Cost per paper (for vendor)=P=$0.07 
Selling price per paper=V=$0.15 


Salvage value per paper=L=$0.02, H’=0 
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If shortage has no cost except lost profit, 
a)What is the optimal value for maximum inventory( R ) 
b)Solve Part a if the unit shortage cost is $2. 


c) What average profit is the vendor losing if he proceeds as 
in (a) instead of as in (b)? 


Hint: estimate of service level = 6 = Pr(X < R). 


4. In a single period model similar to that of Example 5-5 The 
following data is available : 
































The setup cost Co =5 

The demand is uniformly distributed over [0 100] f(x) = 0.01 

The actual holding per unit remained at the end of H=3 

the period 

The production cost per unit P=1 

Unit shortage cost (lost profit not included) T= 

The unit selling price V=5 
Find rp 5 Ro. 


Ans : Tg = 5.9,Rg = 60 


5. Given the following data in a single-period model, Find ro &Ro. 
What is the optimal strategy, 





The ordering cost Co = 800 





The demand is exponentially distributed with mean f(x) = 0.01 
10000 units 




















The actual holding cost per unit unsold at the end of the period , nome 
The purchase cost per unit P=20 
Unit shortage cost (lost profit not included) tm =0 
The unit selling price V=45 








Ans : fg = 10674,Ry = 11856 
If A < rg Place an order of size Rg — A to minimize cost. 


If A>7 9 No order is placed. 
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5.3 Probabilistic Continuous and Periodic 
review models- introduction 


A continuous review system, which is sometimes called a 
fixed order size system, is one in which inventory is monitored 
at a continuous rate and whenever the inventory reaches a value 
such as r an order of size say Q is placed. The symbol for this 
model is FOS and (r Q). In periodic review model stock is 
reviewed at fixed and specific intervals of time (say every T 
days ), and an order is placed with the quantity necessary to 
achieve the desired maximum inven-tory denoted here by R. 
The later model is denoted by FOI=(R,Q). Some of the 
applications of these 2 models are: 


-FOS is advised for contingency stocks as demand is 
usually highly unpredictable and also may be used for 
expensive items and those which need precise control. 


- FOI may be applied to items with more regular demand. 


- whenever several items have to be ordered from the same 
provider, FOI system is advised. 


Note that: 
-Shortage probability in FOI policy is less than that in FOS. 


At a fixed service level (p=1- shortage probability) the safety stock, 
the average shortage level and the average inventory level in 
FOL policy is more than those in FOS and also the shortage 
cost. 


-Classic EOQ model is both (R,T) and (r ,Q). 


-Due to more safety stock, the holding cost in FOI! policy is 
more than that in FOS policy. 
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In (R,T) policy the order quantity is more than that in (r 
Q); therefore when the ordering cost (C,) is high it is advised to 
use (R,T) policy and when C, is low, (r Q) is advised. 


- In (tr Q) policy ,the order quantity is fixed and the cycle 
time (T) is variable while in (R,T ) policy the cycle time is fixed 
and the order quantity is variable. 


Before giving more details about the two probabilistic 
models, some definitions are reminded below. 


Definitions 
5-3-1 Safety stock 


Safety stock is an extra quantity held in the inventory by a 
retailer or a manufacturer to cope with unexpected increase of 
demand and the variation of lead time. 


5-3-2 Service Level 


The service level represents the desired probability of not 
getting a stock-out during the lead time(TL) in other words the 
probability that the amount of stock during the TL is sufficient 
to meet expected demand. The more this probability which is 
dented by p, the less the probability of stockout, which equals 1- 
p and sometimes called risk level. 


Ata fixed, the following values in FOS policy are less those 
in FOI system: the average shortage level, the holding cost and 
the shortage cost. 


Theorem 5-1:The relationships for mean and variance of the 
lead time demand 


If in FOS policy, the demand(D) and lead time(T,) are 
independent random variables with mean and variance (Up 
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,0p),(My, ,O7) respectively then, regardless of their statistical 
distributions, the following relationship hold: 


Var(D1) = upor + MLo5 


Furthermore if D and Ty are independent or at least un 
correlated, then E(D,) = UpL,. 


Proof of the first relationship 

Let divideD; the consumption during the lead time(L), into L 
elements D;,i = 1,2,....L, with mean E(D;) = upand variance 
Var(D,) = of. Then X = D, = X#_,D;. If the lead time is a 
random variable with mean pw, = E(L) & variance Var(L) = o7 


then assuming D,;’s are independent and using the equality 
Var(X) = E(Var(X|Y) + Var[E(X]Y)]) we could write: 


Var(X) = Var (> ») = E}Var (Som = 7 E (Som = 4) 


a E(Log) + Var(Lup) => 
Now assuming the demand (D)and the lead time(L =T{ ) are 
independent 


Var(D,) = 63 +43 02 or op, = VuBor + m08- 


End of proof @. 


+ Var 











Note that 


- the above relationship is valid regardless of the statistical 
distributions of the demand and the lead time. 


-when either the demand (D) or the lead time (L) is not 
random variable zero is substituted for the its standard deviation. 
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Theorem 5-2: 


If in FOI policy, the demand(D) and lead time(L=T_) are 
independent random variables with mean and variance (Up 
,0%,),(Uy,07) respectively then, regardless of their statistical 
distributions, the following relationships are hold for the 
variance and mean of the quantity consumed during T + L: 


Var (Dy) = Mp Op +H Or at 
The proof is similar to that presented in Theorem 5-1. 


Furthermore if D andL =T, are independent or at least 
uncorrelated, then E(Dy47) = (Up) (u+7)- 


End of theorem 


Note the above two relationship are valid, regardless the type 
of the statistical distributions of D and L+T. 


5.4Continuous Review Inventory Model 


or (r, Q ) policy or FOS system 


This section deals with continuous review inventory systems which 
is denoted by (r,Q) or FOS. 


Symbols 
b(x) Bereft function in each cycle 
b(r) Average shortage in each cycle 
B(r) Average shortage per year 
= The demand(consumption) during T;, 


E(D,) Average consumption) during Ty, 

fp,(*) pdf of consumption during T;, 

Gy(k) Normal loss integral 

m Number of cycles per year 

Np Average number of cycles with shortage per year 
p Service level, probability of lack of shortage 
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P Purchase price 

r Reorder point 

r* Optimal reorder point 

T Cycle time 

T The mean time between "2 successive cycles with 
b shortage" 

Vv Selling price 

1—p _ Shortage probability in each cycle 


Total shortage cost per unit 
unit shortage cost (lost profit not included) 


In continuous review policy denoted by (r,Q) or FOS, whenever the 
inventory reaches say r m an order or quantity Q is placed. 


5.3.1 Order quantity in (r,Q) system 


In continuous review system, the order quantity might be 
determined based on the experience and judgment or from 


cat If annual demand (D) is a 
h 





Wilson-Harris formula Q = 


random variable, its average i.e. E(D) replaces D in the formula. 
Take note not to confuse E(D) with E(D_), the average demand 
during the lead time. 


5-3.2 Safety stock in (r,Q) system 


Let Dy denote the demand during the lead time and let r 
denote the reorder point; stockout occurs when D,>r . If the 
reorder point coincides the average demand during the lead time 
i.e. r=E(D_) and no safety stock is available, after the time T, has 
expired and just before arrival of the quantity ordered, it is 
expected that 50% of the times we do encounter stockout and 
50% do not ie. p= Pr( D, < 1r)=50% if the consumption 
during Ty is normally distributed. 


if the consumption during TL is exponentially distributed then p= 
8 
Pr(D, <r = 08) =1-—e §=0.633,Pr(D, >r=8@) = 0.367 
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To reduce the risk of shortage or to increase the safety level 
(p) an amount known as safety stock(SS) is added to E(Dz), 
Therefore in this model 














Reorder point r= E(DL)+SS | (5-16) | 
Safety stock SS=r-E(D_) (5-17) 
Max inventory =r+Q (if Ty =0) (5-18) 








Furthermore, the average holding cost equals Cy, x (¢ P Ss). 


The maximum demand that could be satisfied during T;, equals 
r. Therefore SS is an extra amount of inventory as well as 
E(D,) kept in reserve to make sure we satisfy the maximum 
demand and service level(p) and do not run out of stock ie. 
SS=r-E(D,). Let Fp denote the cumulative distribution function 
of consumption during Ty, and assume the service level is p : 


p = Pr(no stockout during Ty, ) 
p = Pr(D, <r) Ol) 
Therefore 


Fy,(r)=p or I-p = Pr(D, > r) =1- Fp, (7), 
P= F, (r) > Fy (P) (5-20) 


SS =r —E(D,) — (r,Q model (5-21) 


Note : 


Make sure that the variables have the same dimension when 
being substituted in the relationships. For example if the unit 
time given for one variable is month and for the other one is 
year, change both to year or both to month. 
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Example 5-6 


In an FOS policy the average consumption during the one- 
week lead time is 45 and the desired service level is p=95% . 
Using the following figure find the reorder point and the 
necessary safety stock. 


1 - F(x) 
D, 


0.1 
0.05 


80 90 
Solution 


From figure 


Fy, (7) = p = 0.95, 1 — Fp, (r) =0.05———$—> r = 90 


SS =r—E(D,) =90-—45 — 45M 
Example 5-7 

The demand for a product is uniformly distributed over [50 
150]. Using a service level 90% find the reorder and the safety 
stock. 


Solution 


If Xis uniformlly dustributed over [a b]then Fx(x) = 
—a 


x 





b—a’ 
Pr(D, <1) = 0.9 = Fp, (r) 
r—50 
D,~U(50,150) = Fp, (r) = 10 09 => r=140units 


50+150 _ 
2 


E(D,) = 100, SS =r—E(D,) = 140-100 = ny 
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Example 5-8 

A small shop uses FOS =(r,Q) policy. The demand for a 
product during the lead time is approximately Poisson with 
mean 2 units. With a risk of 2% find the reorder point and the 
safety stock. Furthermore if the annual demand is uniformly 
distributed over [0 10] and C; = 4 per year and the ordering 
cost is $80 per order. Find the optimal order quantity. 
Solution 


1—p =0.02, E(D,) =2 
Pr(D, <r) =0.98 ,A=2 


Using MATLAB command _ r=Poissinv(0.98,2) 
or Poisson Table at the end of the book results in 7 = 5. 


S.S=r—E(D,) =5-2=3 


E(D) = —< =5 Q* = [25x80 => 214M 


Example 5-9 





Using the data in the table and service level of 87.5% related 
to an FOS policy, find the safety stock. 


























i Di, Poo,,) F(p,,) 
1 30 0.025 0.025 
2 40 0.1 0.125 
3 50 0.2 0325 
4 60 0.35 0.675 
5 70 0.2 0.875 
6 80 0.1 0.975 
7 90 0.025 1.00 
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Solution 


Pr(D, <7) = 87.5% => r=70 


7 
SS = r-E(D,) = 70-5 Dy, Pw, = 70-60 = 10 


If the service level is not found in the table the greater service 
level in the table should be chosen. Md 
Example 5-10 


If the shortage probability in an FOS policy is 30% and the 
probability of the demand during the lead time (D;) is as shown 
in the following table, find the safety stock. 


























Dy; probability | Cum. Probability 
80 0.3 0.3 

85 0.2 0.5 

90 0.05 0.55 

95 0.2 0.75 

100 0.15 0.9 

105 0.1 1 














Solution 

S.S =r—E(D,) 

E(D,) = (80) (0.3) + --- + (105)(0.1) = 90 
Shortage probability =0.3 = p=0.7 

Pr(D, <7) =0.7 => r=95 


r=E(D,)+SS 3SS=5 
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Example 5-11 


(Asadzade et al ,2006, page 245) 

The daily demand for a product is deterministic and equals 20 
units. The policy used is FOS and the probability distribution of 
the lead time follows the data given in the following table. Find 
the safety stock for a service level of 0.85 





T, or L | 1 


2, 3 


4 3) 6 








Probability __| 0.05 





0.1 | 0.15 











0.35 0.25 | 0.1 





Solution 


Since D; = D X T, then we have the following probabilities: 





























D, =DXL_ | probability Sophie 
20 0.1 0.1 

40 0.25 0.35 

60 0.35 0.7 

80 0.15 0.85 

100 0.1 0.95 

120 0.05 1 











p = Pr(D, <r) = 0.85 =r = 80. That is whenever the 
inventory level reaches 80 units an order is placed. 


SS =r—E(D,) 


E(D,) = 20 x 0.1+--+120 x 0.05 = 61 


= SS = 80-— 


Example 5-12 


61= io 


The demand during the lead time in a FOS policy is 
uniformly distributed over[0 100], the order quantity is 40 units, 
the average demand is 400 units per year and the service level is 


90% . Find SS. 
Solution 


Fp, (x) = Pr(D; < x) 


x—-—0 


— )100 —0 
0 


0<x<100 


otherwise 
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Tr 
<= = 0. — —0. = 
Pr(D, <1) 09> 7 0.9 => r=90 
0+100 


E(D,) =" =50, r=.) +5.5 35.5 =40 Md 
5-4-4 Reorder point and safety stock for normally 
distributed D, in FOS Policy 

If D,,,the demand during the lead time in a FOS policy, is 
normally distributed with mean and standard deviation Up, & 
Op, then 





p =Pr(D, <r) orPr(D, >r) =1- p= Pr (z > Hr) = 1p UM =7, =k. 
Di L 


oD 


r = E(D,) + Z4-p Op, D, Ju: normal (5-22) 
Since r = E(D,) + SS then if D, is normally distrusted : 
SS = Z4_p Op, ( 5-23) 


norminv(p) gives the values of Z,;_p in MATLAB. Also the following 
table gives the value of Z,_p for some values of service level p 














p 50 )5 | 60 | 65 70 =| 75 80 | 82 84 | 86 | 88 

(% 5 

Ap |lolo —) ° o o ° ° o ° ee 

m N ie) Nn aD oo to ‘o —_ _ 
SS) 3 R 4 a 8 a &|& a 

p 90 | 92 | 94 | 95 96 97 98 99 99.5 | 99.9 | 99.99 

(% 

Z1-p — — — — —_ — Nw bo we) ee) wo 
es in Dv ~) 0 r=) ie) nlo nN 
21S Nn _ Nn oo n NO a No) = 
wa n n = oo S fox a Oo 












































In what follows we would like to deal with the cases in FOS 
policy where the service level p and the distribution of demand 
and/or that of T; are known to determine reorder point and 
safety stock. 


5.4.5 Determining safety stock and reorder point in (r,Q) 
system when demand and/or lead time is probabilistic 


The aim of this section is to distinguish the cases in which the 
demand per unit time or the lead time or both are probabilistic in 
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order to calculate their mean and standard deviation and then to 

calculate the reorder point and safety stock in an FOS system. 
Again it is reminded not to use demand per unit time(D) 

whose mean and variance are yw, =E(D )& Var(p)=02, instead 


of the demand during the lead time (D,; ) whose mean and 
variance are denoted by E(D,)& Var(D,)- 


To calculate the mean and variance of D,;, assuming D and Ty, 
are independent, consider the 4 following cases: 


5-4-5-1: Case 1: Demand and lead time (D &L=T,) probabilistic 
and independent 


Suppose the demand (per year, month...) Dis a random variable 
with E(D)= yu, & Var(D)=o;,and the lead time (L=T,) is also proba- 


bilistic with mean yz, & variance Var(L)=o;. If these 2 variables are 
independent, then 


E(D,) = pet (5-24-1) 


And according to theorem 1-5: 


Op, = VEpOE + Mop. — (5-24-2) 


In the special case in which the demand during the lead 
time(D,) is normally distributed, given service level (p): 


T —. 
p=Pr(D, <r) = Pr(z <The 
Op, 
Since HR — Zp then 
9D, 
Yr = Up, + 24-p%, (S — 25 — 1) 


SS = 7 — Up, = 21-p9, (5=25=Z) 
Where Z,_, is a number related to standard normal 
distribution with probability greater than 1-p: Pr(Z> Z,_,) = 1-p. 
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Example 5-13 

The annual demand for a product has a mean of 3600 tons 
and a standard deviation of 30 tons. The lead time is normally 
distributed with mean 15 days and standard deviation | day. If 
there are 360 working days in a year, what is the mean and 
standard deviation of the demand during the lead time? 


Solution 


The mean of the lead time is =. in year and the standard 


er ae 
deviation is Joo 1 then 


E(D,) = Up, = 3600 x = = 150 


a ; a ee eS : 
Op, = |UpO, + MLop = | (3600) “(= +(= * (30)? = 11.73 


End of exampledd 











Note that since in the unit conversion of some parameters 
such as 0p, we could write; 





Op, = [e600 & (2) " (=) « (30)2 = 
[2 «ae +08) x (2). 


Then the following point has to be mentioned. 





5-4-5-1-1 Some points on the unit conversion of demand's 
variance and standard deviation 


When the variance of demand i.e. Var(D ) is expressed in 
units? ; unit 
Gn ine and Cg G unit time 
deviation of monthly demand to that of yearly demand, 
multiply it by ¥12 , because: 








) then to convert the standard 
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units units units 
Op=a ( in: )=a =v1l2 xa (i } 
,/ year 


es 
year X 75 


€.g. Op = 10units/month is equivalent to op = 10V12 units 
per year. 

To covert the variance of monthly demand to that of yearly 
demand, multiply it by 12 ; also to convert the variance of daily 
demand to that of yearly demand, multiply it by N= no. of 
working days in a year. To covert the standard deviation of 
daily demand to that of annual demand, multiply it by VN. 

To covert the standard deviation of annual demand to that of 
daily or monthly demand, divide it by VN or V12 respectively. 

For calculating op,, it is easier to state the mean and standard 
deviation of the lead time(L) in terms of the time units given for 
the demand D. For example if we have annual demand and the 
mean and standard deviation of L is given in units/(day or 
month); divide the mean and the standard deviation by 12 or N. 


Example 5-14 

A warehouse uses an FOS policy with the service level p=%97. The 
monthly demand is estimated to be 300 tons on average with a 
standard deviation of 8.67. The unit price per ton of the product is 
$8000, the ordering cost is $3000 per order, the insurance+ tax _ 
money blockade +... is calculated in interest rate of 20%. The lead 
time is normally distributed with mean 15 days and standard deviation 
of 1 day. D and T, are independent and D, is normally distributed 
Find a)the reorder point and SS_ b)the quantity for each order. There 
are 360 working days and 12 30-day month in a year. 
Solution 

SS = Z1-p9D, = Z0.039D, 


2 
Op, = VERO? + HLoz== [300 « (=) +(S) « @.66)2=71.73 


Based on Section 5-4-5-1-1 we have the following unit 
conversion: 
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Op = 8.67 X ¥12 = 30 tons per yr 
Lp =300 X 12 =3600 tons/yr . 
Since according to theorem 5-1 


= | 22 2 
Op, = ./UDoL + HLOD 


op, = | (300 x 12)? «( y 4 (=) « (30)2 =/1.73 


1 
360 


15 
E(D,) = E(D)E(T,) = 3600 x =— = 150. 


The variable D , here is the product of 2 normally distributed 
variables ic. D and 7T,. If the distribution of D, be 
approximated with D, ~ N(150,11.73) then: 

S.S = Zo.93 X Op, = 1.88 x 11.73 = 22 
r =E(D,)+ SS = 172 

Furthermore the following value is proposed for the order 
quantity: 


2Up X Co 2 X 3600 x 3000 
Q= |——_ =_— | —————_. = 367 
Cy 0.2 x 800 
That is whenever the inventory reaches r=172, place an order 

of quantity 372 units. A 
5-4-5-2 Case 2: Demand(D) Deterministic but lead time (L=T,) 
probabilistic 
In this case: 

Up = E(D) =D ,0p =0 

D, = DT, 

E(D,) = Up X Hy = Du, (S — 26) 


Op, = Vepo; + ML op=| Do} +e, x0= 


Op, = Do, (5 — 27) 


In the special case where Tj, has the normal distribution N(y, 01) 
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We have: 
D, =Dx T,~N(Du,, Do;). 
Calculation of reorder point: 


r=E(D,)+SS 
r= £(D;) 
1-P Op, 
r = E(D,) + 24_p X Op, 
Then 
r=Dyu,+Z,_p X Dxoa, (5-28) 
and 
SS =r—E(D,) = Z1_p Do;,. (5 — 29) 


Example 5-15 

A shop uses an FOS policy with the service level p=%97.5. 

The annual dement for a product is 1000 units and the lead 
time is normally distributed mean 1 month and _ standard 
deviation 0.2 month. Find reorder point and the required safety 
stock. 
Solution 
T,~N(u, = 1Imonth,o, = 0.2 month) 

0.2 1000 | 2 

Op, =Do, = 1000 x 7 = 16.67 or= Ts x 197 16-67 
SS = Z4_-» Op, = Zo.025 X 16.67, Z.925 = norminv(1 — 0.025)=1.96 
SS = 1.96 X 16.67 = 32.66 


r = E(D,) + SS =r = 1000 x = +32.66 = 1164 


5-4-5-3 Case 3: Demand(D) probabilistic but lead time 
deterministic 


If the (monthly , annual,...)demand is a random variable 
with mean fp and standard deviation op but the lead time is 
either fixed or has a small variations compared to its mean then 


My, = E(T,) =T, » Oo, =0 
D, = DT, 
E(D,) = T,Up (5 — 30) 
op, = (MBO; + U,05 = [up X0+T,05 = 
Op,=9p T, (5 _ 31) 


In special case in which D~N (Up , dp) andT,, is fixed then 
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D, ~N (Up, = Ti Bp op, = Op JT) 


OS 7 cp les (5-32) 
Example 5-16 


A distributer uses FOS policy with a service level of p= 97.5%for a 
product whose annual demand is normally distributed with mean 8000 
and standard deviation of 1000. The lead time is approximately one 
half of a month. Find the safety stock and the reorder point. 


Solution 


The problem satisfies the conditions Eq. 5-32 i.e. 


SS = ZicpOna) (i, = Zigore X- 1000/05/12 


= 1.96 x 204.12 = 400 
8000 1 


r=E(D,)+ SS E(D,) = E(@)E(T,) == x5 = 333 


r = 333+ 400 = 733M 


5-4-5-4 Case 4: Both demand and lead time deterministic 


When both D and Ty, are deterministic 

E(D,) = E(DT,)= DT, Op, = 0 
r=E(D,)+ SS 

In chapter 2 we saw if both D and Ty are fixed: 
r=ROP= DT,, then SS=0. 

In fact we have aclassic EOQ model 


5-4-6 On Lost sale and stockout in FOS systems 


In continuous review system, shortage occurs when the 
demand during the lead time exceeds the reorder point. Given a 
service level of p in a continuous review system, the shortage 
probability equals Pr(D, >r) =1—p. In fact in every n 
cycles, the ratio of "number of cycles encountered with 
stockout" to the total number of the cycles i.e. n, equal to 1-p; 
e.g. if p=0.88. On the average there are 12 cycles (out of 100 
cycles) in which a lost sale or shortage occurs. 

Let b(x) denote the shortage function in each cycle of our FOS 
system then: 
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_ (0 x<r 
b(x) = Ly Se, O82) 
where 


x = the demand during the lead time 
The average of shortage function: 


If the demand is continuous with density function of fp " (x) then 


E[b(x) Ff", bO) fo, (@)dx = J, Ofp,(x)dx + f° — 1) fp, dx 


Since this value depends on r, The average of the shortage 
function is denoted by b(r), then 
b(r) = ['@ — 1) fp, @)dx ( 5-26) 
Where 
fp,,(X) is the pdf of the demand during the lead time 
b(r) is the average shortage during each cycle(b stands for bereft). 
if the demand is discrete with probability function of Dp, (x) then 
b(r) = Yes (x — r)pp, (x). (5-27) 

If the order quantity in each cycle is Q and the annual demand for the 
product I is D then annual average shortage denoted by B(r) is: 


Annual average shortage: 


B®) = 550) = © = mb(), (5-28) 


oe 
where m = = 18 the number orders per year. 


Therefore as much as “o x 100 percent of the annual 


demand the inventory system encounters lost sale or shortage. If 
p is given as the service level , the shortage probability is 1-p 
and according the concept of probability, the average of the 
annual number of the cycles in which shortage occurs is: 


D 
Np=51-p) =m(1—p) G- 29) 
Then on the average every T, = — years a shortage occurs. 
b 


The above results are summarized in the following table: 
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Type of 
demand ; E(D, > r)t b(r) (Np) 
distribution 
continuous b(r) = B(r)= Np= 
“(x — 1) fp, (x)dx = b(r) D 
a 26) mb(r) = -— g-P) 
= =m(1—p) 
discrete b(r) = (5- 28) 
Dxor(x my r)Pp, (x) 
(5- 27) (5- 29) 








AJjoyUaAUI 


time hetween twn 
cosecutive shortage 


Fig. 5-9 The time between 2 consecutive shortages in an FOS system 


Figure 5-9 illustrates the time between two consecutive 
shortages. The mean of this time , denoted by 7; ,is derivable 


from: 


eit @ 
D’Ny D(1-p) 


( 5- 30) 


There fore the shortage probability equals: 


therefore 


_1_ @ 
DYN» D(1-p) 





(5- 31) 
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b 


shotage probability | = 1 — p=2 (5-31) 
Q 
The service level i.e. the probability of the lack of shortage is 


estimated from 
Poa1-% (5-32) 


2UpCo 


Note that since Q = then: 


-An increase in ordering cost (C,) will increase Q and 
will decrease average annual shortage in FOS pliocy i.e. 


B(r) 

--A decrease in holding cost (C,) will decrease Q and 
will increase B(r). 

What will be the effect of an increase in demand on B(r).? 


Example 5-17 


An FOS inventory system reports 2 shortages per year on the 
average. The quantity per order is 800 and the average annual 
demand is 8000. Estimate the service level ? 


Solution 


~ 4 _ QNp _ 4 _ 800x2 _ 
p=1 ED) ~ 1 San 0.80 End of example A 





Example 5-18 


The demand during the lead time in an FOS system is 
uniformly distributed over [0 100]. If the survive level is 90% 
and order of 40 units are placed, what is the ratio of " annual 
average shortage " to " annual demand" ? 
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Solution 





B(r) _, 
= 


Br) =2b@), br) = f° — 1) fo, dx 








ae Views x Ji 
f(x) aaa O0<x< F(x) Tanah 
r-0 
Pr(D, <r) =p =0.9 man 09 => r=90 


b(r) = fog (x — 90) —dx=0.5 


BO) _ BO)_ 95.4 250% Mh 
D Q. 40 


Example 5-19 
The demand during the lead time in an FOS system is 


according the data in the following table, If the safety stock is 
three tons . What is the average shortage per cycle ? 





| D,, (ton) }6]7 [8 [9 | 10] 12 ] 13 | 14 | 15 | 16 | 
| Probability(%) | 5 | 5 |5 |S | 2 2 2 5 5 5 E | 








Solution 


b(r) = Yasr(* — r)px (x) r=E(D,)+SS , 


E(D,) = 6 X0.05+...+16 x0.05=llr=11+3=14 tons => 


B(r) = Ysia(x — 14)Px(x) = (15 — 14) (0.05) + (16 - consol 
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5-4-6-1 Calculation of average shortage in FOS systems when D, is 
normally distributed using normal loss integral 


If the demand during the lead time (D,) is normally distributed 
with mean fp, and standard deviation op, and density function 
_(x-up,)” 


f= = ee "7b, then the average shortage per cycle 


which is derived from 








_(x-up,)" 


204 
e PL dx 








b(r) = | x—r 
a ) Op, V20 
Is calculabled from(see Sec. 1.5.1 ): 
b(r) =op,Gy(k) k= ( 5- 33) 


9D, 
where 
_ _ THD, 
k= Zicp = . 


9D, 





The function Gy(k) which is called unit loss normal integral is a 
function of k=Z,-p , known some times as safety coefficient; the 
more this coefficient the less Gy(k) and the less the shortage. 
The values of this function could be calculated using MATLB 
command exp(-k*2/2)/sqrt(2*pi)-k*(1-normcdf(k)); some its 
values are given below: 





Some values of Gy(k) 

















p(%) 1-p k Gy (k) 
99.9 0.001 | 3.45 | 0.00007127 
99 0.01 | 2.33 | 0.003352 
97.5 0.025 | 1.96 | 0.009445 
95 0.05 | 1.64 | 0.02114 





0.93 0.07 1.48 0.03070 
92.5 0.075 | 1.44 0.03356 
90 0.1 1.28 0.04750 
Example 5-20 

In an FOS system, the average demand is 200 units, orders 
are placed with quantity Q= 30 units. The consumption during 
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the lead time is normally distributed : 
D, ~N(tp, =58.3,0,, =13.1). Find (x), ROP, SS ,T,. 
Solution 
D(-p) 200(1-0/925) 
This means that on average every 2 years the systems 
encounter a shortage and the average number of shortages is 


1 1 
N, =— == Yr. 
b T, 5% 
ROP =r=E(D,)+Z,,65, = 
58.3 + Z 1 oj995) X13.1 = 58.3 +1.44 x 13.1 = 77.16 


SS =1.44x13.1=18.9 
Since Dy is normally distributed: 


2 yr 





= r- 
b(r)=op, x G, (k ) ee 
Op, 
k=1.48;exp(-k*2/2)/sqrt(2*pi)-k*(1-normcdf(k))= 0.0307 
b(r) = (13.1)(0.0307) = 0.44 
Example 5-21 
In An FOS system, the demand during the lead time is 
normally distributed with mean 58.3 and standard deviation 
13.1. Assuming a service level of 90%, find the average 
shortage per cycle. What is the reorder point? 
Solution 
k = Z,_p = Zo, = norminv(1 — .1) = 1,2816 
b(r) = op, Gy(k) = 13.1 * Gy (1.28) = 13.1 x 0.04750 = 0.62 


r= E(D,)+ kop, = 58.3 + (1.28)(13.1) = 75.07 fh 
5-4-7 Average inventory in FOS system 


The inventory average(] ) and the mean of holding 
cost in continuous review systems are as follows: 


F =24s.s (5-34) 
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averagge hoding cost = I XC, (5-35) 
Example 5-22 


In an FOS inventory model, as well as the data in the 
following table , we know that the average demand is 4000 per 
year, the order size is fixed, the annual unit holding cost is $10, 
the service level is 90% and the ordering cost is $50. Find the 
optimal order quantity, the reorder point, the safety stock 
holding cost, the average inventory and its annual holding cost 




















Solution 
i DY el py Cumulative probability 
1 11 0.10 0.1 
2 13 0.20 0.3 
3 15 0.40 0.7 
4 17 0.20 0.9 
5 19 0.10 1 























og’ = PEE) _ [2x50x 4000 _ 559 
CG, 10 


Pr(D, <r) =0.9=> ROP =r=17 
SS=r-E(D,) 


5. 
E(D,) = >) x,p, =11*0.14+...419x0.1=15 
i=l 
SS =r-E(D,) =17-15=2 
T= 46Ge 5 2100 
2 2 
SS annual holding cost =SS xSS xC, =2x10=20 


* 


average annual holding cost= 10 x J = 1020 A 
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5-4-8 Other ways for determining reorder point in 
FOS systems 

To determine the reorder point, in an FOS inventory model 
where demand (D) and/or the lead time(T,) are probabilistic, 
as well as 

i-using Eq. 5-19 i.e. p = Pr(D, < 1)which uses the service 
level and the probability distribution of lead time consumption, 

there are 2 other was as follows 

ii-using average lead time and maximum annual demand 

r = max(D) x E(T,) (5-35) 

iii- using maximum lead time and average demand 

r =max(7T,) X E(D). (5-36) 

In any case SS = r — E(D,). 
The above 3 ways are illustrated below. 


Determining reorder point given the service level and lead time 
consumption distribution 
Example 5-23 
Given the following table of frequencies and a fixed 
weekly demand of 6 units, determine the safety stock of .95 (or 
more) service level in an FOS system. 


Ty(week) | 4 
frequency 








14 18 


[ probability | 0.28 [0.36 [0.24 [0.12 [1 | 


Solution 


robabilit ee ee ce ca a 


“Cum. Prob [028 [064 [oss [1 Prob | 0.28 ) 0.64 ) 0:88 E 
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SS=r-E(D, ) 
E(D, )=0.28x24+...40.12%42=31.2 
Pr(D, <1)?0.95Pr=42 


§S=42-31.2=10.8A 


Determining reorder point given the average consumption and 
the maximum of lead time 


Example 5-24 
The demand for a product in an FOS model is fixed and 
equal to 12 per 6-day week. The following frequencies of the 


lead time is also available. 


TL(day) 4 5 6 7 
frequency 14 18 12 6 


Find the reorder point and the safety stock 
i) based on the service level of at least 95%. 


i1)based on the maximum of the lead time if 

















Solution 
i)Since the consumption during Ty is given by D, = D X 
T,,then we 
: Cum. have: 
D,, | frequency | relative frequency 
frequency 

8 | 14 0.28 0.28 
10 | 18 0.36 0.64 
12 | 12 0.24 0.88 
14 | 6 0.12 1 




















Pr(D, <r) =0.95 => r=14 
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ii) 

r = max(T,) X E(D) 

ROP =F = Ting, XD =7X == 14 
E(D,) = 8X 0.28+++14x 0.12 = 104 


S.S=r—E(D,) = 14-104 = 3.6K 
Example 5-25 


In an FOS model the lead time and the demand are 
independent. The following data are available. Find the safety 
stock based on the maximum of the lead time and the average 
demand. 





period | 1 2 a 4 5 6 7 8 
demand | 30 | 60 |50 /|30 |60 |50 (70 | 50 
T, (day) | 6 5 |7 3 | 6 5 |4 4 
Solution 





























20a IO: | 


SS =r-E(D,)=r-E(D)xE(,), E(D)=D == 


50 


6+..44 © 


E@,)= 5 


r =max(I, )xE(D)= 7x50 =350 





SS =350-5x50=100 A 


Determining reorder point given the demand maximum and the 
lead time average 


Example 5-26 
Solve the previous example again using r = max(D)E (T : ) 
Solution 


SS=r “ED, ) r= max(D)E(T, ) = 705 = 350, 
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E(D, ) = EWD)E(T, ) = 505 = 250 
SS =r—E(D, )=350-250= 100: 


It worth mentioning that the maximum inventory in FOS 
model is r+Q; e.g. in the previous example if the order quantity 
is 520 the maximum of the inventory would be 870. 


Example 5-27 


The frequencies of Ty, in an FOS system in given below. The 
demand is fixed and equal to 6 per week. Find the safety stock 
and reorder based on maximum demand . There 6 working days 
in a week. 





4 
14 


T.(day) 
frequency 


2) 6 
18 12 


























Solution 


r=max(D)E(,),  max(D)= . =\, 





4x14+5x18+6x12+7x6 260 _ 
50 50 
r=1x52=5.2. 
Since the demand per day is equal to one, the lead time 
consumption(D,) and the related frequency would be 


E(,)= 52 





Di 4 5 6 7 





frequency 14 18 12 6 

















4x 1445x1846%1247%6 _ 
50 = 


x2 





SS =r-E(D,) E(D,)= 


§8=5.2-5.2=0 MM 
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At the end of this section some useful relations used in 
contiguous review model are given below: 





Some relations related to (r,Q)=FOS model 


YC, E (D 
Desired order quantity | Q*= [ee 
h 























annuual average B@=0 OW) 

shortage - 

ratio of shortage to B(r) z aye 

demand D Qo 

Average Inventory 1=4+SS 

Average number of N ed pa) 
shortages per year aes " Q° 
Safety stock in lost SS =r*—-E(D,)+b(r) 
sale FOS 





Safety stock in FOS-- SS = 2, Op, = ko, 
D, normally : . 
distributed 

Average shortage per | }(r)= ome 
period-D,, normally 

distributed 





xGy (k) 














5-5 Two-bin or max-min policy 


A special case of continuous review (r,Q) model is what is 
called two-bin or max-min model. In this model T, < T and 
there are two bins either physically or virtually; one is used for 
supplying current demand and the other for satisfying demand 
during the lead time. When the first bin which is greater is 
depleted; an order is placed as much as the capacity of this bin. 
The demand during the lead time is satisfied from the small bin. 
When the order quantity arrives, the small bin is filled at the 
beginning and the rest is poured into the great bin. It is possible 
to use one bin with a sign on it as the reorder point( Fig5-10). 
An application of this policy is for the goods with low price and 
small lead time. 
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Bin 1 | Q 
Bini |Q | 
Reorder point 
in 2 r 
IL] wal 


Fig. 5.10 Two-bin inventory system 


In this system whenever the inventory reaches r an order is 
placed with a quantity equal to Q. The size of the small bin is 
the average demand during the lead time as well as the safety 
stock i.e r = E(D,) + SS 


where E(D,) is the consumption during the lead time and SS 
is the safety stock. 


An _ advantage of this policy to the general FOS model is 
preventing running out of stock and saving time and money. 


Shortage in inventory systems 


It is important in inventory control to determine what to do 
when a costumer arrives and there is no inventory temporarily. 
Two possible alternative are available either (Peterson, 
Silver, 1991,p209) 


-Complete backordering i.e.to permit shortage in the system. 
The demands during out stock are backordered and filled as 
soon as new replenishment arrives. 


-Complete Lost sale i.e. the demands during out stock are 
lost and we incur costs due to lost sale. 
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The above two alternatives are investigated below for 
continuous review model (1,Q). 


5.6Back ordering in FOS system 

In continuous review systems with back-ordering, the 
demands during this time are not lost but are backordered and 
filled as soon as adequate-sized order arrive. This policy is 
more common in industry’. 

The order quantity (Q) could be calculated from Wilson 
formula. To determine the optimal reorder point (r*), we 
assume r is not dependent on Q and distinguish two 
cases(Tersine, 1994 page 218): 

-the stockout cost per unit is known 
- the stockout cost per outage is known 


5-6-1 Backordered (r Q) - Stockout cost/ unit (77)known 


In (rt Q) or FOS systems with back-ordering, shortage 
happens when XorD,, i.e. the consumption during the lead 
time, exceeds r. In this case, when 71 ,i.e. the cost per each time 
the stockout happens, is fixed and known, the expected annual 
safety stock cost (TC,s) is: 


TC,s= holding cost + stockout cost or: 
DD. — 
TG ss = 0s eC xP (r) ( 5-37) 


Where 7 is the cost per outage, SS is the units of safety stock 
and 6 (r)is_ the average stockout units (backordered units) per 
cycle. SS and 4 (r) are calculated from: 


Backordered FOS 
ss =r—-E(D,) (5-38) 





- https://www.sciencedirect.com/science/article/pii/SO377221711001354 
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_ ‘ 5-39 
b(r)=[ (x -r)fp,@)dx or Die -r)p, (x) ks 


where x is the demand during the lead time. 


By taking derivative of Eq. 5-37 with respect to r,the 
following optimizing relationship results(Tersine, 1994, Proof in 
Johnson&Montomeri, 1974 p59)L 








aTC fe CO 2DC 
“=0>Pr(D, >r)=— =Q, = /——* 
ér eee aD ore ram 
or: 


FOS: Back-order case(7z_ known) 


F, (r’)=Pr(D, Eg ea (5-40) 
? aD 


The above relationship is valid for both continuous and discrete 
probability distributions of lead time demand (Tersine, 1994 p 219). 
C,Q 
aD 
solution to the equation. this means that the cost of stockout is 
very low such that we prefer to have always backorder! 





It is obvious if >1 or Gif Q = Q,) TC, > mD there is no 


Notice not to mistake E(D.>r) for E(D,). E(D_) is the expected 


demand during the lead time computable from: 


EO,)= |. xf 5, (x )dx or DP, (x). 
b(r)=E (D, >1r) is derived from: 


b(r)=E(D, >r)=[ (=f p,(x)de or 


b(r)= Di@-r)p, &) 


xX>r 
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where 
fp, 18 the pdf of continuous lead time demand 


p,, 1s the probability function of discrete lead time demand. In 


this Policy, safety stock is derived from(Winston, 1994 p917): 
SS =r —E(D,) (5-41) 

Example 5-28 ( Winston, 1994 page 917) 
The annual demand is normally distributed with a mean of 1000 
units and o, =40.8. The ordering cost is c, =10. The 
backorderin 
incur a cost of a =$20 per unit. Find the reorder point r* and 
safety stock if 

T_ is fixed and equal to 2 weeks 


1 
T_ is a random variable with E (I, )=2 weeks 6, es yr 


In each case determine the service level. 
Solution 


Q’= /2(1000)(50) =100 
10 


nD=20* 1000>C,,Q°=(10)(100) ;therefore the problem has a solution. 
» 10) 
Pr(D, >r )= ATE ION) 2505 
(20)(1000) 
Parti 
Since the lead time is constant and equal to T; = = = — yr 


and the annual demand is normally distributed, therefore the 
lead time demand (D,; = D XT,) is also normally distributed 
with mean and variance : 


E(D, )=E(DT, )=E(D)*xE(T, )=1000~ - =38/46 


1 
Var(D, )=o02.u, +o PVar(D, )=(40/8)?x —+0 > 6, =8 
(D, }=o5Ht, + Sel PVan(D,, )=(40/8)"x—— 40 = op, 
Then 
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Pr(D, >r') =Pr[Z > ide ZC) =0.05> 
D, 
SE Zos=1.65 => r° =38.46+8x(1.64)=51.58 
Op 


L 


Whenever the inventory reaches 51 units an order of 100 
units is placed. This reorder point assures a service level of 
p=1-0.05=0.95. 

normal 

SS=r"-E(D,) = Z,,%6p, 

SS=Z,,*6p, = (8)(1.65)=13.12 

SS=r -E(D, )=51.58-38.46=13.12 
Part ii 


1 
E(T, )=2 weeks 6, =~ yr 


52 
Op, = [MDL + L,05 
1 1 
= ,1(1000)?(—)? +(40.8)?(—) =20.43 . 
Op =,/C es ( Ge) 


Now suppose the lead time demand(D,)is normally 
distributed: 

Pr(D, >r)=0.05 > 

r=E(D,)+2,,0m, =E@)EC,)+ 36 *(20.43) 


1000x—. norminv(0.95) 
26 =1.6449 


1=38.46+33.60 = 72 
Whenever the inventory reaches 72 units an order of 100 units 
is placed. Backordering is allowable . This reorder point 


assures a service level of p=0.95. A 


5-6-2 Backordered (r Q) - Stockout cost/ outage 
(g)known 


To determine r and Q in back-order case of continuous 
review model service level if the cost per outage(g) and the 
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probability density function of lead time demand, f,, (x) are 


known, then the total cost of safety stock is(Martin& Miller, 1962 
page 63): 


T 
TC,, =C, xSS +2 ee: Pr(D, >1r) OC, _|_, 
7 Q Or 





FOS: Backorder case _, cost per outage known 


. C,0 
ae 5-42 
Ae are (5-42) 








SS =r-E(D,) (5-43) 





To compute SS _r’replaces r in Eq. 5-43. Q is the order 
quantity at the reorder point. Eq.5-42 is developed for a 
continuous distribution m but bfrquently integer values of 
inventory are possible. When the optimum reorder point lises 
between 2 integer values, the integer with the larger f,, (r°) is 


selected(Tersine, 1994 page 219). 
Example 5-29 


Weekly demand is normally distributed with mean 20units and 
standard deviation of 4 units. Back ordering is applied when 
shortage occurs. When- ever shortage occurs it incurs $ 10. The 
annual holding cost is $ 5 per unit. The ordering quantity is 
26units per order. Find the optimal reorder point and _ safety 
stock if the lead time is 1 week in a 52-week year. 


Solution 


The model is a continuous review with back-ordering. Since 
T_ is fixed and 
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D is normally distributed, then D,=DI, is also normally 
distributed with a mean and standard deviation as follows: 
E(D,)=E(DT,) =T,E(D) =120=20 per week 
Var(D,)=0},u, + off, >Var(D,)=(4)x140 > 
Op =4 per week 
Needles to say, that we did not need to do the above 
calculations; because 


D, is the demand for one week and we have the weekly 
demand. The density function of the lead time in point r” is: 


ne CO 5x26 
at = ———— =U. 12 => 
pa Ne gD 10(52x20) ea 








r = 
py e058 
Ino, x0.0125 
ROP =r’ = ply, +2.0380,, =1-+2.038x4= 28.15 , 11.85 


Choosing r = 28is more cautious than the other answer. 
Therefore whenever the inventory reaches 28 an order of size 26 


is placed. ss =r°-E(D,) eee | 
Example 5-30(Tersine, 1994 page222) 


Weekly demand for a product follows a Poisson distribution 
with mean of 5 units. The annual holding cost is $5. The 
backorder cost is $5 per outage. What is the optimum reorder 
point if T, is 1 week and the order quantity is 13 units. 


Solution 
D, is the demand for one week and we have the distribution 


of weekly demand. Then Dy is poison distributed with 2=5. 
r* is calculated as follows: 
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. 5 
ros | = x13 
pe Se SG 
Dr gD 





r! 5x5 


The left hand side of the equation is the probability function 
of poisson distribution denoted by posspdf in MATLAB: 


poisspdf(rstar, 5)=0.05 
The answer to the above ~— equation could be found 
graphically . Using running the following MATLAB command, 


plots the a figure which is helpful to find the solution. 


x=0:1:10;forl=1:length(x); pd(1)=poisspdf(x(J),5);end;plot(x,pd) 


0.2 


oc probability 
= 7m 
=> nm 


Oo 
mn 


"5 2 4 6 8 id’ 


This figure gives two values (near x= 2 and x= 9) for the 
probability 0.05. 


The second answer r*= 9 is chosen. 
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5-7 Lost sale case in FOS system 


As it is clear in the lost dale case all stock-outs are lost 
and not satisfied later. The order quantity is determined 


empirically or by g* = (2C.E() ' 
C, 


To determine the optimum reorder point here , two case are 
distinguished i.e. lost sale cost expressed per unit or lost sale 
cost per outage. These two treated as follows, assuming r and Q 
are independent. 


5-7-1 Lost sale (r Q) - Stockout cost/ unit (77)known 
In continuous review systems when we have complete lost 


sale and the cost per unit lost (a) is known, then r* is 
calculated from: 


¥ C,Q* 
Pr(D, > r*) =—————— ___ (5-45) 
C,Q*+7E(D) 
In which 
m= ,1V —-P (5-44) 

Where 

P Purchase price per unit 

Vv Sale price perunit 

Tle Lost sale cost/unit (other than lost profits) 


If D is constant, D replaces E(D). 


5-7-1-1 Safety Stock in (r Q) - Lost Sale case 


When the lead time demand (D, or x) is less than the 
reorder point, the quantity of product left is r — x with mean 


= [7-2 fp, dx = 
[, ©, @ de -[" 7-2 fo, de 
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= Ree (x )dx =| af, (x dx -[¢ —X fp, (dx => 


SS =r-E(D,)+[@ rfp, @ de 
Therefore in the optimum state 
SS =r*-E(D,)+] (rfp, @ de =r *-E(D,) +57) (0-¥F) 


for (tr Q) systems with lost sale when the lost sale cost per unit 
is known, SS =r*—E(D,) has also been introduced (Winston 


1994, page 917); however the first one is more accurate because 
it takes shortage into consideration. 


Example 5-31(Winston,1994 pagep17) 


Annual demand for a product which independent from the 
lead time is normally distributed: D~Nu,,=1000,0,=40). 
Continuous review model with lost sale is used and we have: 
T,=2 weeks C=50 C=10/yry V=50 P=30 7) =20 
Find the order quantity, the optimal reorder point, and the 


safety stock. 
Solution 


m= +V-P_709450-30=40 


2C,E(D) 
xe | oN £100 
Q C, 


C,Q* | 10x100 : 
C,Q*+nE(D)  1000+(20+50-30)(1000) 


U=1000 /yr > Hp, =o =38.46 


pH +OL Mp = OpXH, +0X py 
6) =40/yr > 6, =0p JH, =0, JT, =40,/3 =8 
D, =DT, ~Normal(38.46,o,, =8) 


Pr(D, >r*)= 











r -38.46 





Pr(D, >r*)=Pr(Z> rsa6 )=0/024 > 


=Lo ors 
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Using MATLALB command norminv: 
Zo on4=horminv (1-0.024)=1.9774 = r°=54.3 


Table D could be used instead of MATLAB command norminv. 
r =54.3 states Whenever the level of inventory reaches 54 

units,place an order of 100 units. 

Calculation of safety stock: 


SS =r —E(D,) =0¥ /¥-¥A/¥% =\0/ AF =F 
More accurately : 
SS =r*-E(D,)+b(r) 
Since the lead time demand is normally distributed: 
b(r)= o, xGy(k) 


From Table A = 0.009 


k =Zo,=1.98 b(r)=8x G,(1.98) =0.072 
SS =r*—-E(D,)+b (r) =54.3-38.46+0.07 = 15.91 & 
Example 5-32 


The annual demand and order quantity are fixed and equal to 


D=420 and Q=60. 2 = $10 per unit. The lead time demand 
(D,) Is as follows: 





D; | 10 11 1s Mik 14 15 16 17 





























probabil. | O.1 =| 0.2 [0.2 [0.15 | 0.15 | 0.1 | 0.07 | 0.03 





A continuous review system with lost sale is used. Which of the 
following choices do you recommend to use as a reorder point in 
order to have an average annual shortage cost near 25? 


ajl4  b)IS c)l6—= = d)jI7 


Solution 
If the reorder point is taken 14 and D, equals 10,11, 
12,13,14 we do not encounter shortage. But if it equals 15,16, 


17 shortage will happen. The following table shows b (r), and 
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its cost for this case and cases r-13, 15,16 and 17. Note that 


the number of lead time in a year is approximately ¢ = maT. 




















ROP(r) > 13 14 15 16 17 
D,, causing 14,15,16,17 | 15,1617 | 16,17 17 - 
shortage 
Average 1x0.15+ 1x0.1+ 1x0.07+ 
shortage in 1 Schad 
lead time ; pen POE ODE || atts log 
7 x0.07+ 3x0.03=0.3, = 
b(n) 0.13 
4x0.03=0.68 

Average 10x0.33 | 100.13 | 100.03 
shortage cost LKD-68 -33 ee -93 |0 

xb (r) =6.8 
Average annual 6.8x7 3.3x7 7x1.3 7x0.3= 
shortage cost 0 
xb (r)xD/O =47.6 =23.1 =9.1 2.1 























Average annual shortage costs are shown in the last row of 
the table. The average annual shortage cost near 25 belongs to 


wow 


r-14. Therefore choice "a" is the right choice A 


5-7-2 Lost sale (r Q) - Stockout cost/ outage (g) known 

In continuous review systems with lost sale if the shortage 
cost per outage and the pdf of the lead time density function is 
known, the relationship for optimum reorder point is(Tersine, 
1994, page 225): 


fo,7) CQ 
F, (r') gD 








(5-47) 
Proof: 


Let a denote the expected number of shortages occurring in 
a year and the Tc, denote the cost related to SS and shortage; 


then TC. =C,xSS meantgxa . 
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Although the average number of cycles in a year is __ 2 
Q+b(r) 





(Tersine, 1994 page 22)but usually it is approximated with > 


Therefore 


a = PD, >r) 7 [ Fo, dx (5-48) 


TCy=CyX]7 -E(D,)+]-@ =r fy, («dx rex Ifo, (x )dx 
— > C,-C, PD, >r)-g [2 \,,09=3 


The optimum reorder point (r*) has a value which satisfies 
the following relationship’: 


Teel? Dt 6,6 
F,(r') gD 





(5-49) 


Example 5-33 


The annual demand for product is normally distributed with mean 
200 and standard deviation of 4. A continuous review system with 
lost sale is used. The lead time demand is exponentially distributed 
with mean 50. The shortage cost per outage is g=$1. The order 


quantity is Q=26and C,=$0.077/yr. Find safety stock and optimal 


reorder point. 


Solution 





‘The differentiation under integral sign used Leibniz's Rule. 
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; 1, 50 
PY COs 50. _ 0.077x26 
Fy, (r') gD ae 1x200 
J-e 50 
SS =r-E(D,)+| (x -rfp, («de 


1 
¥ 1 eee 

SS =55-50+[ (x-55)—e 99 dx 
55 50 


5 


55 


¥ gol rath 
55[_-de dx=55e 
55 70 


5 


a a : 
xX 50qy— xe S0qy— s 
50 =u e -Vdx=dv I. =e dx=|_ udv= 


x ao Do: 
3p (50 07,-[-e 50dx=105e 59 
L 55 55 


= $8=5+[ (x-55) Le Pdx=84105e 50-55e 50=21.64 


A 


Example 5-34 


The inventory system for a product is continuous review with lost 
sale. The weekly demand is uniformly distributed over [0 100]. The 
lead time is 2 weeks and Q=26. Find the optimum reorder point if 


g=$1and the annual holding cost per unit is $7. 


Solution 


Using moment generating it could easily be shown that the 
product of a constant number c and a uniform random variable 


x 
y | ty ¥ = ¥ salt 
Jae BO _[° xe 50 gy _ 1a 50 
[,.-55) =e dx-[' Ae dx 55( ase *°dx 


over the interval [a b] has a uniform distribution on [ca 


Therefore p, =D7, is uniformly distributed over [0 100]. 
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* eal 
fr) _C,Q_, 200_ 7x26 
FR,@) gD PO, 100+0 
200 2 


SS=r°-E(D,)+ | (1 Wf p, (wax 


=r*F=14 








100 
SS=14-50+]" (x-14) shodx =19 
5.8 Periodic Review Inventory Model 


or (R, T ) policy or FOI system 


This section is concerned with continuous review inventory 
systems which is denoted by (R,T) or FOI. Figure 5-11 shows 
this model shematically 





Symbols 





A The inventory level at reorder point 





b(R) Average shortage in each cycle 





B(R) Average shortage per year 





Disr The demand(consumption) during T;, + T 





for, ,C) | pdf of consumption during T + T;, 




















g Shortage cost per outage 
L Lead time 
Gy(k) | Normal loss integral 
P Service level, probability of lack of shortage during T+T;, 
P Purchase price 
Q, order quantity at time t 





R=E=Q,, | Desired maximum level of inventory 





the review interval (cycle time), the time between 
2 successive orders 





T, Lead time 











4 shortage cost per unit 
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inventory level 


time between: 


' 
ee oo ae successive orders 
; ' 








- ey hime 


Fig 5-11 Periodic review(R, T) or FOI model 


In this system every T time an order is placed in such a way 
that the order quantity makes the inventory level to a 
predetermined value denoted by R or Qn. R has is equal to a 
value that is sufficient for time T; however when w place an 
order at the beginning of the lead time as much the lead time 
demand is deducted from the inventory at the time of placing 
the order. Therefore the predetermined value R is such that it 
covers the demand during the review interval (cycle time) and 
the lead time(T +T ). With minor modification, the relationships 
given in the previous section for continuous review system can 
be used here. Since by definition, the service level is 
p=Pr(D;,, <R), then given a service level p. the dished R is 


calculated from: 





Demand | 
Continu. Fy, (R)=P (5-50) 








Discrete Fg, (RJ 2p (5-51) 














Where Fy O is the cumulative distribution function of 


Dr+,, 1.e. the demand during T +T_. 
The safety stock in this system is: 
SS = R— E(D, 47) (5-52) 
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Later it will be shown that if D,47 is normally distributed 
with mean 4, and standard deviation o, _ then: 
= T+L 


R =Q,, = Mp, tZ1-p X 9, (5-53) 
The ordering Quantity is given by: 
QO, =0,,-A=R-A (5-54) 
Where 
A The inventory level at reorder point 
Q: The ordering quantity 
R-E-Q Maximum inventory level 


The inventory level will never reach the maximum unless the 
lead time is negligible. 


5-8-1 Determination of review interval(T) in (R,T) 
model 


The review interval (cycle time) is often set to: 


Qw 
= ED) (5-55) 

or may be determined empirically. Note to set Co when 
equal to the ordering cost plus the per cycle cost of reviewing 
the level of inventory . 
Example 5-35 

In a period inventory system, it costs $500 to review the 

inventory and 5000 dollars to place an order for a kind of product. 
The average annual demand is 990 units. The holding cost per unit is 
$100 annually. What is your suggestion for the review interval. 








Solution 
Qn 2hyCo 
Pig We 
= [Pm Go0n+ 500) 330) 7a 3301 sr 
990 3 





2. 100 
Fan ey lee A 
C,u,, V 100x990 
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5-8-2 Calculation of maximum inventory(R) 


Given some service level (p) and the distribution of the 
demand during the lead rime plus the review time ( D;,7), the 
maximum inventory(R) is calculated from the following 
relationship: 


Pr(D,,, < R) = p> R=F '(p) (5-56) 


5-8-3 Mean and Variance of L+T demand (D,.7) 


To deal with the mean and variance of consumption during 
the lead time plus the review time, 4 cases are distinguished as 
follows 

Case 1: Demand(D) and the lead time(L =T{) are 
independent random variables, 

Case 2: Demand(D) constant, the lead time(L =T,) random 
variable, 

Case 3: Demand(D) random variable , the lead time(L =TL) 
constant, 

Case 4: Demand(D) and the lead time(L =T,) constant, 

When using the relationships given in each case, be careful 
to differentiate between the mean and the variance of "annual or 
daily or weekly" demand and the mean and_ the variance of 
"T+L" demand. 


5-8-3-1 Demand(D) and the lead time(L =T_) independent 
random variables 


According to Theorem 5-2, if the "annual or daily or 
weekly" demand denoted by D and the lead time denoted by 
L=T, are independent random variables, then the mean and 


variance of D,,, the demand related to7 +L, are : 
E(D,7)=E(D)xET +L) (5-57) 
Var (Dy) = Mp Fp +My Ori, (5-58) 
Note that 
T is not probabilistic, thena;,, =o7, 
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T could determined from 
Q, 2C 





= = (5-59) 
D or E(D) Cit, 
Furthermore in this model 
R=E(D, ,,) +SS (5-60) 
SS=R-E(D, +) (5-61) 
Var(T+L)=Var(L) (5-62) 
E(T+L)=T+,, (5-63) 


Special case: D;,;, normally distributed 
If Dy, is normally distributed, the for a given service level 


mz ABPud).p x 


Dr 41 
Relationship for maximum inventory 
R or Oy. = Hpiar + Z1-p Dist (5-64) 
Where 


Oy = Mpa. Var(D)+ wp Var(l +L) . 

Relationship for safety stock 

Since $$ =R —E(D,,,) then according to Eq. (5.64): 

SS=Z1_p9D, 47 (5-65) 

Note: when replacing the values of the parameters in the 
equations be sure to have the same dimensions. 
Example 5-35 

In a periodic review inventory system, the lead time(L) is 
normally distributed :Normal( 1 week, half week), the weekly 
demand is also normally distributed: Normal(400, 25) and 
independent from the lead time. The annual holding cost per 
unit is C, = 0.65. Find the maximum inventory for a review 
time of 4 weeks and 95% service level. 





Solution 
Dir =DT +0) T, aN ODS L nt Oa N(5,+4) 
Poe (R)=p 


According to Theorem 5-2 
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E(D,,,)=E[Dx(f +T,)]=E(D)E(l +T,,) = 400x5=2000 


Dp =) | ut,.,, War(D) + pf, Var(T +L) 


Oo 


Open = [5 x 25? + 4002 x ~=207.7 


Since both T +7; and D are normally distributed, Sec. 1-6-1 


allows us to approximate D,,7 with D, ,. ~ N (2000,207.7) 
then 
PD. <R)=p mlz EBPs?) 1.095 
OD,» 


R =E(D, 7) +Zg,Fp,, = R = 2000+1.6445%207.7=2342 


5-8-3-2 Demand(D) random variables and the lead time(L 
=T,) constant 


D,,., =DW +T,). If D and L=Ty are independent: 
E(D,,,)=DET +L) (5-66) 


Var(D,,,)=D°Var(. +L) (5-67) 


LAT 


5-7-3-3 Demand(D) constant and the lead time(L =T1) 
random variables 


Var7T +L)=0 

If D and L=T, are independent: 
E(D,,-)=E(D)x@ +L) (5-68) 
Var(D,..)=( +L)o;, (5-69) 


Special case: D normally distributed 
If demand is normally distributed, the consumption 
during T+L 
Will be normally distributed: 
Dar ~ Normal (u = (T +L) Up : F=0p xVT +L) 


and 
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Q, =R=C+L)E(D)+Z,,xOp VT +L (5-70) 


SS =R-E(Dyp4,) (5-71) 
S$ =Z,_,xop WP+L (5-72) 
Note 
As mentioned in Sec 5-4-5-1-1,the variance of demand i.e. 
Var(D) is expressed in (ae and °> in — then 


to convert the standard deviation of monthly demand to that of 
yearly demand, multiply it by V12 . For example op = 10 
units/month is equivalent to op = 10V12 units per year. To 
convert the variance of monthly or daily demand to that of 
yearly demand, multiply it by 12 or N= no. of working days in a 
year respectively.5-8-3-4 Demand(D) and the lead time(L =T,) 
constant 

If demand and Ty, are non-probabilistic then 

SS =R-E(D,,,)=Dx@ +L)-Dx(T +L)=0. 

Let A denote the inventory level at the time of placing an 
order. R has to cover the demand during T+L, then 

Q,=DT —-(A—-DT,)=D(U+T,)-A_ (5-73) 


5-7-4 Average shortage 


Let FG) denotes the pdf of continuous X or Dy4;, (the 
demand during T+L) andp, (x) denotes the probability 


function of discrete X or Dr4,. b (R),the average shortage 


related to one cycle is calcu- 
lated from the following integral or summation depending on 
the continuity or discreteness of D-r4,. 


— |F@-RF, dx 
b(R) = R T+L 


Yi &-R)pp ©) 


x>R T+ 
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The annual amount of shortage is derived from B(R)=b(R) x= 


where T is the review time in year. 


5-7-4-1 Average shotage, maximum inventory, safety stock 
when D,.7 is normal 


If the demand during L+T is normally distributed with mean 
and standard deviation £(D;,,), Dry then the average shortage 


in acycle is: 


2 
ee 
B(R) = is (x —R)———=e “+r dx 
a’ 


Using normal Loss integral mentioned in Sec 1-5-1: 
B(R) = Op,ypGu(k) k=—#" (5-76) 

DL+T 
Where 


R-p 
k=Z4_p = STL and Gy(k) is the loss normal intergral 
DT+L 
whose value is obtained from Table A or the following command 


GUk=exp(-k*2/2)/sqrt(2*pi)-k*(1-normcdf(k)). 
The following table summarized some of the above 
relationships. 






































Some relationships used in (R_T) =FOI system 
; : * 2C 
Review time a eis 
Hp C, Hp 
= b(R 
Annual shortage = B(R) = (R) 
T* 
The ration of annual _| BCR) b(R) 
shortage to annual demand 7) D = DT" 
Average inventory =| I =2"+S5S 
Average ‘No. of - N, me ae See 2 
shortages in a year Tr 
Average time between 2 = Mice 
successive shortages l-p_ N, 
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Safety stock =| SS=R-E(D,,,) 

SS if D,,71s normal = ZOD, 4 

Average shortage in a = b(R )=0 xG, (k) 

cycle if D,.,7 is normal Pus , 
Note 


-If safety stock is not requited in a periodic review system 
thenR =E(D,,,)+SS =E(D,,,) 

- In FOI model the order quantity for all cycles is not the 
same. 

- Using the following transforms FOS relationships are 
converted into FOI ones(Sabahno,2008, page 4): 

















FOS =(r_ Q) FOI =(R_ T) 
L — L+T 

r — R 
Q — DT 














Example 5-37 


The annual demand for a product is 18000, each order costs 
$5000, annual holding cost per unit is $25 and the lead time is 2 
days for a kind of product which is ordered every fixed time T . 
Assuming a 90% service level in (R T) model, find economic T, 
maximum inventory, average inventory, average shortage per 
cycle and per year. The demand during t days is approximated 
with N(u = 15t,o = 4Vt). There are 360 working days in a 
year. Calculate safety stock as well. 


Solution 
; 2G, 2x5000 

T = — => 
DC, 25x 18000 

* 150 150 
T =—— yr 

1000 1000 








x360 = 50 days 
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_R-E(Dy zr) _ 





k Zo1 
Ons 
A ee a Q,, =1337 
4,/52 


Note in this problem the lead time is constant as well as the 
review time; then T+L is constant and fixed. 


D,,.~Normal(u=15(L+T),o=4VL+T ) 


E(D, ,, )=15(2+50)=1300 
op, =4VL+T=4V52 = 28.8 


R-E(D, 47 ) 


Pr(D,,; < R)=p=0.90 > P| Jee 


D L+T 


Every 50 days an order with the following quantity has to 
placed 


0,=Q,-A=R-A R=Q, =1337 


Ss=? D,,.;~Normal > 


SS =koy,, = Zp py, = 1.28%4V52 = 37 


DR)=Op XGy(k) k=Z,,,=Zoq5=1.28 
T+L 

G,, (1.28)=0.0475:Table A 

b(R)=4./52*0.0475 = 1.37 


B(R)=b(R)x ~ =137x_~10 A 





50 


360 





305 Classical topics in inventory control and Planning 





Example 5-38! 


A product is ordered every T time to reach the inventory 
to its maximum R. If the monthly demand(D) is variable with 
mean E(D)and the lead time is deterministic, find an expression 


for the mean inventory(T ): 
Solution 

Q 
2 


EOL R LED} THED), FRLXED)-5*E(D)-R-EDIIL-TED)] 


ie 18S== 48S SS=R-E(D,,, }=R-(L+T)xE(D) 


End of exampledk 


Example 5-397 

A kind of product is ordered every 3 months. The lead time is one 
month. The demand during t days is approximated with N(p = t,o = 
10vt). With a service level of 90%, calculate the maximum inventory. 


Solution 


In this problem the lead time is constant as well as the 
review time; then T+L is constant and fixed. Since D is 


normally distributed D,,-is normally distributed 
D, 4p ~ Normal(E(D,,7),0p,_.)* 


EO, ,.)=G+1)(100)=400 
op, =10V3+1=20 


p =Pr(D,,, <R)=0.9 then 





* Iranian Universities entrance Exam (from Asadzadeh et al(2006) page 226 
* Asadzadeh et al(2006) page 233 
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nz BE Pa) | -s-p a 


oO 
Dist 


_, R-E@ia) _ 


Oo 
Dist 


Z,,=1.28 


=Zo) 


R=E(D,,,) +Z,_, Op,» 


R=400+1.28x20 = 425.6 


If the inventory level at the time of ordering is A the order 


quantity would be Q =425-A A 
Example 5-40 


A kind of product is ordered every 3 months. The lead time is two 
weeks. The service level is 90% and he demand during T+L is given 
in the following table, Find shortage probability, average shortage in 
each cycle and the safety stock 





xX =D 


Lat 











50 60 70 80 90 100 


Prob. 01 [01 |/02 [03 [02 |01 
Cum. 0.1 0.2 0.4 0.7 0.9 1 | 























Solution 
shortage probability =1-0.9=0.1 
Pr(D, ., <R)=0,9=> R =90 


b(R)= i (&-R)py, (x) = 


x>R 


> (-90)p (x)=(100-90)x0.1=1 
x>90 


SS =R —E(D, ».)=90-(50*0.1+60*0.1+....+100*0.1) 
ss=13 A 
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Shortage in periodic review systems 
When the demand(D) is greater than the maximum 
inventory(R) some policies including the following ones might 
be adopted to remedy this situation: 
complete backordering, 
complete lost sale. 
These two are dealt in detail below. 


5-9 Back ordering in FOI system 


In this section complete backordering is assumed in periodic 
review inventory systems and 2 cases are distinguished : either 
the shortage cost per unit or the shortage cost per outage is 
k.nown. 


5-9-1 Backordered (R T) - Stockout cost/ unit (1)known 


If the stockout cost per unit (72)is known R* , the maximum 
inventory in its optimum state, is calculated from (Tersine, 1994 p 244): 


+ 


r T 


x (5-77) 


Pr(D 


L4+T 


2 


If —*— >1,there would not be an answer for R* , 
1 





Example 5-41 


The lead time for ordering a product is normally 
distributed with mean of one week and variance of - and the 


weekly demand has a normal distribution N(u = 400, 0 = 25) 
and is independent of the lead time. Shortage is backord at the 
cost of one dollar per unit. The a holding cost per unit is $0.65. 
Find the optimal value of the maximum invean FOI mode used 
with a 4-week period review, 
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Solution 


D4, =DT +T,) 
T, ~N (2) =>T +T, ~N (0,7 


According to Sec 1-6-1 Dy4, is approximately normally 
distributed with 


E(D,,,) = E[ DC +T,)]= E(D)EC +T,) = 400x 5=2000 





Op = Mpa Nar(D) + pe Var(T +L) =207.7 
+L 


CT. 
5 


Pr(D,,., >R')= 





L4T 


4 
& « 0.65x — 
p{z>B—BPio) | GP. 0 
Ws 


D, L+T 


R= E(D,,7) + ZoosOp,., > R’ = 2000+1.6445x207.7=2342 


5-9-2 Backordered (R T) - Stockout cost/ outage (g) 
known 


If the cost per outage is known then the optimal value of the 
maximum inventory is calculated from (Tersine,1994,page244): 


fo RE (5-78) 


L+T 


Example 5-42 


Solve the previous example supposing g=$200 fot the cost 
per outage and ignore 70. 
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Solution 


annual C,=0.65 op,,,-2077 ee Ls 


* C T 2 
Ty (R ) _ h => A. " 20p,+T 
AT g 





OD 4pV20 
4 
0.65 —_ 
C,T = 52 => 
g 200 
aoe = +2.0194 > R” = 241981580 


5-10 Lost sale case in FOS system 


In this section complete lost sale is assumed in periodic 
review inventory systems and 2 cases are distinguished : either 
the shortage cost per unit or the shortage cost per outage is 
k.nown. 


5-10-1 Lost sale (R_ T) - Stockout cost/ unit (70)known 


If the stockout cost per unit (70)is known R* , the maximum 
inventory in its optimum state, is calculated from (Tersine, 1994p244): 


: ‘g 
Dye Rj 


a=72 
a+C,T ( ) 


5-10-2 Lost sale (R_ T) - Stockout cost/ outage (g)known 


If the cost per outage is known then the optimal value of 
the maximum inventory is calculated from (Tersine,1994,page244): 


fo.(R) _C,T 


: 5-80 
F(R) 8 et 
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Example 5-43 


The demand during L+T is approximately exponentially 
distributed with mean 500 units, the cost per outage is $20. A 
periodic review system is used with four-week review time. 
Find the optimal value of the maximum inventory if the annual 
holding cost per unit is$0.65. 


Solution 


Pov (R’) = CT 





F, (R) 
* * 

R ri R 

1, 500 0.65x 1, 500 

500 = 52 _, 500 : 
7 —=0.0025 => 
R Ro 

te 500 te 500 


5-11Inventory control under complete 
uncertainty 


Since dealing with inventory control under complete 
uncertainty and ambiguity needs some knowledge of decision 
making under uncertainty, a short description of the subject 
with emphasis on its application to inventory follows. 


Decision theory can indirectly assist in defining the problem 
and in identifying alternatives, while directly helping to evaluate 
the alternatives(McKenna, 1980). 
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Definitions 
Action space 


The set of alternative actions from which a decision 
maker could choose an action to cope with a situation which 
needs a decision. 


States of the real world or states of the nature 


The set of the events that may happen after an alternative 
action is chosen and performed by the decision maker is often 
referred to as “states of the nature” or “states of the world” and 
is beyond the control of the decision maker. In this section the 
set is denoted by® = {6,, 8 ...} An example of it in inventory 
control is the level of demand for a particular product. 


Objective function 


In decision making a decision situation can involve one 
objective or more objectives. The objective function could be a 
desired quantity such as profit or an undesired one like cost or 
loss. We focus here on minimizing the objective function of the 
inventory cost as a single objective decision-making problem in 
inventory control under uncertainty. 


To evaluate the alternative actions and choosing the 
appropriate one, a table similar to the following could be 
prepared. The possible actions being considered by the 
decision maker and the states of the real world are inserted in 
the table. Also the cost or the loss for “each action and each 
real world state” is calculated and inserted in the table. 
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Loss function for action a; and natural state 0; 
Action States of the nature 
94 82 

ay The cost of action | The cost of action 
a, if 0, happens a, if 0,happens 

az The cost of action The cost of action 
az if 8, happens az if 82happens 

a3 The cost of action | The cost of action 
az if 8, happens a3 if 8,happens 











Then one of the actions is selected using the rules or criteria discussed 
below. 
5-11-1 Decision criteria in minimization problems 

The process of selecting an action when an objective 
function is to be optimized is usually done using some 
common sense rules or criteria including the minimax decision 
criterion(rule), the minimin decision rule and the expected value 
decision criterion (Bayes method). In the following discussion 
the objective function is assumed to be cost. 
The minimax decision criterion(rule) 

For each action determine the worst outcome, the 
minimax rule chooses the action with the "best" worst outcome 
When the objective function is the cost or loss, the minimax 
decision maker examines the possible cost for each alternative 
and takes particular note of the greatest cost for each alternative 
. He then chooses the alternative that yields the smallest of those 
maximum costs. The decision maker who chooses this criterion 
is more a pessimist than an optimist (based on Wiston, 1994 page 
728 and McKenna _ ,1980 chap4) 

The minimin decision rule 

For each action determine the best outcome, the miniin 
rule chooses the action with the "best" best outcome. When the 
objective function is the cost or loss, the minimin decision 
maker examines the possible cost for each alternative action and 
takes particular note of the minimum cost for each alternative . 
He then chooses the alternative that yields the smallest of those 
minimum costs. The decision maker who chooses this criterion 
is More an optimist than a pessimist . 
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The expected value criterion (Bayes method) 

If there is some basis for believing that one state of nature 
is more likely than the others, a weighted average of the 
function is preferable to a straight average . The weighted 
average, in which the probabilities arc the weights, is called the 
expected value criterion( McKenna,1980). When the objective 
function is the cost or loss. The expected cost is the sum of the 
products of probability times cost for each of the decision 
alternatives . The expected value decision maker chooses the 
alternative with the best expected cost. 

Example 5-44 


Suppose the demand for a product is 10 or 30 or 50 or 70. 
We could order 20 or 40 or 60 units . The loss due each 
combination of demand and order size is given the following 
table. Determine the order size separately for the product using 
the above rules. 





The loss for each combination’ 

States of the Nature 

D=10 | D=30 | D=50 | D=70 
20 | 50 270 1150 2030 
40 | 480 100 380 1280 
60 | 900 520 200 480 
80 | 1045 665 345 250 
Probability | 0.2 0.4 0.4 0.1 























The order 
size 


























Solution 
a)MiniMax criterion 
For each action the worst loss is determined: 
alternative Maximum Loss 
Ordering 20 units} 2030=max {50,270,1150,2030} 
Ordering 40 units 1280 
Ordering 60 units 900 
Ordering 80 units 1045 
the minimax decision maker chooses the alternative action with 


the "best" outcome i.e. chooses to order 60 units. 





' Note that this is an example and the costs are not real. 
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b)MiniMin criterion 
For each action the minimum loss is determined: 
alternative Minimum Loss 
Ordering 20 units 50= min{50,270,1150,2030} 
Ordering 40 units 100 
Ordering 60 units 200 
Ordering 80 units 250 


the minimin decision maker chooses _ the alternative action 
with the "best" outcome i.e chooses to order 20 units. 
The minimax rule chooses the action with the "best" worst 
outcome. 
c)Expected value criterion 
The following table shows the sum of the products of 
probability times cost loss for each of the decision alternatives . 
This value is average loss for the corresponding action. 
Order Average Loss 
S1Ze 
20 50*.2+270*.4+1150*.3+2030*.1=666 
40 480*.2+100*.4+380*.34+1280*.1=378 
60 900*.24+520*.4+200*.3+480*.1=496 
80 1045*.2+665*.4+345*.3+250*.1=603 
The expected value decision maker chooses 40 units as the 





























order size because it has the best expected cost. A 
Exercises! 


5.1 An industrial distributor sells water pumps and other 
related supplies. A particular water pump is purchased for 60$ 
from the manufacturer. The average sales per day are 5 units, 
and ihe annual holding cost is 25% of the unit cost. The annual 
demand for the pump is 1500 units, and (he order quantity is 300 
units. The backorder cost per unit is $50. and the lead time is 20 
days. The demand during lead lime is given in the table below: 





Di, 











70 80 90 100 | 110 | 120 
3 3 4 80 6 4 Sum=100 











frequency 








' Problems 1 through 4 are from chapter 5 Tersine(994) pe problems 1, 
2,3,4. Problems 8,9,12,21 of chapter 5 , Tersine(994) p247 were also given 
to the students 
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a)what is the reorder point? 
b)How much safety stock should be carried? 
c)What is the expected annual cost of the safety stock? 


5.2 An automotive parts dealer sells 1200 carburetors a year. 
Each carburetor costs $25, and the average demand is 4 
units/day. The order quantity is 120 units, and the lead time is 
25 days. The backorder cost per unit is $20, and annual holding 
cost is 20% of unit cost. The lead time demand is given in the 
table below. Determine the safety stock level and the reorder 
point. 








Dy 115 | 110 | 105 | 100 | 95 | 90 
frequency 10 | 15 | 20 | 5 25 | 25 | Sum=100 

















5.3. Solve again Problem 5-1 with the assumption that Dy, is 
normally distributed with mean 100 units and variance 25 


5.4 What should be the safety stock in Problem 5.2 if the 
lost sale cost per unit is $20? 








Chapter 6 
Introduction 
to 
Forecating 
Methods 
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Chapter 6 





Introduction to Forecasting Methods 





Aims of the chapter 


This chapter describes some forecasting methods used in 
inventory management. The emphasis is on quantitative 
methods such as regression, time series methods, moving 
average, exponential smoothing . Some criteria such as RMSE 
are introduced to evaluate methods effectiveness. The 
application of quality control charts to verify whether a 
forecaster fits the case or not. 











Symbols 
= Average deviations of the forecasts and the 
observed data 
e Error random variable 
et Forecast error at tome t 
MA Moving Average 
MAD mean absolute deviation 
MAE mean absolute error(error =actual or observed value minus 


the forecasted value) 
MAPE mean absolute percent error 
MBD(MB_ Mean Between Deviations(Mean Between Errors) 
E) 
MSE Mean squatted errors 
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MLE Maximum likelihood estimator 
m The number recurring cycles in a year 
N Number of periods in MA method, number 


periods in Seasonal variations 
Total number of observed data, Number of 


N observed data in each cycle of seasonal 
variations 
r,R Correlation coefficient 


The ratio of observed value at time t to the 
corresponding forecast 
R, The ratio for season no. i 
RMSE Root Mean Squared Error 
Standard deviation of the deviation between the 


Sp observed data and the corresponding forecasts 

SEE Standard Error of estimate 

SSE Sum of squared errors 

x.x..x,.. Independent variables in regression, Radom 
Ph"? variables in probability 

Y dependent variable or response variable in 

regression 

Yi The actual or observed value for i” period 

y, the forecasted value for period i 

a The coefficient in exponential smoothing method 


6-1 Introduction 

Forecasting is to identify the picture of the future events and 
conditions as close as to what it will happen. Although 
forecasting is rarely perfect and error-free, it cannot be 
discarded, and is used vastly in many subjects such as 
engineering and economics ( including demand forecasting for 
goods and services). It is worth mentioning that forecasting is an 
art before being a science. In science the input is the rules of the 
nature, while the input of forecasting is data, analysis, 
experience and judgment. There is no rule in the nature giving 
a relationship between demand , for example and some other 
variables. It is because factors such as economic conditions, the 
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actions of the rivals and other social phenomena are complex. 
It should be emphasized that To find an appropriate method and 
effective use of it, human judgment will be a complement to the 
method . 


6-2 Classification of Forecasting Methods 


Various methods are used for forecasting from a thought or 
simple statement to mathematical equations. Forecasting 
methods could be subjective or objective. The former are based 
on the opinion of the consumers or experts and use more 
intuitive or qualitative approaches . These methods are used 
when there is little 
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Fig 6.1 A Classification of Forecasting Methods 
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or no historical data. The former methods use quantitative or 
mathematical approaches. It is worth mentioning that when an 
objective method uses a mathematical formula to predict a 
variable, the method could be called a forecasting model. 
Figure 6-1 shows more classification of forecasting methods. 


6-3 Subjective or qualitative Methods 


Subjective forecasting methods are based on common sense. 
The Forecaster use judgment and self-expertise for forecasting. 
Some of well-known subjective methods are: 


Market research or users' expectation, 
Executive opinions, 

Delphi expertise method, 

Field sales force. 

Below Delphi method is described. 


6-3-1 Delphi Technique 


The Delphi technique is designed to obtain the opinions on a 
specific topic by means of a questionnaire delivered to selected 
experts of the subject . 


This technique is designed to remedy some of the problems 
which arise in consensus forecasts . The technique attempts to 
maximize the advantages of group dynamics while minimizing 
the problems caused by dominant personalities and silent 
experts.(Terine, 1994, page 71). Steps of the method are as 
follows: 

1. Define the problem and the questions for a group of 
selected experts electronically or physically. 

2. Take the group's view as Round 1 

3. Explore and discuss the different points of view with the 
group. 

4. Take the groups view again as Round 2 

5. Repeat step 2 and 3; ask for Round 3 (if consensus is 
reached at Round 2, Round 3 is unnecessary) 
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This is an iterative process and continues until you feel you 
have reached consensus with your group or sufficient 
information has been exchanged among the experts. 


6-4 Objective or quantitative Methods 


Quantitative methods use a mathematical model or 
expression to illustrate the relations between a dependent 
variable (response) and some _ independent variables. 
These methods are used when there is enough historical data. 
If there is good knowledge of the relation between the 
dependent and independent variables, then casual models such 
Quantitative methods use a mathematical model or expression 
to illustrate the relations between a dependent as regression are 
used otherwise neural networks and data mining could be used. 
If the data is given in time series : , such model as exponential 
soothing, moving average, autoregressive auto-regressive 
moving average (ARMA) , autoregressive integrated moving 
average(ARIMA) or artificial intelligence algorithms such as 
neural network modeling might be used. 


6-4-1 Regression 


In many experiments a variable varies when the values of 
some other variables are changed during the exp[merriment. 
Regression models are used when there exists some inherent 
relationship among some variables and we want to predict the 
values of response variable(s) when the values of some 
independent variables change. 


A mathematical equation that allows us to predict values of 
one dependent variable from known values of one or more 
independent variables is called a_ regression equation 





1 . : : . : 3 r 
A time series is a sequence of data points that occur in successive 
order over some period of time. 
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(Walpole,1982, page 346). This prediction is in the form of 
an expected value: y =E (v [Resaky ) SP Cath yp) 


where 
Y : response or dependent variable 
y :predicted value for Y given ies 
Pes ee independent variables 
- a 
V(X ye %, ‘Regression function that is a function of x, 's 


e.g. 


QO FOR at OL AD AS Pon, 
@,+bx,+b.x, +...+b,X, 


atb x +cx" 
atbx 
Inx 


—Xx 


e 


If  isalinear function of x,,i =1,..,.n, the regression model 
is called linear regression which could be simple or multiple. 


6-4-1-1Simple Linear Regression Model 

Simple linear regression is a linear regression model with a 
single independent (explanatory) variable and one dependent 
variable., denoted by X, Y respectively. The mathematical 
model of simple linear regression is as follows: 


Y =a+bX +e (6-1) 


Where aand bare the regression coefficients , 
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e is the error variable with mean zero . 


Given a particular value of X, taking expectation on both sides 
of Eq. (6.1), yields : E (Y )=a+bx +E(e). Then we have: 


fen HEV IX =2 \Harhs (6-2) 


The mean /4,,, is considered a predicted value for Y when 
X=x. The predicted value is denoted in this chapter by y: 


y =a+bx (6-3) 


6-4-1-1-1Estimation of model parameters with the method of 
Least squares 


In this section the regression coefficients a and b are 
estimated with a method often called least squares . in this 
method the sum of the squares of the residuals (the difference 
between results obtained by observation and by computation 
from a formula) is minimized. Given 
(X15, )s+5(%;.¥;)s-(%,>¥,).0 pairs of values from the 
independent and dependent variables X and Y, we would like 
to estimate a and b in such away that (¥,,y,) i.e. the observed 


and predicted values for Y become close to each other as much 
as possible. In other words th aim in estimiating a and bis to 
minimized the errors e about the regression line (Fig 6-2). 
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Fig. 6-2 The predicted values (y ), the observed values(y) and 
the error(e) in simple regression. 


To satisfy this requirement, the sum of the squares of the 
errors(SSE) about the regression line is usually mininimized i.e. 
the aim is to minimize: 


SSE = Ye? = Yo-s) (6-4) 
i=l i= 


i=] 








n OSSE =0 
SSE == Li —~a—bx,Y she Poa, 
; ob 
n 1 n n 
, DO Die De ie 
p -i2! nN ijz a aos, (6-5) 
n 2 1 n | — 
sr -b> x, _ Pome 
a= 24 |__=Y —bx, (6-6) 
nN 


Where 
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Y is the mean of the oberved values yj, ..., Yn 

X is the mean of the oberved values Kay ctesi Ks 

The line  =d+bx is called the line of least squared. 
Example 6-1 


Estimate the regression line for the data of given in the following 
table 



































X Y ee xy 
77 55 5929 423.5 
75 5 5625 375 
ie) 4.7 5184 338.4 
7A 4.8 5041 340.8 
70 4.6 4900 322 
>) x =365 | } y=24.6 | >) x? =26679 | > xy =1799.7 








Solution 
Using Eqs. 6-5 , 6-6 and the calcualtion done in the table: 


5 (6192)-61046) gig 9 26068) 
5(26679) — 365 











Following MATLAB commands give similar results: 
>>x=[77 75 72 71 70]'; y=[5.5 5 4.7 4.8 4.6)’; 
>> X = [ones(size(x)) x]; 


>>ab= regress(y,X)’ 


-3.4535 0.1147 


'X\y could be used instead of regress 
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The difference between the values obtained for a from Eq. 6-6 and 
MATLAB is due to the approximations used in the manual 
calculations . 


The equation for the regression line is” ~ SASS LTT ifthe 


value of the independent variable for Period 6 is teas then the 
dependendent variable fof the period is predicted to be on the average 


5g = (1147) (73) -3.4531= 4.92 9 


6-4-1-1-2 Correlation coefficient 


What makes simple linear regression appropriate for 
predicting Y from X is their degree of their linearity relation. 
The correlation coefficient is the specific measure that 
quantifies the strength of the linear relationship between two 
variables. Suppose a sample n pairs of X and Y are available; 
then the coefficient (r) is defined as follows: 


xy) (6-8) 
Vax’ -(x,) yay? -(Xy,) 


It is proved that -1<r <1 and the more|r| closer to 1 the 
stronger the linear relation ; and the more|r| closer to zero the 
weaker the linear relation . Negative r denotes that if x 
increases(decrease) Y will decrease (increase). Table 6-1 
shows the relation between r and the degree of linear ity . 


C= 





Table 6-1 A classification of correlation of coefficient 
|r| 0-0.2 0.2-0.4 | 0.4-0.7 0.7-0.9 0.9-1 
linearity | slight | weak medium | satisfactory | high 


























As an example if we calculate the correlation coefficient Of 
X, Y in Example 6- 1, we will obtain 1,,=0.94 which denotes 


that there is a strong linear relationship between X and Y. 
Figures 6-3 through 6-6 shows the linear strength of several sets 
of data. It is worth mentioning that such plots are which are 
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called scatter plot are necessary to understand the kind of 
relationship between 2 variables. It is desirable to have at least 
30 pairs of data(Kume,1992 page 68) to prepare a scatter plot in 
order to study the relation between X and Y . 


x& y with r= - 0.77 





x 
Fig. 6-4 A Scatter plot of a set Fig. 6-5 A Scatter plot of a set of data 
of data with low positive r with negative r 


x & y with r= 0.05 




















80 
Observed and predicted é A 
with R= 0.9976 il axpctaresecusadiseviides 
° ° 
40} -------------------5---- 
a y ° 
oa 
3 QD power een geccrce nee gsen ence 
3 % ° 
ao Dtesemseses- O.-Q-2-------- 
° 
-20 1 A 1 
10 5 x0 5 10 





bes: f 


é 4 6 
Observed data ; 
Fig. 6-4 Observed and predicted Fig. 6-5 A Scatter plot of a set 


data with high positive r of data with nearly zero r 


6-5 Measures of Model Effectiveness 


To verify the validation of foreecating model, there are 
some measures including the ones given in Table 6-2 . In fact 
the formlus in Table 6-2 measures the forecasting error. It is 





329 


Classical topics in inventory control and Planning 





advised not to use a small set of data to estimate the parameters 
of the model and valdiating the model. 















































Table 6 -2 Some measures for evaluation of forecasting models 
Measure _ | Formula Abb. Measure comment 
Mean n MBE |Mean “Negative MBD: 

Dy (y a ay . ) Prediction is greater 
Between i=l 1 1 Between than actual 
Deviation Deviation Fa at aaa tad ike 

actual 

Mean n : Mean 

>Iy;-5;]  |MAD, 
Absolute | ja! ~~? Absolute 

ais es MAE ie 

Deviation A Deviation 
Mean 3 ( ) Mean 

LN Si 
Squared | = MSE | Squared 
Errors 7 Errors 
Root Root Mean 
Mean RMSE | Squared 
Squared Errors 
Standard SEE Standard f is the number 
E f E f parameters to be 

FEO 12) TEOF 1e) e4stimated for the 

Estimate Estimate Forecaster equation 
Mean ~ ||MAPE |Mean Gives a 

100 2 Meee dimensionless 
Absolute | > Absolute 

= Measure for error 

Percentage} 2 ‘=| y; Percentage 
Error Error 





The corelation coefficient ( R)between the obseved ( y , )and 


predicted( y, ) values from the following relationship is sometimes 


used in the literature . 


ny vidi -(¥ m3 $,) 








- rd? -(Yy,J (nd 52 -(05,) 


(6-9) 
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However high R does not necessarily indicate that the 
prdicted values are appropriate. If R is used another measure 
such as RMSE has to accompany the coreelation coefficient. 


Some researches use a Statistic called the Coefficient of 
determination ,denoted by R* (0 < R* < 1),to judge the adequacy 
of a regression model. However the statistic has several 
miscionceptions (Montgomery and Rungers, page 510) . 


Three other measures of model adequacy are:the coefficient of 
multiple determination, residual analysis, testing lack of fit using near 
neighbors. For details refer to Hines& Montgomeri(1990) chapter 15 
page 505. 


5-6-1 Application of "t-test for paired data'' to model 
effici study 


To study the effectve ness of a forecating model, if the 
difference (D)of the obseved values and the corresponding 
predicted values are normally distributed, a special t-test could 
be used to test; 


H 0'Hp = 0 
Hy: Mp * 0 
The test statistic under null hypothes is (Bowker and 
lieberman,1972 page243): 
nD? 
Sp 





ty = (6-10) 





The test statistic could be calculated equivalently from 


(n-1)MBD? 
t =,| 6-11 
° VRMSE?-—MBD re 
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n n 














i nD* . nD* _ (n-1)D° = 
oA Se S°D? -nD? SD? =nD? 
n-1 n 





(n-1)D*> _ | (n-1)MBD? 
beh » RMSE*—-MBD°~ 
n 


If ¢, is not greater than the critical value + , then the 
n-la/2 
mean of the observed values(y,'s ) and the mean of the 


predicted values (¥; 's ) doenot differ significantly. 


6-6 Multiple Linear Regression 


When we have a case in which one variable depends on 
several independent variables, multiple regression models which 
is specific- ally designed to create regressions for such cases 
may be a good choice. The multiple linear regression with k 
independent variables (regressors) is represented by 
(Montgomeric&rungers, 1994page 533): 


Y =a+b,X,+b,X,+..+b,X, +e 

















(6-12) 
where 
Y dependent variable 
XX cheeky independent variables 
B. ckudt De model parameters 
e error random variable with mean zero 








Given some specific values for X ,,X ,,...,X ,, we could take 
the expection of both sides of Eq. 6-12 as follows: 
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y =E(v [Xp Hx X y =x, )=a thx, 4+boX_ t+...+b, x, + EC) 


Since E(e)=o then Given Xj), =x,.X,=X5,..X, =x,, the 
predicted value for the dependent variable (y ) iscalculated 
from: 





y =atbix, tDyXq t+ dDX,- (6-13) 


Estimation of the model parameters by the help of has been 
dealt in refrences such as Montomeri&Rungers(1994) and 
softwares such as such as MATLAB and Minitab. The 
following commands might be used in MATLAB to estmate the 
k-regressor linear model paramters: 


>>X=[ones(size(x1)) x1 x2 ... xk]; regress(y,X) or X\y. 


Hines ant Montgomeri () on page 502 mentions that adding 
an unimportant variable to the model can actually increase the 
mean square error(MSE),thereby decrease the usefulness of the 


model. Note that the relations of the form y = f,x i ik ‘ ; 
could be transformed to logy =log f, +f, logx,+...+ 8, logx, 
and by setting logx, 's equal to a new variable, a linear 
regression model is achieved. 


Example 6-2 
The following table shows the results of an experiment . 


Without performing an experiment, could we forecast the result 
of the experiment if the values of X, and X2 are given. 





x, |110 |1.00 [080 [060 [0.50 | 0.20 
x |140 (110 [0.90 | 0400 | 0.30 | 0.10 
y 0.24 [027 [023 |028 [026 | 017 
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Solution 
To see if a double linear regression model fits the data or 
not, at first the parametrs are estimated: 
>>xl=[2 5.6 8 10 1.1]3x2=[1.3 4.91.1 14]s y =[.17 26.28 23 27 .24)'; 
X = [ones(size(xl)) x1 x2]; 
>> regress(y,X) 
0.1018 0.4844 -0.2847 
The model is 7 =0.1018 + 0.4844 x1 -0.2847 x2 
We do not have any other data for model validation, therefore 
the above data are inserted in the model as follows: 
yhat= 0.1018 + 0.4844 *x1_ -0.2847 *x2 or 
y = [ones(6,1) x1 x2 ]* [0.1018 0.4844 -0.2847 ]' 
The results are given in the following table: 
ly |017. [026 |o28 |023  (|027 |024 | 


y | 0.1702 | 0.2586 | 0.2786 | 0.2331 | 0.2730 | 0.2361 | 

















The correlation coefficient between the observed and 
predicted values is R = 0.9976 calculated in MATLAB as 
follows:M=corrcoef(y, yhat);R=M(1,2). 


With RMSE = 0.0025 calculated in MATLAB by 
rmse=sqrt(mse(y-yhat)) . 


Before closing this section, a summary of Saffaripour et 
al(2013) is mentioned below: 


The purpose of this investigation is to develop statistical 
models to estimate the mean daily global solar radiation 
flux, H, using multiple linear regression models. 


The mean daily global solar radiation flux is influenced by 
astronomical, climatological, geographical, geometrical, 
meteorological, and physical parameters. This paper deals with 
the study of the effects of influencing parameters on the mean 
daily global solar radiation flux. 


Saffaripour et al(2013) used multiple linear regression of 
several parameters in different combinations. The models gave 
many different correlations to estimate the global solar radiation 
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fluxes. For example one of the linear regression models they 
developed was the following relationship: 


H =—17082.9+619.68sin 5 +0.59H , +3277.15"/, 


+24.34R, + 64.787, + 104.250 4 imax) + 14.64P 

where 

H Predicted value for the mean daily global solar radiation flux 
O the solar declination angle 

H, The extraterrestrial solar radiation flux 

n Hours of measured sunshine 

N the maximum possible sunshine hours from sunrise to sunset 
n/N sunshine duration ratio 

R, mean daily relative humidity 

T mean daily maximum air temperature 


Tupamax) | mean daily maximum dew point temperature 
P mean daily atmospheric pressure 


The following table shows the value for the mean daily 
global solar radiation flux predicted from the above model(A) 
and the actual mean values (#). 





Jan |Feb |Mar |Apr |May jJun |Jul |Aug |Sep Oct Nov | Dec 





H | 3583 | 4602 | 5358 | 6473 | 7491 | 8192 | 7956 | 7656 |6827 |5440 | 4050 | 3421 


























A | 3630 | 4813 |5267 |6457 | 7485 | 8257 | 7999 | 7511 | 6823 |5611 | 3907 | 3308 








Saffaripour et al(2013) calculated the correlation coefficient 
related to each of the models they created and carried a t-test to 
choose the appropriate model(s). 

The above model could be used to predict daily global solar 
radiation flux(H) from atmospheric pressure, air temperature, etc... when 
the expensive instrument which is used to measure H is not available. 
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Classical time series forecasting methods 


This section introduces some models that are used to predict 
the future from past data in the form of time series. Some of the 
models that are used for time series analysis are: 


Arithmetic average, simple moving average(MA),weighted 
moving average, exponential smoothing(single, double, triple), 
regression, time series decomposition. Decomposition method 
that splits a time series into several components is suitable for a 
set of, time series containing seasonal variation. The 
application of some methods for time series analysis have been 
shown in Table 6-3. with the help of scatter plots. 


Table 6.3 Application of forecasting methods(Dilworth,1989 page 131) 
APPLICATION OF FORECASTING METHODS 











Combination of Components Models Often 
in the Series Objectives Appropriate 
Time series models* 
No trend (horizontal trend), no seasonal To average out Simple moving 
variation; i.e., a stable average with randomness avera 
random fluctuation and find Weighted moving 
average average 
a way Wry Single exponential 
smoothing 
No trend, but seasonal variation To determine Time series 
seasonal decomposition 
pattern and 
project it or to 
average out Simple moving 
seasonality average 
Trend, but no seasonal variation To make short- Double exponential 


term projection smoothing, 
of latest trend 


estimate 
To make longer- Time series 
term projection decomposition 


of average 
trend 











Trend and seasonal variation To project trend Time series 
and seasonal decomposition or 


variation Winters’ triple 
around it exponentia 
smoothing® 


Causal models” 








Pattern of changes not related to time To identify Simple linear 
variables that regression 
“explain” level Curvilinear regression* 
of demand Multiple regression* 





“If the series of demand data shows a generally consistent pattern over time and the influencing 
conditions are expected to continue, a time series mode! often is adequate. 

“If demand shows very erratic changes over time so that factors other than time must cause them, 
then causal models should be investigated to sce if they are appropriate. 

‘Not discussed in detail in this chapter. 
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6-7 Simple Moving Average(SMA) 

Moving average method in its simplest form calculates the forecast 
for the coming next period by adding up the latest ““N” period's 
observed data and dividing the sum by N as follows: 

t+I-N 
2; Yi 


ie ar (6-14) 





where 
Y,,, is the forecast for Period "t+1" and 


y, is the i” observed value" 


For example if the data for the past five periods are 
y =[5.5 5.0 4.7 4.8 4.6], The forecast for Period 6 according 


to SMA would be: 


— 4.64+4.84+4.7 47. 
3 
If there is no considerable trend or no considerable seasonal 
variation, SMA gives an appropriate result. If the N is small 
random variations affects forecast. Large N smoothes random 
variations 


The largerthe value of N (period of moving average), 
the smalleris theeffect of random variationand a 
higher smoothing effect. The value of N depends upon the speed 
at which the pattern of demand changes. If the The pattern is not 
stable, a small value of N should be selected ( Telsang ',1998 
page 526). If the variation of | the demand over time is 
considerable choose a small N (e.g. 3,4,5) ; if it is small choose 
12 < N < 18( Hajji,2012 page 173). 





} Telsang, M. T , 1998, Industrial Eng;g and Production Manag, S Chand 
And Co. Ltd 
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To find the appropriate N for a given case, a short computer 
code might be prepared to find the N with minimum error. 
Needless to say that finding an appropriate N for moving 
average( MA) method does not imply that MA is the most 
suitable method. As an illustration consider the following 20- 
period time series: 


1.5563 0.8976 0.7482 0.7160 0.3130 0.3617 0.1139 0.1139 -0.2218 -0.1549 


00 -0.0969 -0.2218 -0.3979 -0.1549 -0.2218 -0.3979 -0.5229  -0.0458 


To find the appropriate N for using MA method, a simple 
computer code gives RMSE for several periods of moving 
range method (N) as follows: 



































Table 6-4 RMSE for several N 

N RMSE N RMSE 

1 0.1076 9 0.1095 

2 0.3167 10 0.0962 

3 0.2703 11 0.0732 

4 0.2271 12 0.0444 

5 0.1900 13 0.0260 

6 | oss” | 14 | 0.0082 
7 0.1368 15 0.0116 

8 0.1231 16 0.0273 

















Table 6-4 suggests to choose N=14. Using this N the 
predicted value for the following observed value 


V7 =-0.2218 y 4, =0.3979 y,5=—0.5229 y 4, =—0.0458 


Are: 


¥ 7 =-0.2582 ¥,, =-0.2582 ¥,, =-0.2582 ¥,, =—0.2582, 
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6-8 Modified Moving Average 


In modified moving range method, The value for Period K 
from now(y/,,)could be forecasted using the following 











relationship: 
ya =y, +kb (6-15) 
Where 
A 6s yy 12s 
y,=A+—— A = i=tcNal P= 
N(N +1) : N N(N- -1) 
N-1 N-3 N-5 N-7 N-(2N-1) 
S= 2 y,t 4 Yuit ,) Yiot ,) Yi3tet 2 Yenu= 
N-1 N-3 N-3 N-1 
a Yeah FD Yeas Yen 
Note that in fact A; is the forecast for Period t+1 dy simple 
moving Average(MA) method. 
The total sum of the forecasted values for Periods t+l 
through t+L is given by: 
forecasts sum for 
Periods t+1 through t+L = Ly, + et Db (6-16) 


Example 6-3 
The actual demands for January through June are given in 


the following table: 

















Jan 


| Period (t) 


| demand 




















90 








Find the forecasts for July and August using 6- period MA 
sum of the forecasted 


technique and also calculate the total 
values for Periods July through September. 
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Solution 


A P n 6s 
— =A aE 
Yq Yetb V6 ‘VN 4) 


s =(6—-1)(70)/2+ (6—3)(75)/2+ (6—5)(64)/2 
+(6—7)(80)/2+(6—9)(5)/2+ (6—11)(90)/2 = 20.5 


A, =(90SS0R804644 75290) 62715. bs a1,419 
6(6° —1) 
Jo=1.5+ SE =14.36,9' 9 tba 74.3641 17=75.53 


J's = V6 + 2b = 74.364+21.17 = 76.70 


Total sum of forecasts for Periods J uly through September 


=3y 3D 





x1.17 ay \ 


6-9 Weighted Moving Average 


In simple moving average equal weights were assigned to all 
N_ periods; However some- times it is required to assign 
heavier weighting to more recent data points. This causes the 
more current data to have heavier effect on the forecast value 
than the older data. If there is a trend in data, to choose 
between the weighted moving average(MA) and simple MA, 
choose the weighted MA. 


Weighted moving average(WMA) formula 


Mathematically in WMA method the forecast is computed 
from either of the following formula, depending on the sum of 


the assigned weights("”' 's): 


Via =W,Y, tW a a te tW a eva yw =1. (6-17) 


ts (6-18) 
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Example 6-3 

Suppose the demand for a product from period 1 to 5 are 8, 
12, 14, 18, 22 find the forecast for period 6 assigning the weight 
0.8 for Period 5 and 0.2 for Period 4. 


Solution 
From Eq. 6-17: ¥,=0.8*22+0.2x18=21.2 


6-10 Exponential Smoothing 


Exponential smoothing which is sometimes called 
Exponentially weighted moving average, developed by Holt(1957), is 
actually a weighted MA with a fairly easy to use formula. 
Practically it uses very little of the past data record. Holt's 
primary approach did not consider trend and seasonality; 
however , later he introduced trend in the model. Winters 
(1960) extended the model for reasonability. 


The basic exponential smoothing uses the following formula: 


Fn =, taly,-3,) =ay,+(l-a)5, (6-19) 
Where 

y New forecast 

t+1 
y, Last period's forecast 
y Last period's actual demand 

t 
a A smoothing constant that lies between 0 and 1 often 


0.1 < a < 0.5 and in practice is usually chosen equal to 0.1, 
0.3 or 0.5(Winston, 1994, page 1262) 


More details about the above formula could be found in 
references such as Johnson & Montgomeri(1974) 
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The appropriate a for a particular case could be found by a 
computer code which minimizes a forecast error measure like 
MAD or RSME 

As said before exponential smoothing is in essence a 
weighted MA. As we move backward the weighting and 
importance of the data points decreases depending on the value 
of a. 

To forecast the next period demand(t+!), the use of 
exponential smoothing , requires an initial forecast for current 
Period t. A common initial forecast is the arithmetic average 
of the past data up to the current Period (Housyar,1985). If we 
have a largish record of data the initial forecast could be 


i=n-l 


replaced by Y¥,,.,=¢ = (:-«)' , ; . The reason for this will be 


shown soon. 


Example 6-4 


Using the data in the following table, find the forecast for 
Period 7 with simple exponential smoothing. 














fot ea ee | 
ly 130 |32 |30 [39 |33 | 34| 
Solution 
9, =0.1y,+(1-0.1) 9, jg- a3 


¥,=0.1y,+(1-0.1)9,=33.0/4 


Notice that this was an exercise. The utilized method is not 
necessarily the best method for the case . 


As the following calculations shows, in exponential 
smoothing the weightings assigned to the data points decreases 
as the data get older 
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Yea =ay, +(1-a) y, =Oy, +(1-a)[ay,_, +(-a)¥,] 
=ay, ta(l—a)y,,+(1-a)’y,_, 


Then 


¥.,=ay,+a(l-a)y,,+a(1-a)’y,, +...+a(1-a)*y,, 


+...4a(1-a)"'y, +(1-a)'¥, > 
i=t-1 


Vi =o Ss (1 -a) Yate) 9; 


i=0 


If the number terms is largish(t — 0), (1—a@)'y, =*zero and 
i=t-1 ‘ 

then if to, §,,=a) (l-a)y,, .The sum of the 
i=0 


coefficients in the first part approaches one: 


Sie ey Ss Blah” to ea 
(=a) 


The above calculations shows if we proceed further 
backward as much as possible we will notice that the forecast 
resulted from exponential smoothing is a weighted average 
from all data. The weightings decrease exponentially(Fig. 6-8). 
Furthermore if m — oo i.e. we have a lot of information as past 


i=n—l ; 
data then §,, =a) (1-a) y,, could be used as the intitial 
i=0 


forecast for using Eqs. 6-18 & 6-19. 
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Weights of past observation 
alpha=0.25 





Fig. 6-8 The weightings in a simple exponential Smoothing with @ = 0.25. 


The calculation in Table 6-5 shows 


small a assingns 
greater weighting and importance to more recent data and less 
importance to older data. 





Table 6-5 The values of some coefficient calculated for some a 















































a « | a(l-a@) | e@(l-ay’ Sy || ae 

a=-0.l1 0.1 0.09 0.081 0.035 

a=-0.2 0.2 0.16 0.128 0.0215 

a-0.3 0.3 021 0.147 0.009 

ar 0.5 0.5 0.25 0.125 0.0004 
Smaller a gives greater values to older data points than greater 
a does 
Example 6-5 


The second column from the left in Table 6-6' shows the 
observed values for 24 periods. Calculate the forecast for the 
periods using 

Exponential smoothing with smoothing parameters 
a=0.1 and @=0.2. Which parameter do you prefer 
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Solution( Dilworth.1989 pagel 11) 
Columns 3 and 5 of Table 6-6' show the forecast using simple 
exponential smoothing method with @ =0.land a =0.2 
respectively. 
Table 6-6' Forecasts for Example 6-5 using Exponential 
Smoothing witha = 0.1&0.2 
































Observe | Forecast squared error Forecast squared 

t d (y:) > = ~ \2 (¥.,a=0.1) |error 
(y,,a@=0.1) |(y,-y,) Vp ‘ 
y ms (y, —Y; y 

1 |210 196.2000A |B 196.2000 a |B 
2 |206 197.5800 B 198.9600 _ |B 
3. 1181 198.4220 B 200.3680 |B 
4 | 201 196.6798 B 196.4944 _ |B 
5 |192 197.1118 B 197.3955 |B 
6 |186 196.6006 112.3727 196.3164  |106.4 
71190 195.5406 30.6982 194.2531 |18.1 
8 |208 194.9865 169.3512 193.4025  |213.1 
9/190 196.2879 39.5377 196.3220  |40 





10/220 |195.6591 592.4794 195.0576 (622.1 





11 |223 198.0932 620.3487 200.0461 | 526.9 





12 (175 | 200.5839 654.5359 204.6369 | 878.3 





13 |205 198.0255 48.6437 198.7095 | 39.6 





14 1178  |198.7229 429.4386 199.9676 |482.6 





15/214 [196.6506 301.0017 195.5741 (339.5 





16 |181 198.3856 302.2591 199.2593 | 333.4 





17 |187 | 196.6470 93.0646 195.6074 | 74.1 





18/217 | 195.6823 454.4443 193.8859 | 534.3 





19 |184  |197.8141 190.8294 198.5087 (210.5 





201196 |196.4327 0.1872 195.6070 {2 





21 |202 196.3894 31.4788 195.6856 {39.9 





22 |169 196.9505 781.2305 196.9485 | 781.1 





23 |223 194.1554 832.0109 191.3588 _|1001.2 





24 |190 197.0399 49.5602 197.6870 [59.1 








RMSE= 17.37 RMSE=18 

















A Initial mean estimated prior to these calculations=196.2 
B omitted to reduce the effect of the initial mean 











RMSE for a = 0.1is 17.37 and RMSE for a = 0.2 is 18.21. 
Therefore a = 0.1 is preferable for this case. A 
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6-10-1 Relation between simple moving average and 
simple exponential smoothing 


As you have noticed, in the above methods, the user has to 
specify a parameter: In simple moving aver, the number of 
periods(N) must be set and in simple exponential smoothing , 
the smoothing parameter(a). In both cases the parameter 
determine the importance of fresh information over older 
information(Shemueli, et al 2010, page 352). It has been proved 
that the following relationship exits between N and a( Brown, 
1962): 





2-a 
N = a (6-21) 


In other words,, an N-period MA method gives results 
approximately similar to those of a simple exponential 
smoothing with 





(6-22) 


6-11 Double Exponential Smoothing 


Simple Exponential Smoothing cannot forecast accurately 
when there is trend or seasonal variation in the data Double 
Exponential Smoothing extends Simple Exponential Smoothing 
to support analyzing data that shows a trend by adding a 
second equation with a second parameter to the procedure. 


If the data involves a linear trend, there would be a time 
lag(LT) equal to LT = — between the forecast resulted from 
Simple Exponential Smoothing(SES) and the corresponding 
observed data. Double Exponential Smoothing corrects this 
lag by forecasting for the next period using the following 
formula: 
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Vas a A'+T, (6-23) 
Where 
' 1- 
ee =A,+ ip 
A, =ay,+(-a)A,, The initial forecast using 
SES i.e, 4: =e 
l=a@ T The correction value to 
a compensate for the trend 
fT, =T,_,+8(T, -T,,) =fT, +(1-B)T,_, 
T, - A, =A 
B o<P<l 


To forecast using double exponential smoothing, initial 
values (A,,7,) are needed. A suitable value for Ao is the 
average of the past data. And a suitable value for 7,is the 


average of the differences between 2 successive observed 
values. 

Note that @, 6 which are smoothing coefficients between 0 
and lare not necessarily equal. 

If the trend continues, the forecast for k periods from now in 
this method is: 


Yap =A KT, (6-24) 
And the sum of corrected forecasts for L period from now is: 


L 
yy ELA oe (6-25) 


If the trend does not continues, the forecast for k periods 
from now in this method is: 


¥',=A'. (6-26) 





347 Classical topics in inventory control and Planning 





Example 6-6 
A factory uses exponential smoothing with trend adjustment 


. From past data we only know that. A,=50ton T,=lton 
If the actual demand for the current period is y, =55ton and 


F ee forecast for the next period(t=2)? 

Fid the sum of forecast for the next coming 2 periods? 
Solution 

a) 

ee ee 

T,=0.1 T,+(1-0.1)T, =0.1T,+0.9T, 


T,=A,-A,=A,-50 


A, =a y, +(1-0)A,=0.1%55+0.950=50.5==>T,=0.5 T. =0.95 


ee 1-0.1 
fas pesos 
O 0.1 





x.95=59.5 


J',=A\, +7, =59.5+0.95=60.45 


b) 

The sum of the forecasts is : 

L = 2+1) — 
Y gupta OLD g 541 OCs 


=2x59.5+3x.95=120.95 or 
9,49 ,=(A' +7, )+(A'42T, )=120.95 


Example 6-7 
A factory uses exponential smoothing corrected for trend 


with @ = 8B =0.15. The actual demand for the current month is 
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y, =40. Find the forecast for the next month and Month 6. 
Data for estimating A,,T, : 
The monthly demands in the previous year are as follows: 


[month [1 [213 ]4 ]5 [6 [7 [8 [9 J10] 11] 12 
| demand | 4 | 6 | 8 | 10 | 14 | 18 | 20 | 22 | 24 | 28 | 31 | 34 


Solution 





A, =ay,+(1-a@)A, 


A, ( forecast for the current period with simple exponential 
smoothing) is taken the actual demand of the last month of the 
previous year plus 7, : Ay =34 +7, =36.73 

The average of the trends of all eleven "2 successive 
periods" in the last year: 


34-30) + 4-26) + 2620+. K)HOK-4) _ 34-4 _, 2, 
11 1 
Note that for calculating 7, m in practice the actual demand of 


the first and the last month was enough. 


Ao = 34+ 2.73 = 36.73 


Ay =0.15 x40+ (—-0.15) x 36.73 = 37.22 
T,=0.15 T,+(1-0.15)T,=0.15 (A,-A,)+(1-0.15)T, 
=0.15x(37.22-36.73)+(1-0.15)x2.73 =2.39, 


A! =A,+ mite XT, =37.2245.67*2.39=50.77, 





§,=A'+1T,=53.16,  9,=A',+6T, =65.11. 
Example 6-8 

The demand for a product during 24 periods are given in the 
second column of Table 6-7. Using double exponential 
smoothing calculate the forecast for Periods 1 through 24. 
a =0.1,8 = 0.2 T = jnitial Trend =O , A, =the mean pf the actual values before 


period 1 =196.2 
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Solution 
The calculations are shown in Table 6-7. The calculations were 
done by the following MATLAB code. 


alpha= LAG Insert alphae.g. 0.1’); 
beta=input(‘Insert beta e. 2% 
AO=input(‘Insert AO e.g.1 16.2 ‘3 
Tbar0=input(‘Insert Tbar0 e.g. 0‘); 
N=input(‘Insert number of ee, 24 )3 
% alpha=.1;beta=.2;A0=196.2;Tbar0=0 

A= ACSI) 8); 








At? 2 =OEN}Ii Insert observed values in brackets| ] 
% A(:,2 ee 206 181 201 192 186 190 208 19 520 3 
78 214 181 187 217 184 196 202 169 223 190]'; 
ACL, oes alpha*A(1,2)+(1-alpha)*A0; 
for i= 
A(i,3)= vate 2)+(1-alpha)*A(i-1,3);end 
aus A aac 3)-A0; 
ey ays =A(i,3)-A(i-1,3); 


aU, ae beta*A(1,4)+(1-beta)*Tbar0; 


for i= 
% i,5)=alpha*A(i,4)+(1-alpha)*A(i-1,5 
face if ae Laas ee) (i, Sy, y 


Ipha)* A(:,5)/alph 
Hele aceon 


"A(i8)=A(i-1,7)+A(i-1,5);End 








Table 6-7 Illustration of the calculations for forecasting with 
double exponential smoothing. 







































































t : A, = ay, T,= T =(f +|l-a a A’= Forecast 
= ; l-a— Via 
' | +d-a@)A,,| a,-a., |G-OF, | % AF | aye 
1 {210 | 197.5800 1.3800 0.2760 2.4840 200.0640 | ------- 
2 {206 | 198.4220 0.8420 0.3892 3.5028 201.9248 | 200.34 
3 {181 196.6798 -1.7422 | -0.0371 -0.3337 196.3461 |202.31 
4 |201 197.1118 0.4320 0.0567 0.5107 197.6225 | 196.31 
5 {192 | 196.6006 -0.5112 | -0.0568 -0.5116 196.0890 | 197.68 
6 [186 | 195.5406 -1.0601 | -0.2575 -2.3174 193.2232 | 196.03 
7 {190 | 194.9865 -0.5541 | -0.3168 -2.8512 192.1353 | 192.97 
8 |208 | 196.2879 1.3013 0.0068 0.0615 196.3493 | 191.82 
9 {190 | 195.6591 0.6288 -0.1203 - 1.0827 194.5764 | 196.36 
10|220 | 198.0932 2.4341 0.3906 3.5152 201.6084 | 194.46 
11 |223 | 200.5839 2.4907 0.8106 7.2954 207.8793 | 202.00 
12]175 | 198.0255 -2.5584 | 0.1368 1.2312 199.2567 | 208.69 
13.|205 | 198.7229 0.6975 0.2489 2.2404 200.9633 | 199.39 
141178 | 196.6506 -2.0723 | -0.2153 - 1.9378 194.7128 | 201.21 
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t : A, =ay, T= T =pf +|1l-a@ a Al= aan 

' |+0-@)A,,) a,-a., |d-ar, | * x 7, ie 
15|214 [198.3856 | 1.7349 [0.1747 1.5726 _| 199.9582 | 194.50 
16 [181 | 196.6470 _| -1.7386 _| -0.2079 -1.8713 | 194.7757 | 200.13 
17 |187 | 195.6823 -0.9647 __| -0.3593 -3.2335 192.4488 | 194.57 
18 [217 [197.8141 [2.1318 [0.1389 1.2504 | 199.0645 | 192.09 
191184 [196.4327 [-1.3814 [-0.1651 -1.4862 | 194.9465 | 199.20 
201196 | 196.3894 | -0.0433 | -0.1408 -1.2669 | 195.1225 | 194.78 
21 |202 | 196.9505 0.5611 -0.0004 -0.0036 196.9469 | 194.98 
22|169 | 194.1554 -2.7950 | -0.5593 -5.0339 189.1215 | 196.95 
23 1223 | 197.0399 [2.8845 [0.1294 1.1649 | 198.2047 | 188.56 
241190 | 196.3359 -0.7040 | -0.0373 -0.3353 196.0006 | 198.33 
25 195.96 
End of exampledA 


6-12 Forecasting techniques for time series 


having seasonal variations 

There might be 3 kind of variations in a time series: 
Seasonal variations, cyclic variations and irregular (random) 
variations; the first 2 kinds are forecast-able and the last kind is 
systems’ inherent property(Houshyar,...). 

Consider a time series whose scatter plot is similar to Fig. 6- 
11. As the figure shows there are seasonal or cyclic variations 
in the series. 


30 


60 


Obse med value 


40 





20 n 4 
o 5 Period 10 15 


Fig. 6.11 A time series with seasonal variations 
In such cases the use of the previous methods such as pure 
linear regression do not answer. Some methods have been 
developed to deal with these cases e.g. ratio- trend analysis and 
winter’s method. The latter is described below. 
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6-12-1 Ratio-to-trend technique for seasonal 
adjustment 
The steps of a Ratio-to-trend method to forecast the future 


based on a time series that has shown trend and seasonal 
variations are as follows( based on Housyar,1985_ ): 

Step 1: calculate the forecasts (y,'s) for all periods of the 
time series by a common method such a regression or moving 
average. 

Step 2: calculate the ratio of the observed value(y,)to the 


predicted value (y,) for each period calculated in step 1: 


Me 1,...,mxn (6-27) 


A 


yr 


R,= 


Where 
R, The ratio of actual value to the corresponding 

predicted value(for period t) 
m  Noof cycles ina time horizon say in a year 
n No of observed values in each cycle 
Step 3:There are similar(= of the same name) seasons in the time 
series. For each of these seasons a separate R, has been 
computed using Eq. 6-27. Calculate the mean of these R;, 's 
calculated for similar seasons : 
— Ri +R Vy tRiy tee tR ion f 
R,=—-—* a sak j=l... N 27-1) 
Where N is the number of periods in the iterative cycle e.g. 2 
half-year in a year 4 seasons in a year. 








call R, the index of Season j. 
Step 4 The forecast with seasonal adjustment for period t is 
given by: 


¥,=R,x¥, (6-27-2) 
Example 6-9 
A manufacture’ sale during the past 3 years has been is 
3.5000 4.0000 6.0000 8.0000 4.0000 5.0000 
7.0000 9.0000 4.5000 7.5000 9.0000 3.5000 
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Apply ratio-to-trend method to forecast the sale. 
Solution 
As the following scatter plot shows there is seasonal variation in the 
sale data. Therefore the above method might be appropriate. 


9g 
8 
7 
> sd 
5 
4 


3 
0 5 10 15 


Step 1 If we use simple regression with period(t) as the dependent 
variable to fore cast the sale volume we would obtain: 


y, = 4.6667 + 0.1923 t . Column 5 of Table 6-8 shows the primary 
forecasts (y, ) for all the 12 periods using this relationship 

Step 2 Column 6 shows the ratio of the observed value (y, ) to the 
predicted value (y, ) for each period . The scatter plot shows every 4 


periods, we have an iterative cycle ; thereforeN =4 and 4 
seasonal indices have to be calculated in order to 
correct y, for seasonal adjustment: 


Re 0.7203+ ane +0.7034 _ 0.7115,R, = 0.9297, 


R, =1.2118, R,=1.1413 

Step 3 The corrected forecast(y/) for period / is 
obtained from y,in Column 5 multiplied by the 
corresponding seasonal index (R,,R,,R,,R,). The result 
is given in Column 7. The RMSE between the y; and y, 
is rmse=sqrt(mse(y-y'))=1.6 
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Using MATLAB command corrcoef(y,y') gives the correlation 
coefficient between the y/ andy, is 0.62.1 

The forecast for Period 13 is calculated as follows: 

¥ 13 = (4.6667+0.1923x13)x0.7115 = 5.1. 


Table 6-8 A time series data and its forecast by Ratio-to- trend method 























Year | Season t | y, * With R - 7 
Regression (y, xR ) 

Spring (| 1 | 3.5 | 4.8590 0.7203 | 3.46 

one Summer | 2 | 4.0 | 5.0513 0.7919 | 4.70 
Fall 3 | 6.0 | 5.2436 1.1443 | 6.35 
Winter | 4__| 8.0_| 5.4359 1.4717 | 6.20 

Two | Spring | 5. | 4.0 | 5.6282 0.7107 | 4.00 
Summer | 6 | 5.0 | 5.8205 0.8590 | 5.82 
Fall 7_| 7.0 | 6.0128 1.1642 | 7.29 
Winter | 8 | 9.0_| 6.2051 1.4504 [7.08 

9 


Three | Spring 4.5 | 6.3974 0.7034 | 4.55 


Summer | 10 | 7.5 | 6.5897 1.1381 | 6.13 
Fall 11 | 9.0 | 6.7820 1.3270 | 8.22 


Winter__| 12 | 3.5 | 6.9743 0.5018 | 7.96 
RMSE= 1.60 R =0.6210 









































The time series data in this problem contain both trend ad 
seasonal variation. A method titled Winter's method might 


result in better forecasts for these kind of problems A 

It worth mentioning that artificial intelligence techniques 
such as artificial neural networks(ANNs) might be appropriate 
for forecasting problems. 

Some artificial neural networks(ANNs) that are based 

on simple mathematical models of the brain could be used as 
forecasting methods. They allow complex nonlinear 
relationships between the response variable and its predictors 
(Hyndman &Athanasopoulos,2018,p333).The last exercise of 
this chapter is on ANNs. 
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6-13 Verifying and controlling forecasters using 
control charts 


By: Massoud Hajghani, Hamid Bazargan, 


A necessary first step after we have made a forecast is to 
verify that it does indeed appear to represent the data and the 
chance system underlying the demand for the product in 
question. To do a good job of forecasting requires that we 
continually compare the forecast against the actual demand and 
take action to revise the forecast when there is a statistically 
significant change in demand((Biegel, 1971, p51). 


In this section we would like to determine the validity of the 
forecast values and the forecaster by appropriate statistical tools. 
To do this 


1. we could use statistical tests, 


2. we could calculate RMSE between the actual and observed 
values; the less this value the better the forecasting method 


3. One could plot the observed values and the corresponding 
forecasts in an X-Y coordinate and fit a least-square-error line 
to them; the more the points closer to this line and _ this line 
closer to the bisector of the first quarter, the better the forecast 
values(See the last example of this chapter), 


6-13-1 A control chart for forecast error 


As said before good job of forecasting requires continual 
comparison of the forecasts against the actual values. If there is 
evidence of satisfactory forecaster , the forecaster is trusted 
unless the evidence no longer exist. When this happens an 
appropriate forecasting technique has to replace the existing one. 
Control chart is a graph used to study how a process changes 
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over time; therefore an appropriate tool for continual monitoring 
is plotting control chart for forecast error. Biegel(1971) 
introduces a control chart to monitor the forecast. Since the 
concept of moving range from statistics and quality control is 
used in this chart, the concept is reminded below: 


Definition of Moving Range(MR) 
Moving range denoted by MR, is dined here as follows: 


MR =|(d/-d,)-(d/_,-d,.)| (6-28) 
where 

a The predicted value for Period t 

d, The actual value of Period t 

a The predicted value for Period t 

d The actual value of Period t. 


An application of moving range here is to estimate the 
standard deviation of forecast error frm the following formula: 


where 


MR 
dz 


G6= 


(6-29) 


The predicted value for Period t defined as: 

= MR 

MR = ae (6-30) 
Note that for k period k-1 


is a coefficient obtainable from statistical quality control 
textbooks such as Bazargan(2020). Since the moving range here 
is defined as the difference of consecutive errors(n=2), the value 
of dz is obtained equal to 1.128 from the books of the following 
MATLAB commands 

n = -++spd = makedist('normal',O,1);fun = @(x) (1-(1- 
cdf(pd,x)).“n-(cdf(pd,x) ) .“n); d2 = integral(fun,-inf,inf); 
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6-13-1-1 Upper and lower limits of the control chart for 
forecast error 


The control chart used in quality control usually have a 
central line (CL) and 2 limits: upper control limit(UCL)and 
lower control limit (LCL). 


Since forecast error(e) is sometimes negative and sometimes 
positive, the central line of this chart is set to zero(CL=E(e)=0). 
The limits are determined from the MR values calculated 
according to Eq.(6-28). It is advised to have at least 10 and 
preferably 20 MR _ values in determining the control 
limits(Biegel,1971 p52). The upper control limit(UCL) and the 
lower control limit(LCL) of the control chart for forecast error 
are calculated from: 

UCL=F(e)+30,=043 MR 23 MR Wo com 

d, 1.128 

CL=0 

LCL=E(e)-30,=0-3-~=2.66MR 

2 

Assuming the error is normally distributed, it is expected to 
have 0.27% of the points plotted on the chart to fall out of the 
above 3-sigma limits. In other words if we plot 10000 points 
on the chart, 27 points are expected to fall outside the limits; 
from 1000 points 3 points. Since our data are not that much if 
the forecasts are good no point is allowed to fall outside the 
limits. Therefore if a point is out of control due to falling 
outside the limits or is out of control due to the criteria or tests 
described later, when verifying the forecaster we have to do one 
of the followings(Biegel, 1971 p52): 


Discard some data(those points from a different cause 
system) ;search for a new forecaster 


Needles to say that if a point is outside the limits , we have to 
investigate the cause and try to resolve the problem. 
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If all points fall randomly inside the limits and form no 
special pattern, we could rely with certainty upon the existing 
forecasting method. 


If points fall outside the limits we apparently do not have the 
correct forecasting equations and they should be revised accordingly. We can 
use the control chart to tell us where the change occurred and ca determine a 
forecasting equation from the data appropriate to the present cause system 


(Biegel,1971 p53) 
6-13-1-2 Some criteria for out-of- control status 


As wells as the case mentioned above to declare an out of 
control status, there are some criteria or tests based on runs of 
points above or below the central line of the chart 


To mention the criteria, the control chart is divided into 3 
regions A, B and C above and below the central line as shown in 
Fig. 6-12. 


Region C 





d'- d JOS 





RegionB 





Region “ 


RegionC 
Periods —> 


Fig. 6.12 Regions A, B and C in chart for forecast error 
(based on Biegel, 1971) 


MR = 
Region A is within +20,=+2—=+1.77MR above and 
= 


below the central line. 
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MR — 
Region B is within +lo,=+———— =+0.86MR above and below 
= 


the central line. 
Region C is the region above and below the central line. 


Two tests that check out-of-control status in a control chart for error 
are (Biegel,1971p54): 
1. Of 3 successive points, at least 2 points fall on the same side 
of the central line in Region A 
2. Of5 successive points, at least 4 points fall on the same side of 
the central line in Region B. 

Grant & Levenworth(1988) suggest the following tests to detect 
shifts in a universe parameter(here: forecast error) in of applications 
control chart in manufacturing: 

There is suspicion that the process parameter has changed if (grant 
&Leavenworth ,1988 page 89): 


e Whenever in 7 successive points on the control chart, all are 
on the same side of the central line(a run of 7 points all above 
or all below the central line). 

e In 11 successive points on the control chart, at least 10 are on 
the same side of the central line. 

e In 14 successive points on the control chart, at least 12 are on 
the same side of the central line. 

e In 17 successive points on the control chart, at least 14 are on 
the same side of the central line. 

e In 20 successive points on the control chart, at least 16 are on 
the same side of the central line. 


The sequences mentioned in each of these rules will occur as 
a matter of chance, with no change in the universe(here: error), 
more frequently than will a point outside of 3-sigma limits. 
For this reason they provide a less reliable basis for hunting a 
trouble than does the occurrence of a point outside of control 
limits(Grant& Leavenworth,1988 page89). Those interested in 
the theoretical basis for the rules may refer to Chapter 6 of 
Grant and Leavenworth(1988). 
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6-13-2 Illustrations 


Below are some illustrations showing how the control chart 
is used for forecasts verification. In the cases where some 
conditions of out-of-control appear, necessary actions have to be 
taken e.g. to modify the current forecast equations by removing 
the data points that apparently are not from the same cause 
system(Biegel, 1971,page55). The following symbles are used 
in the examples: 


t period 

d demand 
d' Forecast 
e error 


MR Moving Range 

CL Central Line 

UCL Upper Control Limit 
LCL Lower Control Limit 


Example 6-10 verifying constant forecasters 


d 

gi 2uth 1191 
12 12 

series of which is given in the following table 


~99 is used to forecast the demand a time 











period 1 2 3 4 5 6 7 8 9 10 11 12 
demand | 90 | 111 | 99 | 89 | 87 | 84 | 104 | 102 | 95 | 114 | 103 | 113 





























Use acontrol chart to verify the constant forecaster. 


Solution 
UCLe=2.66MR, CL=0,  LCL,=-2.66MR 


= LL 
MR=—-=10.6, UCL=28.2 LCL=-28.2 
11 


The calculations have been done in the following table and 
MR points have been plotted in Fig. 10-13. 
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Forecast a= MR = 
period | dt | (ay ce (a/-4,)-(d4/, -d,,)| 
1 90 99 9 
2. 111 99 -12 21 
3 99 99 0 12 
4 89 99 10 10 
5 87 99 12 2. 
6 84 99 15 3 
7 104. 99 -5 20 
8 102 99 -3 2. 
9 95 99 4 7 
10 114 99 -15 19 
11 103 99 -4 11 
12 113 99 -14 10 
sum | 1191 | 1188 -3 117 








The chart indicates a stable cause(Biegel, 1971, page 55) 
because no point is out of the control limits and none of the tests 





applies. 

40 - 
30 | ----------------------------------------------- UCL= +28.2 
20 - 

_ 

—) 

E10 - 

el 

_ 0 CL=0 

710 4 
-20 
ee LCL=-28.2 
-40 





1 2 3 4 5 6 7 8 9 1 Th 12 Month 
Fig. 6.13 Control chart showing forecast error of Example 6-10 
(Biegel, 1971, p55) 


Example 6-11 Verifying linear forecasters 


The actual demand for the 12 periods of the last year have 
been given in the following table. Forecasting was done by 
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simple linear regression. The resulted function for forecasting 
was 193 + 3t given by the following commands in MATLAB 
environment: 


y=[ 199 202 199 208 212 194 214 220 219 234 
219 233)';t=[1:12]'; T=[ones(size(t)) t];ab=regress(y,T) 


Calculate the moving ranges for errors, plot the control chart 
and comment. 


Solution 


The calculations have been done in the following table and 
MR points have been plotted in Fig. 6-14. 



























































t d d' d'-d (MR) 
1 199 196 -3 
2 202 199 -3 0 
3 199 202 3 6 
4 208 205 -3 6 
5 212 208 -4 1 
6 194 211 17 21 
7 214 214 0 17 
8 220 217 -3 5 
9 219 220 1 4 
10 234 225 -11 12 
11 219 226 7 18 
12 233 229 -4 11 
sum | 2553 -3 99 








UCLe=2.66MR ,CL=0,LCL,=-2.66MR 


=. 199 
MR=— =9.0 UCL=23.9 LCL=-23.9 
11 
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Liha kori eR MEA RNA RRS eWeaR aS UCL= +23.9 
20 
S104 
5 
ea} 
=? CL=0 
S10 
-20 
------------------------------------------------ LCL= -23.9 





-30 + T T T T T T T T T T T T 1 
1 Z 3.64 5 6 7 8 y 10 ll 12 Month 





Fig 6-14 The control chart foe Example 6-11 
(based on Biegel, 1971) 


The chart in Fig.6-14 shows a stable cause system and a 
statistically valid forecasting function(Biegel, 1971, page 57) 
because points are distributed randomly within the limits , no 


point falls out of the limits and none of the tests applies. A 
Example 6-12 Verifying a cyclic forecaster 


Consider the forecasting function 


Tt Tl 
di = 495.64+5.7t— 10.8cos — t + 4.9 sinet 


proposed! to forecast the demand given in the following table. 
[period |1 [2 [3 [4 [5 [6 [7 [8 |9 | 10 | 11 | 12 | 
| demand | 72 | 83 | 92 | 107 | 114 | 129 | 91 | 108 | 116 | 79 | 92 | 93 | 
Calculate the moving ranges for errors, plot the control chart 
and comment. 











Solution 
The calculations have been done in the following table and 
MR points have been plotted in Fig. 6-15. 


* To see how it has been derived one might refer to Biegel(1971) page 34. 
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UCL=2.66MR,  CL=0, LCL=-2.66MR 
— 155 
re UCL=37.5 LCL=-37.5 
t d d' d'-—d MR 
1 72 82 10 
2 83 87 4 6 
3 92 95 3 1 
4 107 103 -4 7 
5 114 110 -4 0 
6 129 114 -15 11 
7 91 114 23 38 
8 108 109 1 22 
9 116 101 -15 16 
10 79 93 14 29 
11 92 86 -6 20 
12 93 82 -11 5 
1176 0 155 
50 
40 4 nn nnn nnn enn nnn nnn en ens eno een eee e+ === UCL= +37.5 
20 
Al 40 
hy 0 CL=0 
-20 
30 
0 ee LCL=-37.5 
-50 + T T T T T T T T T T 1 
1 2 3 4 5 6 7 8 9 10 11 12 Month 


Fig. 6-15 The control chart for Example 6-12(based on Biegel, 1971) 


The control chart in Fig 6.15 shows a status of in-control. 
Therefore it is concluded that we have a statistically valid 


forecasting function. MA 
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Example 6-13 Verifying a linear-cyclic forecaster 
Consider the forecasting function 
d, = 495.64+ 5.7t— 10.8cos = t + 4.9 sin=t proposed’ to 
forecast the demand given in the following table. 
Ca te a eee SEE Ea ae Ee a 
[d | 498 | 505 | 517 | 521 | 535 | 548 | 544 | 546 | 529 | 548 | 543 | 557 | 











plot the control chart and comment. 


Solution 
The calculations have been done in the following table and 
MR points have been plotted in Fig. 6-15. 












































MR=——=7.4 UCL=19.7 LCL=-19.7 
(t) (d’) (d) d'-d_ | (MR) 
1 494 498 -4 
2 506 505 1 5 
3 518 517 1 0 
4 528 521 7 6 
5 536 535 1 6 
6 541 548 a 8 
7 542 544 2 5 
8 542 546 -4 2 
9 542 529 13 17 
10 543 548 5 18 
11 546 543 3 8 
12 553 557 4 i 
6391 0 82 























* To see how it has been derived one might refer to Biegel(1971) pp 36-39. 
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20 + -------------------------------------------- UCL= +19.7 





LCL=-19.7 





; ; 3 4 5 ‘ 7 g 9 10 1" 2 ‘Month 
Fig. 6.16 Error control chart for Example 6-13 ( Biegel, 1971p 59) 


As with 3 above examples , no point is out of the the control 
chart in Fig 6.16 m, no special pattern has been formed and none 
of the tests apply. Therefore we have a state of in-control and 
could rely upon the forecasting function as far as no evidence of 


being out-of-control appears. A 


Example 6-14 

Perhaps the real test of the control chart con on this 
example(based on Bigel,1971 page41 and 60), since the data 
was from real world. The following table shows monthly 
"Revenrue Miles flown" on an international carrier. 



































t 1 2 3 4 5 6 
Miles 10885 | 10465 | 10143 | 9273 9378 9378 
flown(d) 
t 7 8 9 10 11 12 
eat 8705 | 10091 10145 | 10995 | 11605 |) 12311 
own(d) 





The following linear cyclic function was suggested to 
forecast d (for details of the computations see Biegel,1971p41): 


Tt Tt 
di = 9450+ 133t+ 1110cos—t +329 sine t 


Is this a reliable forecasting function for the Miles flown(d)? 
Solution 

To verify the function, the moving ranges are calculated and the error 
control chart is plotted. 
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— 4600 aa — 
MR= aa” =418.2 UCL=2.66MR=1112 LCL=-2.66MR=-1112 
The following table shows the computations results 
t d d' d'-d MR 
1 10885 10709 -176 
2 10465 10556 91 267 
3 10143 10178 35 56 
4 9273 9712 439 404 
5 9768 9318 450 889 
6 9378 9137 -241 209 
7 8705 9254 549 790 
8 10091 9672 -419 968 
9 10145 10316 171 590 
10 10995 11049 53 118 
11 11605 11708 103 50 
12 12311 12154 -156 259 
sum 123764 123763 -1 4600 




















For example for Period 8 : 
t=8;d's=9450+133*t+1110*cos(pi*t/6)+329*sin(pi*t/6) 
ans = 9674. 
t=7;d'7=9450+133*t+1110*cos(pi*t/6)+329*sin(pi*t/6) 


ans = 9255. 





1 =8,MRg = (dj -dy)-(dg_, -dg_)] =| 9674 10093 - (9255 -8705) |= 969 


These results some how differs from those in the table; the 
reason could be due to rounding up the numbers. 
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Fig 6-17 The error control chart for Example 6-14 
(based on Biegel, 1971, p60) 


Figure 4.6 shows the error control chart which indicates an 
in-control status and then a valid estimator function (iegel,1971 p60). 


The reader should bear in mind that the discussion of 
occurrences and actions tends to eliminate the time aspect which 
is present in the generation of data. For the remainder of of this 
chapter he should assume that the demand data become 


available to us , piece by piece, over a span of time. 
Example 6-15 
In Example 6.10 We have forecast the demand should 


average 99. Suppose the demand for the 7 month of the second 
year is: 











14 
| d  |105]|89 | 114 | 109 | 112 | 107 | 116 | 
10 | -15 | -10 | - -17 | 


Plot a new error control chart related to Moth | through 19. Comment 
and do the necessary actions. 
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Solution 


Figure 6.18 shows the control chart for the new data and the 
data related to the year before. In this chart the point related to 
period 19, marked with X, indicates an out-of control 
condition(4 out of 5 successive points in Region B). This means 
that the forecaster is underestimating the demand(Biegle,1971 p 
61). 
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20 4 
g 
m10 74 
= CL=0 
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Ce ee LCL= -28.2 
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1st Year 2-4 Year 


Fig 6.18 Error control chart for 19- period time horizon related 
Example 6-10 (based on Biegel, 1971 p62) 


The out- of -control condition indicates a necessity to 
establish a new forecaster. As a first attempt the mean of all the 
data was examined to see if it fits. The result of the calculations 
are (Biegel,1971 page 63) 


d = 102 MR =10.4 UCL =27.8 LCL =-27.8 


Standard deviation of 19 demand values is Sg = 10.44 


A new constant forecaster is chosen :d'=102. Suppose the 
demands for the rest of the second year is as follows 
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| period [20 [21 [22 [23 [24 


| demand(d) [105 [109 [93 | 110 a 


Fig 19.6 shows the chart for the first and the second 


year . 
40 
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Fig. 6-19 Final control cart for 24-period data of Examples 6-10 
and 6-15 (based on Biegel, 1971) 


It is found the chart shows statistical control. There fore d'=102 is 
a better forecaster than d'=99. This same cart should be used until we 


have evidence of lack of control(Biegle, 1971 p62). 
Example 6-16 

In Example 6-11, suppose the actual demand values for the 7 
month of Year 2 (i.e Periods 13 through19) were 209, 226,224, 
221, 250, 235, 233. 


a)Use the same forecaster and error chart used in Example 11-6 
to show the forecast error for Period 13 to 16 and comment. 


b) If there is an indication of out-of-control status , What is your 
suggestion? 
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Solution 


a) 


Using d, = 193 + 3t to forecast the demand for periods 13 
through 15 and calculate error = d'-d yields: 


If we plot the errors of Periods 13-16 on the chart of 
Example 6-11 we would obtain the following chart. Of 5 
successive points 12,13,14,.15, 16, four points fall above the central line in 
Region B, which indicates a state of out of control. 





}---------------------------------- 9 ------ UCL= +23.9 
20 4 
x 
210 
i 
0 CL=0 
“10 | 
20 4 
} ------------------------------------------- LCL=-23.9 








123 4 5 6 7 8 9 10 1 12 1 2 3 4° Month 
i T 
It Year 2"! Year | 
Fig 6-20 Control chart for first 16 month of Example 6-11 
(Bielgel 1971 page 64) 





b) 


A new for regression forecaster based on the 16-month 
demand data is calculated using the following MATLAB 
commands: 


y=[199 202 199 208 212 194 214 220 219 234 
219 233 209 226 224 221)';t=[1:16]'; T=[ones(size(t)) 
t];ab=regress(y,T) 


Although the answer is a=198.9000 and b=1.8426, but the 
forecaster is chosen as:d'=199+4+2r . 
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The new limits ( based on 16 periods) are: 


MR = aes “10.1 UCL=269 LCL=-269 


The new chart for 16 periods is shown in Fig 6.21. Since it 
shows a sate of in control, it it is concluded that the new 
forecasting function is satisfactory(Biegel,1971, page63). 
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Fig 6-21 control chart for !6-period data of Examples 6-11 & 6-15 
(based on Biegel, 1971) 


Although the data for the rest of Year 2 is not given in this 
example, the control chart for both years has been redrawn in 
Fig. 6.22 from Fig. 4.8 on page 63 Biegel(1971). 
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| 
Fig 6-22 New chart for 24 periods of Examples 6-11 &6-16 
(Biegel, 1971 p65) 


This control chart should be used until a sign of out of control 


appears. A 


Example 6-17 

Plot the actual and predicted values related to 19 periods of 
Example 6-16 in an X-Y coordinates and calculate RMSE. How 
do you evaluate the forecasting function d'=199+2r ? 
Solution 





month 1 [2 [3 ]4 [5 J6 [7 [8 ]J9 10 
demand(y) | 199 | 202 | 199 | 208 | 212 | 194 | 214 | 220 | 219 | 234 
Forecast( ¥) | 196 | 199 | 202 | 205 ] 208 ] 211 | 214 | 217 | 220 | 223 
"month | 11/12/1314 |15 |16 ]17 | 18 | 19 | 
demand(y) | 219 | 233 | 209 | 226 | 224 | 221 | 233 | 235 | 250 
Forecast( ¥) | 226 | 230 | 238 | 241 | 244 | 247 | 250 | 253 | 256 


The above table shows the values and the following MATLAB 
commands has plotted Fig. 6.23 





















































>> yhat=[196 199 202 205 208 211 214 217 220 223 226 230 238 
241 244 247 250 253 256]';y=[199 202 199 208 212 194 214 220 219 
234 219 233 209 226 224 221 233 235 250]; 

Y=[ones(size(y)) y];ab=regress(yhat, Y);plot(y,yhat,'+'); 
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xp=190:0.01:250;yp=ab(1)+ab(2)*xp;hold on;plot(xp,yp) 
p yp p p P.yp 














199, 1 1 L L 1 
190 200 210 220 230 240 250 


Fig 6-23 Actual demand(y) and forecast (yhat) 
for 19 months of Example 6-16 


RMSE=sqrt(mse(y-yhat)) in MATLAB gives RMSE= 13.2208 . 


From Fig 5-23 it is evident that the points are around the line 
and the line is near to the bisector of the first quarter. Then the 
forecasts could be acceptable. A 


Exercises 


1-Thefollowing table shows the maintenance cost per annum 
for a kind of vehicle versus the age of the vehicle and annual 
vehicle mileage. 














acted es 832 | 733 | 647| 553 467 | 373 | 283 | 189 | 96 
Annual 6 /7 |9 |11 /13 |15 |17 |18 | 19 
Mileage(x1000) 
Age at the 

0 


beginning of the | 8 7 6 5 4 3 2 1 
current year 
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a)Find the correlation coefficient between the cost and the 
mileage and between the cost and the age. 


b) Find the simple regression forecaster for the _ better 
correlation coefficient obtained in a. 


c) Use a software such as MATLAB, Minitab, Lotus to forecast 
the cost form a 2-variabe(age and mileage) regression equation. 


d)What would be the cost forecast from the forecasters in b and 
c if the age and the mileage are 3.5 years an 16000 respectively. 


2. Find the regression equation for predicting cost from age in 
Problem 1. Forecast all the costs from the given corresponding 
age in the table. How much is RMSE between the actual costs 
and the predicted costs? How much is the correlation coefficient 
between the age and the predicted costs. Use the t-test for 
paired data to compare the mean of the actual costs and the 
predicted costs(a = 10%). 


3. Suppose in the past 10 years, the increase in the price of iron 
compared to the price in Year 0 is as given in the following 
table. Also suppose the increase in the price of a specific 
commodity for the same time horizon is also given in the table. 
Could it be concluded that the increase in the price of the 
commodity compared to Year O is proportional to the price 
increase of iron? 


Is it better to forecast the increase in the commodity price from 
the increase in the price of iron or from year no. ? 





Year No. 1 9. 3 4 5 6 =f 8 9 10 





Increase 100 102 103 110 121 124 127 130 139 145 
In Iron 
price 








Increase 100 | 103 | 106 | 119 | 126 | 127 | 128 | 123 | 140 | 144 
In the 
commodity 
price 
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4.A vendor believes that the demand for one of his goods 
depend on the number of houses built exactly 3 month ago in a 
district. Use the following table to verify his claim. Find the 
regression relationship to forecast the sale of the vendor from 
the number houses. Is it better to forecast the increase in the slae 
from the number houses built exactly 3 month ago o from 
month no. ? 





Month 71 [2 13 [4 [5 /6 17 [8 [9 ]10] 11] 12 





Sale 45 | 60 | 62 | 30 | 40 | 45 | 68 | 75 | 80 | 45 | 30 | 25 








Houses | 26 | 25 | 32 | 38 | 50 | 48 | 32 | 40 | 35 | 25 | 10 | 15 












































5.Using the time series given in the following table, determine 
which N has the least RMSE for using in N-period simple 
moving average (with equal weighting)? 








t(month) | 1 (2 3 | 4 5 6 
sale 130 | 32 30 ~—- | 39 32 34 





6.In Problem 5 if we want to replace moving average with 
simple exponential smoothing, calculate the appropriate a . 
Forecast the sale volume for Month 7 if 


a) the sale forecast for Month | is 32 


b)we want to use the mean of the data as the forecast required 
in the exponential smoothing formula. 


7. Use the following data and 2-period weighted moving 
average to forecast the quantity for Periods 3 through 10. Use a 
weight of 0.55 for just the previous month and a weight of 0.45 
for the other month. 








Month Ja [F M | Ap M J | Ju | Au Ss 
Quantity | 19.36 [| 25.45 [| 19.13 | 21.48 | 20.77 | 25.42 | 23.79 | 28.35 | 26.80 
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8. Choose ratio-to-trend algorithm to forecast the quantity for all 
periods of the previous problem. Calculate The RMSE and the 
correlation coefficient between the actual and the predicted 
quantities. Apply the paired data t-test. Compare this algorithm 
with the one used in Problem 7. 


9. The following table shows the sale volume of a store of home 
appliances during the past 10 half-years. Predict the sale for 
Year 7. 





Half- 1 


2 3 4 B) 6 7 8 9 10 
year 














sale 15.5 | 14.2 | 15.1 | 12.9 | 14.8 | 12.5 | 14.4 | 13.2 | 16.50 | 15 





10. The demand for a product in January was 65 and during the 
previous year were as given in the table below. Forecast the 
demand for February using the regression method and double 
exponential smoothing with a =B =0.1. 





month) |1 [2 [3 [4 [5 [6 [7 [8 [9 ]10 [i [12 ] 





demand | 52_| 48 | 36 [49 | 65 | 54 [60 [48 | 51 [62 | 66 | 62 


11. The following data shows various thickness of a plastic 
reservoir and the corresponding air pressure blown when it was 
being produced. Is there a linear correlation between the air 
pressure and the thickness? 



































iketem’) 10.0 |95 9.0 8.5 | 8.0 
183 | 2.86 3.21 4.12 | 4.62 

Gapiadie. || 202 Woes 305 3.88 | 4.50 
2.24 |2.71 | 3.16 4.01 4.43 
1.95 | 2.62 | 3.30 3.67 4.81 





12.For both methods of Problem 10, plot the control chart 
described in this chapter. What meth the control chart suggest to 
use? 
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13. The demand for a product during a year was as follows: 








[lt [1 [2 [3 [4 [5 [6 [7 |8 [9 [10] 11 | 12 
| D | 80 | 100 | 79 | 98 | 102 | 96 | 115 | 88 





a) After determining the parameters of the following 
forecasts from the above data (if, necessary use least 
squatted error method),plot the forecast error control 
chart for each of above-mentioned methods. 

b) Suppose the demands for the next 12 months are 
90,105,97,100,117,101,103,95,87,80,78,79 and continue 
one of the control charts. Is the forecaster acceptable? 


14. After learning artificial neural networks of type Multilayer 
Perceptron (MLP), write some MATLAB commands for 
creating an MLP with two hidden layers and use Moore's data 
set in MATLAB to train it. Then simulate 


y=[-0.2218 -0.3979 -0.5229 -0.0458] 


related to moore(17:20,1:5) i.e. the rows 17 through 20 
columns 1:5 of the data set. 


Hint: the following commands could be used iun MATLAB'; 
Creating MLP 

net=newff(p,y,[1 11],{'tansig', logsig’, ‘purelin’ }) 
instructions for training 
input matrix: moore(1:16,1:5) 
target vector: moore(1:16,6) 

load moore; 

p=(moore(1:16,1:5))'; 

T=(moore(1:16,6))'; 

net=train(shabake,p,T); 
To simulate y: 





' These commands were edited by the Late F. M Pourhosseini, the student of 
our department. 
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p2=(moore(17:20,1:5))'; 

yhat=sim(net,p2) 

Calculation of RMSE between y and yhat: 

y=[-0.2218 -0.3979 -0.5229 -0.0458]; 

rmse=sqrt(mse(y-yhat)) 

In general to forecast Vector y2 from Input Matrix P1 
the MATLAB instructions for creating, training and 
simulation of an MLP with 1 hidden layer and using 
Matrix P as input and Vector y as target for training could 
written as follows: 

| eS 

net=newff(P, y,[1 11],{'tansig’, 'tansig', ‘purelin'}) 

net.trainparam.epochs=100; 

net=train(net,P,y); 


Plaid 
yhat=sim(net,P1); 
V2=[. 0k 


rmse=sqrt(mse(y2-yhat)) 
The last instruction calculates the root mean squared 
error of given vector and its forecast by the MLP. 


If youth but knew, 
If old age but could, 


Si jeunesse savait, Si vieillesse pouvait, 


(French proverb) 
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Table A_ unit Loss Normal Integrals 


For values k<0 Gu (k) = Gu (-k) -k 


co 1 u2 
Gy(k) =[ (u- Wee Zdu 


MATLAB:Guk= exp(-k*2/2)/sqrt(2*pi)-k*(1-normcdf(k)) 
Multiply the values by10~‘ e.g. Gu (0.28)=0.2745 
e.g.: Gu (-2) = 0.0085+ 2 = 2.0085 
k=-2;exp(-k*2/2)/sqrt(2*pi)-k*(1-normcdf(k)) —> 2.0085 





























































































































k 0.00 |0.01 {0.02 |0.03 0.04 |0.05 |0.06 {0.07 |0.08 |0.09 
0.0 |3989 |3940 |3890 (3841 |3793|3744|3697 (3649/3602 |3556 
0.1 |3509 [3464 |3418 |3373 3328|3284|3240 |3197/3154 |3111 
0.2 (3069 [3027 |2986 |2944 |2904|2863|2826 |2784|2745 |2706 
0.3 |3668 |2630 {2592 (2555 |2518|248 |2445 | 2409|2374 |2339 
0.4 [2304 {2270 |2236 (2203  |2169|2137/2104 |2072|2040 |2009 
0.5 {1978 |1947 |1917 |1887 1857|1828|1800 |1771|1742 |1714 
0.6 |1687 [1659 |1632 |1606 1580}1554]1528 |1503|1478 |1453 
0.7. {1429 [1405 |1381 |1358 1334|1312|1289 |1267|1245 |1223 
0.8 |1202 {1181 {1160 |1140 1120/1100|1080 |1061}1042 |1023 
0.9 |1004 |0986 |0968 |0950  |0933|0916|0899 |0882|0865 |0849 
1.0 |0833 |0817 |0802 |0787 |0772/0757|0742 |0728|0714 |0700 
1.1 |0686 |0673 |0660 |0646 |0634/0621/0609 |0596|0584 |0573 
1.2 (0561 |0550 |0538 |0527  |0577/0506/0495 |0485|0475 |0465 
1.3 (0455 |0466 |0436 |0472 |0418/0409/0400 |0392|0383 |0375 
1.4 (036 |0359 |0351 |0343  |0336/0328/0321 |0314|0307 {0300 
1.5 |0293|0286 |0280 |0274 |0267/0261/0255 |0249|0244 |0238 
1.6 {0212 [0227 [0222 |0216 [|0211/0206|0201 {0197/0192 |0187 
1.7. (0183 |0178 [0174 |0170 |0166/0162/0158 |0154|0150 |0146 
1.8 |0143 [0139 [0136 {0132 |0129/0126|0123 |0119/0116 |0113 
1.9 |0111 |0108 |0105 |0102 |0100/0097/0094 |0092|0090 |0087 
2.0 |0085 |0083 |0080 |0078 |0076|0074|0072 (0070/0068 |0066 
2.1 {0065 |0061 {0061 |0060 |0058]0056|0055 |0053|0052 |0050 
2.2 |0049 |0048 |0046 (0045 |0044|0042|0041 (0040/0039 |0038 
2.3 |003 7/0036 |0035 |0034  |0033|0032|0031 (0030/0029 |0028 
24 |0027 |0026 |0026 |0025 |0024|0023|0023 |0022|0021 |0021 
2.5 {0020 |0019 |0019 |0018 |0018]0017|0017 |0016|0016 |0015 
2.6 |0015 |0014 |0014 |0013  |0013|0012|0012 |0012|0011 |0011 
2.7 |0011 {0010 {0010 |0010 |0009|0009/0009 |0008|0008 |0008 
2.8 |0008 {0007 |0007 |0007 |0007|0006/0006 |0006|0006 |0006 
2.9 |0005 |0005 {0005 |0005 |0005|0005|0004 (0004/0004 |0004 








-Adopted from: Love, S.F.19 79, Inventory Control McGraw Hill 














Table B Cumulative Poisson Probabilities?" £**) (Adopted from Housyar,1985) 
















































































































































































0.01 (0.990 {1,000 |1.000 {1,000 {1.000 |1.000 {1.000 (1.000 11.000 /1,000 {1.000 | 1.000 (1.000 | 1.000 
0.02 (0.980 11.000 /1.000 11.000 11.000 /1,.000 |1.000 |1.000 /1,000 |1.000 [1.000 /1.000 1.000 | 1.000 
0.03 (0.970 {1,000 |1.000 {1,000 {1.000 /|1.000 {1.000 (1.000 11.000 /1,000 11.000 | 1.000 [1.000 | 1.000 
10.04 |10.961 10.999 |1,000 /1,.000 11.000 /1,.000 (1.000 |1.000 11.000 /1.000 11.000 / 1.000 1.000 | 1.000 
0.05 /0.951 10.999 |1.000 /1.000 11.000 |1.000 |1.000 (1.000 /1.000 /1.000 11.000 | 1.000 1.000 | 1.000 
10.06 |0.942 10.998 |1.000 11.000 11.000 /1,.000 (1.000 |1.000 [1.000 /1.000 11.000 /1.000 1.000 / 1.000 
0.07 (0.932 10.998 |1.000 11,000 11.000 /|1.000 (1.000 (1.000 |11.000 /1,000 {1.000 | 1.000 (1.000 | 1.000 
0.08 (0.923 10.997 |1.000 11.000 11.000 /1,.000 |1.000 |1.000 /1,000 |1.000 [1.000 /1.000 1.000 | 1.000 
0.09 (0.914 {0.996 |1,.000 11,000 11.000 |1.000 (1.000 (1.000 11.000 /1,000 11.000 | 1.000 (1.000 | 1.000 
0.10 (0.905 {0.995 |1.000 11000 {1000 |1000 (1.000 (1000 11000 /1000 {1.000 |1.000 1.000 /1.000 
10.11 /|0.896 10.994 |1,000 [1.000 11.000 /1.000 (1.000 |1.000 [1.000 /1.000 11.000 / 1.000 1.000 | 1.000 
0.12 |0.887 {0.993 |1.000 11,000 11.000 |1.000 (1.000 (1.000 11.000 /1,000 {1.000 | 1.000 (1.000 | 1.000 
0.13 (0.878 10.992 |1.000 11.000 11.000 /1,.000 |1.000 |1.000 /1,.000 |1.000 [1.000 /1.000 1.000 | 1.000 
0.14 |0.869 {0.991 |1,000 11,000 11.000 |1.000 {1.000 (1.000 11.000 /1,000 11.000 | 1.000 (1.000 | 1.000 
0.15 (0.861 {0.990 |0.999 11000 11000 |1000 (1.000 (1000 11000 /1000 {1.000 |1.000 1.000 (| 1.000 
0.16 |0.852 10.988 (0.999 11.000 |1,000 |1.000 {1.000 (1.000 11.000 {1.000 11.000 (1,000 (1.000 | 1.000 
10.17 |0.844 10.987 |0.999 /1,000 11.000 /1.000 (1.000 |1.000 /1.000 /1.000 11.000 /1.000 1.000 | 1.000 
0.18 |0.835 10.986 (0.999 {1,000 11,000 |1.000 {1.000 (1.000 11.000 {1.000 [1.000 (1.000 (1.000 | 1.000 
0.19 (0.827 10.984 /0.999 11.000 11.000 /1,.000 |1.000 |1.000 11,000 |1.000 [1.000 (1.000 1.000 | 1.000 
10.20 |0.819 10.982 |0.999 11,000 171.000 /1.000 (71.000 |1.000 [1.000 /1.000 |1.000 / 1.000 1.000 | 1.000 
0.25 |0.779 10.974 |0.998 |11.000 11.000 |1.000 |1.000 (1.000 /1.000 /1.000 11.000 | 1.000 1.000 | 1.000 
0.30 (0.741 10.963 10.996 11,000 11.000 /|1.000 (1.000 (1.000 11.000 /1,000 11.000 | 1.000 (1.000 | 1.000 
10.35 |0.705 10.951 |0.994 11.000 /1.000 (1.000 /1.000 /1.000 11.000 |1.000 /1.000 /1.000 1.000 | 1.000 
0.40 |0.670 10.938 |0.992 10.999 11,000 |1.000 {1.000 (1.000 11.000 /1,000 {1.000 | 1.000 (1.000 | 1.000 
0.45 |0.638 10.925 /0.989 10.999 |1,000 |1.000 (1.000 (1.000 11.000 |1.000 11.000 /1.000 11.000 | 1.000 
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or 
np 


Table B Cumulative Poisson Probabilities?" *” (Adopted from Housyar,1985) 








LO 1 2. 3 4 15 6 |Z 8 9 10 [11 










































































































































































































































































































































































. Table B Cumulative Poisson Probabilities?" <*) (Adopted from Housyar,1985) 
np K 
‘0 1 [2 3 4 5 6 We 8 9 11 12 13 14 

[2.40 |0.091 [0.308 |0.570 [0.779 [0.904 |0.964 |0.988 |0.997 [0.999 | 1.000 [1.000 |1.000 | 1.000 | 1.000 
[2.50 [0.082 |0.287 [0.544 10.758 10.891 |0.958 [0.986 [0.996 [0.999 |1.000 1.000 |1.000 |1.000 | 1.000 
[2.60 [0.074 10.267 [0.518 10.736 10.877 |0.951 [0.983 |0.995 [0.999 |1.000 1.000 |1.000 |1.000 | 1.000 
[2.70 |0.067 |0.249 |0.494 10.714 10.863 [0.943 [0.979 [0.993 |0.998 [0.999 |1.000 |1.000 [1.000 |1.000 | 1.000 
280 10.061 10.231 10469 |0692 |o848 [0935 10976 10992 [0998 | 0.999 1000 |1000 |1.000 | 1.000 
[2.90 [0.055 [0.215 (0.446 [0.670 |0.832 [0.926 [0.971 [0.990 [0.997 [0.999 |1.000 [1.000 [1.000 [1.000 | 1.000 
[3.00 [0.050 |0.199 10.423 [0647 10.815 10.916 |0.966 |0.988 [0.996 | 0.999 [1.000 |1.000 | 1.000 | 1.000 
13.10 10.045 10.185 [0.401 10.625 |0.798 |0.906 |0.961 |0.986 [0.995 | 0.999 [1.000 |1.000 | 1.000 | 1.000 
[320 |o041 [0171 |0380 [0603 [0.781 [0895 [0.955 [0983 [0.994 | 0.998 1000/1000 |1000 |1.000 
[330 10037 [0159 |0359 |o5a80 [0.762 [0883 10.949 [0.980 [0.992 |0.998 1000 [1000 |1000 |1.000 
[3.40 [0.033 [0147 [0.340 [0558 [0.744 [0.871 [0.942 10.977 [0.992 |0.997 1.000 |1.000 | 1.000 [1.000 
[3.50 10.030 [0.136 |0.321 |0.537 |0.725 (0.858 |0.935 | 0.973 [0.990 | 0.997 [1.000 |1.000 | 1.000 | 1.000 
[3.60 |0.027 10.126 |0.303 10.515 |0.706 (0.844 |0.927 | 0.969 [0.988 | 0.996 [1.000 |1.000 | 1.000 | 1.000 
[3.70 [0.025 [0116 |o285 [0494 [0687 [0830 [0918 10965 [0986 |0.995 1000 |[1.000 |1.000 |1.000 
[3.80 [0.022 [0107 [0.269 [0473 |0.668 [0.816 [0.909 |0.960 [0.984 | 0.994 [0.999 |1.000 | 1.000 | 1.000 
13.90 |0.020 |0.099 [0.253 10453 [0.648 [0.801 |0.899 |0.955 [0.981 | 0.993 [0.999 |1.000 | 1.000 | 1.000 
4.00 [0.018 [0.092 [0.238 [0.433 [0.629 [0.785 [0.889 [0.949 10.979 [0.992 '0.999 [1.000 |1.000 |1.000 
4.10 [0.017 [0.085 [0.224 10.414 10.609 [0.769 [0.879 [0.943 10.976 [0.990 [0.999 |1.000 | 1.000 | 1.000 
4.20 10.015 [0.078 |0.210 /0.395 [0.590 [0.753 |0.867 /0.936 10.972 |0.989 |1.000 |0.999 |1.000 |1.000 | 1.000 
4.30 (0.014 [0072 10197 [0377 [0570 [0.737 [0.856 (0.929 [0.968 | 0.987 la.998 [0.999 |1000 | 1.000 
4.40 (0.012 |0.066 [0.185 [0.359 [0.551 /0.720 [0.844 [0.921 [0.964 [0.985 f0.998 [0.999 |1.000 |1.000_| 
4.50 (0.011 [0.061 (0.174 [0.342 [0.532 /0.703 |0.831 [0.913 10.960 |0.983 [0.998 [0.999 | 1.000 | 1.000 
4.60 (0.010 |0.056 (0.163 10.326 10.513 |0.686 |0.818 |0.905 10.955 |0.980 [0.997 |0.999 | 1.000 | 1.000 
4.70 10.009 [0.052 10.152 [0.310 [0.495 [0.668 [0.805 [0.896 [0.950 | 0.978 [0.997 [0.999 |1.000 |1.000 
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r : : ees 
cr Lpable_B Cumulative Poisson Probabilities” <~) (adopted from Housyar,1985) 

IK 
ae 1 2 3 4 [5 6 7 8 9 ee = fi2 434 
480 |o008 [0048 [0143 [0294 [0474 [0651 [0791 |o887 [0944 [0975 [0990 [0996 [0999 [1000 | 1.000 
4.90 10.007 [0.044 [0133 10.279 [0458 [0634 10.777 [0877 [0938 |0972 [0990 [0995 [0.998 [0.999 |1.000 | 
[5.00 [0.007 |0.040 (0.125 |0265 10440 |0616 [0.762 10.867 10.932 [0968 [0.990 |0.995 (0998 [0.999 | 1.000 
[5.20 10.006 |0.034 (0.109 |0238 10.406 |0581 (0.732 10845 10.918 [0960 [0.980 |0.993 (0.997 |0.999 | 1,000 
[540 |o.005 [0.029 |0.095 10.213 [0373 [0546 |0.702 [0822 [0903 [0951 [0980 [0.990 [0.996 |0.999 |1.000 | 
1560 [0.004 10.024 10.082 10.191 10342 [0512 10670 [0.797 |o8s6 (0941 [0970 |0.988 [0.995 |0.998 |0.999 | 
Isao [0.003 [0021 |0.072 10170 10313 [0478 [0638 10771 10867 [0929 [0970 |0984 [0993 [0.997 |0.999 
[6.00 [0.002 [0.017 |0.062 [0151 [0285 [0446 |0.606 [0.744 |o847 [0916 [0960 [0980 [0.991 [0.996 [0.999 | 
6.20 |0.002 [0.015 |0.054 |0.134 [0.259 |0.414 [0.574 |0.716 [0.826 |0.902 |0.950 |0.975 [0.989 |0.995 | 0.998 
640 |0.002 [0.012 [0.046 |0.119 [0.235 |0.384 [0.542 |0.687 [0.803 |0.886 |0.940 |0.969 [0.986 |0.994 [0.997 
[46460 [0.001 [0010 [0040 [0105 [0213 [0355 [0511 [0458 [0780 |o869 [0930 [0.963 [0982 |0992 [0997 
[6.80 |0.001 [0.009 [0.034 [0.093 [0192 [0327 [0.480 [0.628 [0.755 [o850 [0.920 [0.955 [0.978 [0.990 [0.996 | 
z00 |0.001 |0.007 (0.030 |0082 [0173 10301 [0450 [0599 [0.729 |0830 |0900 [0.947 |0973 |0.987 |0.994 
720 |0.001 |0.006 |0.025 |0.072 10156 |0276 [0.420 [0569 10.703 |0810 [0.890 |0.937 (0.967 |0.984 | 0.993 
740 [0.001 |0.005 [0.022 [0.063 [0.140 [0.253 |0.392 [0.539 [0.676 [0.788 |0.870 (0.926 0.961 | 0.980 | 0.991 
760 |0.001 |0.004 [0.019 /0055 [0125 10231 [0365 [0510 0648 10.765 logso [0.915 10954 |0.976 |0.9890 | 
790 |0.000 |0004 [0016 |o048 10112 10210 [0338 [0481 [0620 [0741 |og40 [0.902 |0945 |0971 |0986 
[g.00 [0.000 |0.003 (0.014 [0.042 [0100 [0191 [0.313 [0453 [0593 [0717 [0820 |o.8ss [0.936 [0.966 [0.983 | 
[3.20 |0.000 [0.003 |0.012 [0.037 /0.089 [0174 [0.290 [0.425 [0565 [0692 [0800 [0.873 [0.926 [0.960 [0.979 
Ig40 |0.000 |0.002 |0.010 |0.032 10.079 [0157 |0.267 10.399 10.537 [0666 [0.770 10.857 (0.915 [0.952 |0.975 
[g60 [oo00 [0002 [0009 [0028 [0070 [0142 [0246 10373 [0509 [0640 [0750 |og40 [0903 [0.945 |0970 
[g80 [0.000 [0.001 /0.007 10.024 [0062 [0128 [0.226 [0348 [0482 [0614 [0.730 10.822 [0.890 [0.936 [0.965 
L900 lo.000 10.001 |0.006 10.021 lo055 [0116 10.207 [0324 lo456 10587 10.710 (0.803 10.876 10.926 |0.959 






















































































































































































. Table B Cumulative Poisson Probabilities?" <*) (Adopted from Housyar,1985) 
np KK 
‘0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 

[9.20 [0.000 [0.001 [0.005 [0.018 |0.049 [0104 [0.189 [0.301 [0430 [0561 [0680 [0.783 [0.861 [0.916 [0.952 
9.40 (0.000 [0.001 (0.005 [0.016 [0.043 |0.093 [0.173 [0.279 10.404 [0.535 10.660 |0.763 |0.845 |0.904 |0.944 
[9.60 [0.000 |0.001 [0.004 [0.014 |0.038 [0.084 [0.157 |0.258 [0380 [0.509 [0.630 [0.741 [0.828 [0.892 [0.936 | 
[980 |0.000 |0.001 /|0.003 |0.012 10.033 [0.075 |0.143 |0.239 [0.356 [0483 |0.610 [0.719 |0.810 |0.879 |0.927 
l10.00/0.000 |0.000 [0.003 |0.010 |0.029 [0067 10130 [0.220 [0333 [0458 [0580 (0.697 (0.792 (0.864 | 0.917 
10.50/0.000 |0.000 [0.002 [0.007 [0.021 |0050 [0102 [0179 |0279 [0397 |0520 [0639 10.742 10.825 | 0.888 
111.00/0.000 |0.000 [0.001 /0.005 |0.015 [0.038 [0.079 [0.143 [0.232 [0341 [0460 [0.579 [0.689 [0.781 [0.854 | 
11.50/0.000 |0.000 |0.001 |0.003 |0.011 |0.028 |0.060 [0114 |0191 |0.289 |0400 |0.520 |0.633 |0.733 |0.815 
112.00/0.000 [0.000 |0.001 [0.002 [0.008 [0.020 [0046 [0.090 [0155 [0242 [0350 [0462 [0576 [0.682 [0.772 
112.50/0.000 [0.000 [0.000 [0.002 [0.005 [0015 [0035 (0.070 [0125 [0201 [0300 [0406 [0519 [0.628 [0.725 
113.00 10.000 |0.000 [0.000 |0.001 [/0.004 [0.011 [0.026 [0.054 [0100 [0166 [0.250 [0.353 [0.463 [0.573 [0.675 
13.50/0.000 |0.000 [0.000 |0.001 |0.003 /0.008 |0.019 [0.041 |0.079 10135 /0.210 |0.304 |0409 |0.518 | 0.623 
[14.0010.000 |0.000 [0.000 |0.000 |0.002 [0.006 [0.014 [0.032 [0.062 [0.109 [0.180 [0.260 [0.358 [0.464 [0.570 
14.50|0.000 |0.000 |0.000 |0.000 |0.001 |0.004 |0.010 |0.024 |0.048 [0.088 |0.140 |0.220 |0.311 |0.413 | 0.518 
15.00|0.000 |0.000 |0.000 |0.000 |0.001 | 0.003 |0.008 |0.018 |0.037 |0.070 |0.120 |0.185 | 0.268 | 0.363 | 0.466 
15.50|0.000 |0.000 |0.000 |0.000 |0.001 |0.002 |0.006 |0.013 |0.029 |0.055 |0.100 |0.154 |0.228 | 0.317 | 0.415 
16.00|0.000 |0.000 [0.000 [0.000 [0.000 /0.001 /0.004 [0.010 |0.022 [0.043 |0.080 [0127 10193 10.275 |0368 
116.50 10.000 |0.000 [0.000 |0.000 |0.000 |0.001 |0.003 |0.007 [0.017 |0.034 [0.060 [0.104 [0.162 [0.236 [0.323 | 
17.00 |0.000 |0.000 |0.000 [0.000 [0.000 0.001 |0.002 [0.005 |0.013 [0.026 |0.050 |0.085 10135 (0.201 |0.281 
117.50/0.000 |0.000 [0.000 [0.000 |0.000 |0.000 [0.001 [0.004 [0.009 [0.020 [0.040 [0.068 [0.112 [0.170 [0.243 
l18.00/0.000 |0.000 [0.000 |0.000 |0.000 [0.000 |0.001 |0.003 [0.007 [0.015 [0.030 (0.055 (0092 (01423 | 0.208 
118.50/0.000 |0.000 [0.000 |0.000 |0.000 [0.000 |0.001 |0.002 [0.005 [0.012 [0.020 [0.044 [0.075 [0.119 |0.177 
19.00 |0.000 |0.000 [0.000 |0.000 |0.000 |0.000 |0.001 |0.002 |0.004 |0.009 |0.020 |0.035 |0.061 |0.098 | 0.150 
19.5010.000 [0.000 [0.000 [0.000 [0.000 [0.000 [0.000 [0.001 [0.003 [0.007 [0.010 [0.027 [0.049 /0.081 /0.126 
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Table B Cumulative Poisson Probabilities?" ** (Adopted from Housyar,1985) 
































































































































K 

BP: 1g 1 [2 3 4 [5 [6 7 8 9 10 ‘41 [12 [13 14 
[20.00 0.000 [0.000 [0.000 [0.000 [0.000 (0.000 [0.000 [0.001 [0.002 [0.005 [0.010 |0.021 [0.039 |0.066 [0.105 
[20.50 0.000 [0.000 |0.000 |0.000 |0.000 |0.000 |0.000 [0.001 [0.002 [0.004 |0.010 |0.017 [0.031 (0.054 |0.087 
[21.00/0.000 |0.000 |0.000 [0.000 [0.000 [0.000 |0.000 |0.000 |0.001 /0.003 {0.010 [0.013 0.025 [0.043 |0.072 
[21.50 /0.000 [0.000 [0.000 |0.000 [0.000 (0.000 |0.000 |0.000 |0.001 [0.002 [0.005 |0.010 |0.019 |0.035 [0.059 
[22.0010.000 |0.000 |0.000 [0.000 [0.000 0.000 |0.000 |0.000 [0.001 |0.002 [0.004 |0.008 [0.015 0.028 1|0.048 
[22.5010.000 |0.000 |0.000 [0.000 0.000 |0.000 |0.000 |0.000 |0.000 |0.001 [0.003 (0.006 |0.012 |0.022 |0.039__| 
[23.00/0.000 |0.000 |0.000 [0.000 [0.000 /0.000 |0.000 |0.000 |0.000 |0.001 [0.002 0.004 [0.009 0.017 _|0.031_| 
123.50 0.000 |0.000 [0.000 |0.000 |0.000 |0.000 |0.000 |0.000 |0.000 [0.001 [0.002 |0.003 |0.007 |0.014 [0.025 
[24.00/0.000 |0.000 |0.000 [0.000 [0.000 [0.000 |0.000 |0.000 [0.000 | 0.000 {0.001 [0.003 0.005 [0.011 __/|0.020 
24.50/0.000 |0.000 |0.000 {0.000 |0.000 [0.000 |0.000 [0.000 {0.000 |0.000 |0.001 |0.002 [0.004 0.008 |0.016 
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a Fable-€ Area under _normat curve from—sc_te-z=——_ Pr <2 
* Example Pr(z < —3.00) = 0.00135 
he 0.09 0.08 0.07 0.06 0.05 0.04 0.03 0.02 0.01 0.00 

-3.5 0.00017 0.00017 0.00018 0.00019 0.00019 0.0002 0.00021 0.00022 0.00022 0.00023 
-3.4 0.00024 0.00025 0.00026 0.00027 0.00028 0.00029 0.0003 0.00031 0.00032 0.00034 
-3.3 0.00035 0.00036 0.00038 0.00039 0.0004 0.00042 0.00043 0.00045 0.00047 0.00048 
-3.2 0.0005 0.00052 0.00054 0.00056 0.00058 0.0006 0.00062 0.00064 0.00066 0.00069 
-3.1 0.00071 0.00074 0.00076 0.00079 0.00082 0.00084 0.00087 0.0009 0.00094 0.00097 
-3 0.001 0.00104 0.00107 0.00111 0.00114 0.00118 0.00122 0.00126 0.00131 0.00135 
-2.9 0.00139 0.00144 0.00149 0.00154 0.00159 0.00164 0.00169 0.00175 0.00181 0.00187 
-2.8 0.00193 0.00199 0.00205 0.00212 0.00219 0.00226 0.00233 0.0024 0.00248 0.00256 
-2.7 0.00264 0.00272 0.0028 0.00289 0.00298 0.00307 0.00317 0.00326 0.00336 0.00347 
-2.6 0.00357 0.00368 0.00379 0.00391 0.00402 0.00415 0.00427 0.0044 0.00453 0.00466 
-2.5 0.0048 0.00494 0.00508 0.00523 0.00539 0.00554 0.0057 0.00587 0.00604 0.00621 
-2.4 0.00639 0.00657 0.00676 0.00695 0.00714 0.00734 0.00755 0.00776 0.00798 0.0082 
-2.3 0.00842 0.00866 0.00889 0.00914 0.00939 0.00964 0.0099 0.01017 0.01044 0.01072 
-2.2 0.01101 0.01130 0.0116 0.01191 0.01222 0.01255 0.01287 0.01321 0.01355 0.01390 
-2.1 0.01426 0.01463 0.015 0.01539 0.01578 0.01618 0.01659 0.01700 0.01743 0.01786 
-2 0.01831 0.01876 0.01923 0.0197 0.02018 0.02068 0.02118 0.02169 0.02222 0.02275 
-1.9 0.0233 0.02385 0.02442 0.025 0.02559 0.02619 0.0268 0.02743 0.02807 0.02872 
-1.8 0.02938 0.03005 0.03074 0.03144 0.03216 0.03288 0.03362 0.03438 0.03515 0.03593 
427 0.03673 0.03754 0.03836 0.0392 0.04006 0.04093 0.04182 0.04272 0.04363 0.04457 



















































































Table C (continued) Area under normal curve :Pr (Z_< z) Example Pr(z —1.06) = 0.14457 

=L 

| 

* 0.09 0.08 0.07 0.06 0.05 0.04 0.03 0.02 0.01 0.00 

ll 

| 
-1.6 0.04551 | 0.04648 | 0.04746 | 0.04846 | 0.04947 | 0.0505 | 0.05155 | 0.05262 | 0.0537 | 0.0548 
-1.5 0.05592 | 0.05705 | 0.05821 | 0.05938 | 0.06057 | 0.06178 | 0.06301 | 0.06426 | 0.06552 | 0.06681 
-1.4 0.06811 | 0.06944 | 0.07078 | 0.07215 | 0.07353 | 0.07493 | 0.07636 | 0.0778 | 0.07927 | 0.08076 
-1.3 0.08226 | 0.08379 | 0.08534 | 0.08691 | 0.08851 | 0.09012 | 0.09176 | 0.09342 | 0.0951 | 0.0968 
-1.2 0.09853 | 0.10027 | 0.10204 | 0.10383 | 0.10565 | 0.10749 | 0.10935 | 0.11123 | 0.11314 | 0.11507 
-1.1 0.11702 | 0.119 0.121 0.12302 | 0.12507 | 0.12714 | 0.12924 | 0.13136) 0.1335 | 0.13567 
-1 0.13786 | 0.14007 | 0.14231 | 0.14457 | 0.14686 | 0.14917 | 0.15151 | 0.15386 | 0.15625 | 0.15866 
-0.9 0.16109 | 0.16354 | 0.16602 | 0.16853 | 0.17106 | 0.17361 | 0.17619 | 0.17879 | 0.18141 | 0.18406 
-0.8 0.18673 | 0.18943 | 0.19215 | 0.19489 | 0.19766 | 0.20045 | 0.20327 | 0.20611 | 0.20897 | 0.21186 
-0.7 0.21476] 0.2177 | 0.22065 | 0.22363 | 0.22663 | 0.22965 | 0.2327 | 0.23576 | 0.23885 | 0.24196 
-0.6 0.2451 | 0.24825 | 0.25143 | 0.25463 | 0.25785 | 0.26109 | 0.26435 | 0.26763 | 0.27093 | 0.27425 
-0.5 0.2776 | 0.28096 | 0.28434 | 0.28774 | 0.29116 | 0.2946 | 0.29806 | 0.30153 | 0.30503 | 0.30854 
-0.4 0.31207 | 0.31561 | 0.31918 | 0.32276 | 0.32636 | 0.32997 | 0.3336 | 0.33724 | 0.3409 | 0.34458 
-0.3 0.34827 | 0.35197 | 0.35569 | 0.35942 | 0.36317 | 0.36693 | 0.3707 | 0.37448 | 0.37828 | 0.38209 
-0.2 0.38591 | 0.38974 | 0.39358 | 0.39743 | 0.40129 | 0.40517 | 0.40905 | 0.41294 | 0.41683 | 0.42074 
-0.1 0.42465 | 0.42858 | 0.43251 | 0.43644 | 0.44038 | 0.44433 | 0.44828 | 0.45224 | 0.4562 | 0.46017 
0 0.46414 | 0.46812 | 0.4721 | 0.47608 | 0.48006 | 0.48405 | 0.48803 | 0.49202 | 0.49601 | 0.5 


















































393 








Table C(continued) Area under Normal curve Pr (Z < z) Example: Pr(z < 3.44) = 0.99971 



























































a 
Ye : 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 

u 
1.9 0.97128 0.97193 0.97257 0.9732 0.97381 | 0.97441 0.975 0.97558 0.97615 0.9767 
2 0.97725 0.97778 0.97831 0.97882 0.97932 | 0.97982 0.9803 0.98077 0.98124 0.98169 
2.1 0.98214 0.98257 0.983 0.98341 0.98382 | 0.98422 0.98461 0.985 0.98537 0.98574 
2.2 0.9861 0.98645 0.98679 0.98713 0.98745 | 0.98778 0.98809 0.9884 0.9887 0.98899 
2.3 0.98928 0.98956 0.98983 0.9901 0.99036 | 0.99061 0.99086 0.99111 0.99134 0.99158 
2.4 0.9918 0.99202 0.99224 0.99245 0.99266 | 0.99286 0.99305 0.99324 0.99343 0.99361 
2.5 0.99379 0.99396 0.99413 0.9943 0.99446 | 0.99461 0.99477 0.99492 0.99506 0.9952 
2.6 0.99534 0.99547 0.9956 0.99573 0.99585 | 0.99598 0.99609 0.99621 0.99632 0.99643 
2.7 0.99653 0.99664 0.99674 0.99683 0.99693 | 0.99702 0.99711 0.9972 0.99728 0.99736 
2.8 0.99744 0.99752 0.9976 0.99767 0.99774 | 0.99781 0.99788 0.99795 0.99801 0.99807 
2.9 0.99813 0.99819 0.99825 0.99831 0.99836 | 0.99841 0.99846 0.99851 0.99856 0.99861 
3 0.99865 0.99869 0.99874 0.99878 0.99882 | 0.99886 0.99889 0.99893 0.99896 0.999 
3.1 0.99903 0.99906 0.9991 0.99913 0.99916 | 0.99918 0.99921 0.99924 0.99926 0.99929 
3.2 0.99931 0.99934 0.99936 0.99938 0.9994 0.99942 0.99944 0.99946 0.99948 0.9995 
3.3 0.99952 0.99953 0.99955 0.99957 0.99958 | 0.9996 0.99961 0.99962 0.99964 0.99965 
3.4 0.99966 0.99968 0.99969 0.9997 0.99971 | 0.99972 0.99973 0.99974 0.99975 0.99976 
3.5 0.99977 0.99978 0.99978 0.99979 0.9998 0.99981 0.99981 0.99982 0.99983 0.99983 
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a Table C(continued) Area under normal curve Pr (Z < z) 
m4 
Me 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 

0 0.5 0.50399 0.50798 0.51197 0.51595 0.51994 0.52392 0.5279 0.53188 0.53586 
0.1 0.53983 0.5438 0.54776 0.55172 0.55567 0.55962 0.56356 0.56749 0.57142 0.57535 
0.2 0.57926 0.58317 0.58706 0.59095 0.59483 0.59871 0.60257 0.60642 0.61026 0.61409 
0.3 0.61791 0.62172 0.62552 0.6293 0.63307 0.63683 0.64058 0.64431 0.64803 0.65173 
0.4 0.65542 0.6591 0.66276 0.6664 0.67003 0.67364 0.67724 0.68082 0.68439 0.68793 
0.5 0.69146 0.69497 0.69847 0.70194 0.7054 0.70884 0.71226 0.71566 0.71904 0.7224 

0.6 0.72575 0.72907 0.73237 0.73565 0.73891 0.74215 0.74537 0.74857 0.75175 0.7549 

0.7 0.75804 0.76115 0.76424 0.7673 0.77035 0.77337 0.77637 0.77935 0.7823 0.78524 
0.8 0.78814 0.79103 0.79389 0.79673 0.79955 0.80234 0.80511 0.80785 0.81057 0.81327 
0.9 0.81594 0.81859 0.82121 0.82381 0.82639 0.82894 0.83147 0.83398 0.83646 0.83891 
1 0.84134 0.84375 0.84614 0.84849 0.85083 0.85314 0.85543 0.85769 0.85993 0.86214 
1.1 0.86433 0.8665 0.86864 0.87076 0.87286 0.87493 0.87698 0.879 0.881 0.88298 
1.2 0.88493 0.88686 0.88877 0.89065 0.89251 0.89435 0.89617 0.89796 0.89973 0.90147 
1.3 0.9032 0.9049 0.90658 0.90824 0.90988 0.91149 0.91309 0.91466 0.91621 0.91774 
1.4 0.91924 0.92073 0.9222 0.92364 0.92507 0.92647 0.92785 0.92922 0.93056 0.93189 
1.5 0.93319 0.93448 0.93574 0.93699 0.93822 0.93943 0.94062 0.94179 0.94295 0.94408 
1.6 0.9452 0.9463 0.94738 0.94845 0.9495 0.95053 0.95154 0.95254 0.95352 0.95449 
1.7 0.95543 0.95637 0.95728 0.95818 0.95907 0.95994 0.9608 0.96164 0.96246 0.96327 
1.8 0.96407 0.96485 0.96562 0.96638 0.96712 0.96784 0.96856 0.96926 0.96995 0.97062 


















































3° _| Table D Area under normal curve from Z, ,, ©:Pr(Z>Z,)=a@ 











Zo | 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 


0 0.5 0.49601 0.49202 0.48803 0.48405 0.48006 0.47608 0.4721 0.46812 0.46414 





0.1 0.46017 0.4562 0.45224 0.44828 0.44433 0.44038 0.43644 0.43251 0.42858 0.42465 





0.2 0.42074 0.41683 0.41294 0.40905 0.40517 0.40129 0.39743 0.39358 0.38974 0.38591 





0.3 0.38209 0.37828 0.37448 0.3707 0.36693 0.36317 0.35942 0.35569 0.35197 0.34827 





0.4 0.34458 0.3409 0.33724 0.3336 0.32997 0.32636 0.32276 0.31918 0.31561 0.31207 



































0.5 | 0.30854 0.30503 0.30153 0.29806 0.2946 0.29116 0.28774 0.28434 0.28096 0.2776 
0.6 | 0.27425 0.27093 0.26763 0.26435 0.26109 0.25785 0.25463 0.25143 0.24825 0.2451 
0.7 | 0.24196 0.23885 0.23576 0.2327 0.22965 0.22663 0.22363 0.22065 0.2177 0.21476 
0.8 | 0.21186 0.20897 0.20611 0.20327 0.20045 0.19766 0.19489 0.19215 0.18943 0.18673 
0.9 | 0.18406 0.18141 0.17879 0.17619 0.17361 0.17106 0.16853 0.16602 0.16354 0.16109 
1 0.15866 0.15625 0.15386 0.15151 0.14917 0.14686 0.14457 0.14231 0.14007 0.13786 
1.1 0.13567 0.1335 0.13136 0.12924 0.12714 0.12507 0.12302 0.121 0.119 0.11702 
1.2 0.11507 0.11314 0.11123 0.10935 0.10749 0.10565 0.10383 0.10204 0.10027 0.09853 
1.3 0.0968 0.0951 0.09342 0.09176 0.09012 0.08851 0.08691 0.08534 0.08379 0.08226 
1.4 | 0.08076 0.07927 0.0778 0.07636 0.07493 0.07353 0.07215 0.07078 0.06944 0.06811 
1.5 | 0.06681 0.06552 0.06426 0.06301 0.06178 0.06057 0.05938 0.05821 0.05705 0.05592 





1.6 0.0548 0.0537 0.05262 0.05155 0.0505 0.04947 0.04846 0.04746 0.04648 0.04551 



































1.7 0.04457 0.04363 0.04272 0.04182 0.04093 0.04006 0.0392 0.03836 0.03754 0.03673 
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Table D (continued) some values of Z; a@=0.05 Z, =1.96 










































































Zo 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 
1.8 | 0.03593 0.03515 0.03438 0.03362 0.03288 0.03216 0.03144 0.03074 0.03005 0.02938 
1.9 0.02872 0.02807 0.02743 0.0268 0.02619 0.02559 0.025 0.02442 0.02385 0.0233 
2 0.02275 0.02222 0.02169 0.02118 0.02068 0.02018 0.0197 0.01923 0.01876 0.01831 
2.1 0.01786 0.01743 0.017 0.01659 0.01618 0.01578 0.01539 0.015 0.01463 0.01426 
2.2 0.0139 0.01355 0.01321 0.01287 0.01255 0.01222 0.01191 0.0116 0.0113 0.01101 
2.3 0.01072 0.01044 0.01017 0.0099 0.00964 0.00939 0.00914 0.00889 0.00866 0.00842 
24 0.0082 0.00798 0.00776 0.00755 0.00734 0.00714 0.00695 0.00676 0.00657 0.00639 
2.5 0.00621 0.00604 0.00587 0.0057 0.00554 0.00539 0.00523 0.00508 0.00494 0.0048 
2.6 0.00466 0.00453 0.0044 0.00427 0.00415 0.00402 0.00391 0.00379 0.00368 0.00357 
2.7 0.00347 0.00336 0.00326 0.00317 0.00307 0.00298 0.00289 0.0028 0.00272 0.00264 
2.8 | 0.00256 0.00248 0.0024 0.00233 0.00226 0.00219 0.00212 0.00205 0.00199 0.00193 
2.9 | 0.00187 0.00181 0.00175 0.00169 0.00164 0.00159 0.00154 0.00149 0.00144 0.00139 
3 | 0.00135 0.00131 0.00126 0.00122 0.00118 0.00114 0.00111 0.00107 0.00104 0.001 
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Table E~ MATEAB commands related to some distributions} 
Distribution | Fema | Random number T es™| cum, Dist Fane, | Pro Pat Fe 
F frnd(V1,V2,m,n | finv(P, V1,V2) fcdf(x, V1,V2) fpdf(x, V1,V2) 
GEV gevfit(X) gevrnd(C,B,A) gevinv gevcdf(x,C,B,A) | gevpdf(C,B,A) 
GPD gpfit gprnd gpinv gpcdf gppdf 
Rayleigh raylfit(X) | raylrnd(B,m,n) | raylinv(P,B) raylcdf(x,B) raylpdf(x,B) 

T trnd(V,m,n) tinv(P,V) tcdf(x,V) tpdf(x,V) 

beta betafit(X) betarnd(A,B,m, | betainv(P,A,B) | betacdf(x,A,B) betapdf(x,A,B) 
Poisson poissfit(X ; A oie yh ‘esc, Ay igsndf (x. Ay 
Binomial binofit(xX, binornd(N,P,m, | binoinv(Y,N,P) | binocdf(x,N,P) binopdf(x,N,P) 
Negat. Bin. nbinfit(X) nbinrnd(R,P,m, | nbininv(Y,R,P) | nbincdf(x,R,P) | nbinpdf(x,R,P) 
Hyper Geo hygernd(M,K,N, | hygeinv(P,M,K | hygecdf(x,M,K, | hygepdf(x,M,K, 
Gamma gamfit(X) | gamrnd(A,B,m, gaminv(P,A,B) gamcdf(x,A,B) gampdf(x,A,B) 
Lognormal lognfit(X) | lognrnd(u, logninv(P,y, 0) | logncdf(x,u,0) | lognpdf(x,p, 0) 
Chi Squ. chi2rnd(V,m,n) | chi2inv(P,V) chi2cdf(x,V) chi2pdf(x,V) 
Normal normfit(X | normrnd(u, norminv(P,p, normcdf(x p, normpdf(x, p, 
Exponential expfit(X) exprnd(mu,m,n | expinv(P,mu) expcdf(x, mu) exppdf(x, mu) 
Geometric geornd(P,m,n) geoinv(Y,P) geocdf(x,P) geopdf(x,P) 
Weibul wblfit(X) wblIrnd(B,C,m,n | wblinv(P, B,C) | wblcdf(x, B,C) wblpdf(x, B,C) 
Uniform unifit(X) unifrnd(A,B,m, unifinv(P,A,B) unifcdf(x,A,B) unifpdf(x,A,B) 
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Table F Some characteristics of 6 distributions 



























































Distribution Moment Gen Func @(t) | Variance mean Density /probability Function 
1 ta 2 
Unifotm on [a b] e” -e (b- a) (a+b) sa<x <b 
t(b -a) 12 2 b- 
Exponential with AL tL _1 -Ax 1 ox 
2>0or>0 A-t w oe 5 te ae 
Normal with parametrs ot? ; ae) 
(LL, 6) exp, ut + co ie e % — 00(x {00 
Ps 5 Eliz 
' Binomial with : ‘ 7 
parametrs n &0<p<1 [pe' +(1—-p)] np(1—p) np \ (l-p)"* x =0,1,...,7 
Xx 
Poisson with parameter ' x 
A>0O exp[A(e’ —])] er x =0,1,2,... 
XxX! 
| Weibul 12 B- A+yB,y = egeae 1 a@zAe 
6 0.057720 BB e B 
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Table G Some useful formulas for Inventory Models 














Model WC r (ROP) T orQ 
ceases T= Qw Imax = Qy Ty = VY 2DCoC, = Cry { mt ; 2DCy 
Econimic 2 DT, — KQ One 
order(EOQ) Ch 
EOQ- Discret 7 
Q- Discrete re Q, 
< Q'(Q' +n) 





Multiple-item 
EOQ 
No constraint 





XY 
| 
N 
a) 
le) 
oO 
i 
P. 
| 
N 
a| VU 
ie) 
© 


> 














4 
Multiple-item BS Q; a DT 
EOQ TVC pa [2% 
No constraint n ss X ChjDj 
The same T = Co + Cc DT 
One Co for ~~ T hj 2 
ordering all It 
together 
Multiple-item ok 2E¢ 
* * eA Oj 
EO0Q TVC ad Le ae ras 
. The] 
No constraint a n 
The same T = c + C me 
se eT 12 
parate Co for j=l j=l 


























each item 
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Table G Some useful formulas for Inventory Models 





Model 


ok 


TVC 


r 


(ROP) 





Economic order 
interval 
(Single-item EOI) 


Imax = DT* + DT, 





Back-ordered 
EOQ(t + 0) 


Imax = S* = Q* — b* 


DT, —b* 
DT, — b* — ka* 





Back-ordered 
EOQ(Tt + 0 
1m =0) 





r=DT,-b* 





Lost-sale EOQ 





Q=Qy Ti=0 nD<TCy 





Temporary 
reduction in proce 





dD PQ, 
= + —— — 
\(P—d) P—d 





Q" 











EOQ-increase of 
price(inflation) 




















Q” =, +5 (1; +D)-4 


+p-2Q; 


_ | 2DCo 
~ iP +a) 
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Table G Some useful formulas for Inventory Models 




















C, (1 a > ~ y(C, + 


[c,Q° — nD] (1 — =) 


* 





Model ES r (ROP) T orQ 
TVC 
EPQ-single item I= Q 5g x cao? 2DCo 
= D == 
: TVC = Jancocy (1-5) ip(1-2) 
R DT, — KQ R 
(a °) = T.(D-—R) + 
-— R 
R = a aoe 
CrQw r 5 k+(F-1)a 
EPQ-single item: imax= a" (2 - =) . 
Back ordered 22 a 
_ 5 a he BOS mD R+C 
ft 











No constraint 

















D; 
5 focus. (-8) 
7 1 








R+C, 
EPQ-single item: = 
Back ordered rome (2 _ =) 7 nt gr = 2DCo T+ Cy 
(t = 0) R/ Rt Ch Gi(a=P) tt 
Multiple-item EPQ is Q - * 
2 TVC r= 











402 














Table G Some useful formulas for Inventory Models 





















































Model * r (ROP) T orQ 
TVC 
Multiple-item EPQ 7 : cde gl 7” = TF q= DT" ; 
One station& I; = _ : T" = Max{T9, Tin} 
m n 
The ue T for all ( 7 2 TVC _ 2)" (Cy)i — 2 Yik1Co); 
i R T n 2 
> R, <1 ri i=1 de CCy) iD; (1 R) 
i= * Si 
=2m Yo) Teg x 5 
a ors 
(r, Q)=FOS JT _2 Var(D,) 1p= Pr(D) <n) ; YC E(D 
SS =r ~ E(DL ) = max(D) x E(TL) C 
Piles 3)r = max (TL) x E(D) h 
SS = Z)_.Op1 ee 
b(r) = 9p, Gu(K) oe 
eee r=E(D)+Zi-» dp1 
SDL 
(r Q) SS =r—E(DL) sc 
Back ordered A)Fp @ Pi nQ 
Li mD 
By fy 
r —t 
Dr 2D 
* C,Q 
p. @ yo—*= 








Dy gD 
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Normal 
+Z 


1-p°D 
T+L saa are | 








Table G Some useful formulas for Inventory Models 
Model * r (ROP) T orQ 
TVC 
(r Q) SS = A) 2C E(D 
Lost-Sale r*-E(D,) Pr(D, > r*)= ce . O * 2C,E(D) 
C,Q *+mE(D) GC 
+b(r) B) é 
fo, ) _C,Q 
FF, (r') gD 
(RT) =FOI SS =R-E(Dp,1) "Dy oe = Continuous D,,,, T* -| 205 
T+L deers Var(D = C; 
—_ . MP et ar(D)+ Fro, R)=P np 
—p T +] E 
b(R) = Mp Val +L) Discrete D,,, 
OC, Gy (k) Fp (R)>P 
_ is “_ 
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Table G Some useful formulas for Inventory Models 























Model ES r (ROP) T orQ 
TVC 
(R T): back A) 
ordered . c,r" 
PD rp >R i 
* C,T 
B) fay, (R= 
(R T) Los sale A) 
C,T 
Pr( Diyz > R)= n 
T+ CyT 
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